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PREFACE 


THE    SECOND    EDITION. 


J.  HE  character  of  Infinitesimal  Calculus  as  a  pro- 
gresMve  science  has  been  so  well  sustained  during 
the  last  few  years,  that  in  preparing  for  the  press 
this  second  edition  of  my  first  volume  I  have  found 
it  necesaaiy  to  make  more  alterations  than  might 
otherwise  have  been  desirable.  In  Great  Britain,  no 
less  than  in  other  parts  of  the  world,  and  especially 
in  Germany  and  France,  have  the  boundaries  of  our 
science  been  advanced :  new  methods  and  new  pro- 
cesses have  been  devised,  new  theorems  have  been 
discovered,  and  to  new  forms  of  subject-matter  the 
principles  of  the  Calculus  have  been  applied.  Every 
one  who  has  watched  the  progress  of  the  science  will 
hardly  need  to  be  told  of  Sir  W.  R.  Hamilton,  Cayley, 
Boole,  Donkin,  Spottiswoode,  Sylvester,  Salmon,  Har- 
greave,  any  more  than  of  Jacobi,  Dirichlet,  Joachim- 
sthal,  Hesse,  Pliicker,  Steiner,  Sturm,  Liouville.  To 
all  these  in  their  several  degrees  is  due  the  credit  of 
having  brought  the  subject  to  a  state  of  perfection 
never  heretofore  attained;  and  a  treatise  pretending 
to  be  didactic  and  educational  would  ill  deserve  those 
epithets  if  the  discoveries  of  such  eminent  mathe- 
maticians were  not  noticed  in  it. 
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The  character  of  my  treatise  18,  as  heretofore,  ele- 
mentary. I  have  endeavoured  to  explain  as  clearly 
as  possible  the  language,  the  symbols,  the  first  pro- 
cesses of  Infinitesimal  Calculus;  and  with  the  object 
of  presenting  the  principles  in  a  form  less  repulsive 
than  is  usual  with  English  writers  many  illustra- 
tions are  introduced  which  may  at  first  sight  appear 
foreign  to  the  subject;  yet  they  are  not  so;  for  the 
thoughtful  reader  will  detect  in  these  applications  ab- 
stract conceptions  which  are  fundamental  in  the  Cal- 
culus. And  he  will  also  see  that  though  he  may  have 
been  ignorant  of  the  nomenclature  of  the  science,  yet 
that  neither  the  idea  nor  the  apparatus  of  it  is  entirely 
new  to  him.  Throughout  the  Treatise,  and  especially 
in  the  early  part  of  it,  examples  are  inserted  to  give 
the  student  an  aptness  in  applying  general  rules  to 
particular  cases,  as  well  as  to  aid  him  in  the  detection 
of  universal  principles  lying  under  particular  exam- 
ples. The  Treatise  also  includes  the  higher  parts  of 
the  science,  because  it  is  intended  for  the  use  of  the 
most  advanced  students  in  our  universities ;  and  thus 
in  many  parts  theorems  are  introduced  which  are 
close  upon  the  boundaries  of  our  knowledge. 

The  matter  was  first  delivered  orally  in  lecture, 
and  subsequently  written ;  whence  has  arisen  the 
colloquial  style;  and  which  it  has  been  thought  ex- 
pedient to  retain,  under  the  conviction  that  it  invests 
a  book  with  a  personal  and  living  character  more 
akin  to  the  explanations  of  a  ^leaking  teacher,  and 
thereby  infuses  life  into  what  might  be  otherwise  dry 
text;  and  in  some  few  passages  wherein  disputed 
questions  are  discussed,  objections  are  stated  as  if 
urged  by  an  opponent. 
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PREFACE.  V 

I  do  not  care  to  claim  any  originality  as  to  the 
matter  of  the  Treatise ;  it  is  enough  for  me  if  I  have 
been  able  to  state  the  principles  of  our  science  with 
perspicuity,  and  to  arrange  its  several  parts  in  such 
order  as  to  remove  difficulties  which  I  venture  to 
think  are  not  necessarily  connected  with  the  subject. 
The  sources  whence  the  matter  is  derived  are  various, 
and  for  the  most  part  foreign ;  all  cannot  be  specified, 
and  probably  I  am  indebted  to  others  for  more  than 
I  am  aware  of;  every  book,  and  perhaps  every  sen- 
tence and  every  conversation,  may  leave  an  impress 
which,  unconsciously  to  himself,  modifies  an  author's 
opinions.  Almost  all  which  has  been  taken  from 
other  sources,  and  is  not  specially  acknowledged,  has 
been  so  long  known  and  commented  on,  as  to  have 
become  pudlici  Juris ;  Kuler,  I^agrange,  Lacroix,  Pea- 
cock, Monge,  Dupin,  it  is  quite  unnecessary  to  men- 
tion ;  a  few  names  occur  in  the  foot-  and  other  notes. 
I  am  however  under  especial  obligation  to  M.  Cauchy 
in  his  various  treatises  and  memoirs,  to  his  Redacteur 
M.  I'Abb^  Moigno;  to  M.Navier;  to  the  late  Mr.  D.F. 
Gregory ;  to  Professor  De  Moi^an,  the  author  of  the 
treatise  published  by  the  Society  for  the  Division  of 
Useful  Knowledge ;  to  Professor  Donkin ;  to  Mr.  W. 
Spottiswoode,  M.  A. ;  both  of  the  University  of  Oxford, 
and  from  whom  I  have  received  valuable  assistance 
and  advice  in  many  parts  of  the  Treatise :  and  gene- 
rally too  to  the  Journals  of  Liouville  and  Crelle,  mines 
of  precious  materials  to  Qie  mathematical  student. 

The  process  of  assimilating  a  body  of  matter  so 
large,  and  of  such  diverse  origin,  as  that  of  Infi- 
nitesimal Calculus,  is  necessarily  long;  and  in  the 
course  of  it  the  question  arises,  under  what  principle 
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is  all  to  be  harmonized  t  the  parts  are  seemingly  dis- 
sonant, what  renders  them  consistent  ?  "  whence  is 
the  string  obtained  on  which  the  pearls  are  to  be 
hung  ?" 

An  inquiry  of  this  kind  is  far  too  large  to  be 
answered  within  the  limits  of  a  preface,  but  some 
few  remarks  are  necessary  for  a  due  understanding 
of  our  method. 

Infinitesimal  Calculus,  both  in  its  pure  and  applied 
forms,  whether  of  Geometry  or  of  Mechanics,  is  a 
branch  of  the  science  of  Number ;  its  symbols  are  of 
the  same  kind,  and  are  operated  on  according  to  the 
same  laws ;  they  are  applied  subject  to  the  same  con- 
ditions, are  interpreted  on  the  same  principle,  and 
lead  to  analogous  results.  What  then  is  its  specific 
characteristic  ?  In  the  parts  of  the  science  of  Number 
which  are  supposed  to  have  been  previously  studied, 
viz.  in  Arithmetic  and  Algebra  (as  it  is  called),  num- 
bers are  finite  and  discontinuous;  but  Number  also 
admits  of  being  continuous;  that  is,  is  capable  of 
gradual  growth  and  of  infinitesimal  increase  Number 
under  this  aspect  is  what  Infinitesimal  Calculus  con- 
templates :  and  investigates  the  new  properties  of  it, 
the  new  symbols  required  to  express  them,  and  the 
new  laws  to  which  they  are  subject;  it  has  thus  to 
create  its  own  materials,  and  these  materials  are  in- 
finitesimals. 

The  method  therefore  has  been  at  first  to  unfold 
those  properties  of  Number  which  are  necessary  to 
the  construction  of  the  science  of  infinitesimals ;  and 
then  so  to  describe  continuous  Number  and  the  in- 
finitesimal elements  of  its  growth,  in  their  essential 
qualities,  as  to  be  able  to  enunciate  certain  axiomatic 
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properties  of  them,  from  which  the  Calculus  may  be 
evolved.  These  are  stated  in  seven  Theorems  in 
Art.  9 ;  of  which  perhaps  the  moat  important  is  Theo- 
rem VI,  presenting  the  character  of  infinitesimals  in 
their  broadest  view,  viz.  that  they  are  such  that  a 
finite  -number  of  them  has  no  value  at  all  when  added 
to  a  finite  quantity.  These  Theorems  are  the  ulti- 
mate propositions  of  the  science :  from  them  the 
other  truths  are  inferred,  and  on  them  does  the  cor- 
rectness of  the  processes  depend.  In  order  to  the 
subsequent  use  of  the  advant^e  in  the  way  of  in- 
ference possessed  by  algebraical  symbols,  we  express 
them  in  mathematical  langu^e,  and  then  proceed  to 
deduce  the  consequences  with  which  they  are  preg- 
nant ;  and  this  deductive  process  is  continued  through 
the  Treatise.  In  the  course  of  it  however,  and  espe- 
cially in  the  applied  parts,  the  subject-matter  be- 
comes enlarged,  new  relations  are  introduced,  and 
new  names  are  required;  thus  definitions  become 
necessary,  and  these  are  so  constructed  as  to  contain 
in  germ  the  substance  of  the  Articles  dependent  on 
them. 

A  due  understanding  of  these  axioms  and  definitions 
is  plainly  of  the  utmost  importance;  because  on  it 
does  it  depend  whether  we  work  ■with  mere  symbols, 
or  whether  the  symbols  iu*e  tnifitia  of  philosophical 
ideas  which  we  comprehend.  With  the  object  of 
guarding  against  such  superficial  knowledge,  which 
is  useful  neither  in  its  results  nor  as  an  intellectual 
exercise,  geometrical  interpretation  of  infinitesimals 
has  been  often  introduced,  and  magnified  diagrams 
exhibit  lines,  areas,  angles,  &c.  which  arc  represented 
by  symbols  of  infinitesimals :  every  process,  nay  every 
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step  in  every  process,  admits  of  such  geometrical 
translation ;  and  it  is  most  desirable  that  the  student 
should  exercise  himself  in  it:  by  so  doing  he  will 
have  a  most  certain  test  whether  his  operations  are 
according  to  the  laws  of  correct  inference,  or  whether 
he  is  merely  applying  mnemonic  rules  and  groping 
his  way  in  the  dark  by  some  obscure  road,  and  draw- 
ing his  conclusion  as  it  were  only  by  riddles. 

The  Calculus  then  is  that  of  infinitesimals ;  but  as 
the  most  convenient  mode  of  forming  them  shews 
them  in  the  Mght  of  differences  between  two  states 
at  a  "  very  small"  distance  apart,  they  have  obtained 
the  name  of  Differentials;  and  hence  the  name  of 
"Differential  Calculus"  has  arisen;  the  latter  teim 
is  retained,  although  it  refers  to  the  mode  of  gene- 
rating the  materials,  and  not  to  any  pr^^iant  pro- 
perty of  them  when  generated.  The  notation  also 
and  language  of  Lagrange's  Calculus  of  derived- 
functions  has  been  employed,  because  it  expresses 
in  a  most  convenient  form  some  of  the  earliest  re- 
sults of  operations  with  infinitesimals,  and  their  re- 
lations to  finite  quantities:  but  I  would  warn  the 
reader  especially  against  supposing  that  our  Calculus 
is  founded  on  the  notion  of  derived-fimctions  as  the 
coefficients  of  the  tenns  of  a  series;  they  are  not 
considered  in  that  relation  at  their  first  admission, 
and  it  is  only  by  a  course  of  reasoning  that  they 
afterwards  become  so.  Expansion  in  a  series  has 
been  admitted  fundamentally  but  once,  viz.  in  Art.  21, 
and  whatever  may  be  the  final  issue  of  the  question 
as  to  Convergent  and  Divergent  Series,  it  cannot 
affect  that  which  I  have  employed,  inasmuch  as  it 
is  proved  to  be  Convei^nt. 
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And  here  I  must  say  a  few  words  on  the  exactness 
of  our  processea  It  is  supposed  that  the  results  can- 
not be  truly  accurate,  because  certain  quantities  are 
neglected ;  thus,  a  finite  number  of  infinitesimals  is 
neglected  if  it  is  added  to  or  subtracted  from  a  finite 
quantity ;  and  similarly  a  finite  quantity  must  be  and 
is  n^lected  when  it  is  added  to  or  subtracted  from  an 
infinity.  And  it  is  supposed  that  an  error  is  hereby 
introduced,  which  vitiates  and  destroys  the  accuracy 
of  the  whole  work,  and  that  the  results  are  at  last 
true  only  because  a  compensation  is  made.  Now  let 
the  nature  of  our  Calculus  be  clearly  understood ;  it 
is  of  itself  a  part  of  the  science  of  number ;  its  subject 
matter  is  continuous  number;  and  according  as  its 
results  and  theorems  in  number  are  exact  or  not,  so 
is  its  exactness  to  be  tested.  It  is  capable  of  applica- 
tion to  other  sciences ;  those  of  Geometry,  Motion,  &tc. ; 
but  its  trutii  is  not  to  be  tried  by  the  results  of  these 
subjects,  because  their  matter  may  not  be  so  con- 
formable to  that  of  our  Calculus,  but  that  discrepancy 
may  be  between  them.  In  Infinitesimal  Calculus 
propCTly  so  caUed,  our  symbols  are  symbols  of  number 
only :  we  make  our  own  materials ;  our  infinitesimals 
and  infinities  are  created  by  us;  and  are  subject  to 
certain  conditions  which  we  choose  to  impose  on  them ; 
we  make  them  subject  to  certain  laws ;  and  so  long  as 
they  are  employed  consistently  with  these  conditions 
and  th^e  laws,  and  in  accordance  with  the  rules  of 
correct  inference,  the  conclusions  which  they  lead  to 
are  strictly  correct  There  is  no  error :  the  neglecting 
of  infinitesimals  is  a  necessary  stop  in  our  process, 
and  therefore  it  is  that  I  have  used  the  language  of 
necessity :  I  have  said  in  Theorem  VI  that  a  finite  sum 
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of  inftnitesimals  intut  be  neglected,  not  mat/  be  neglect- 
ed, when  it  is  added  to  or  subtracted  from  a  finite 
quantity:  were  this  not  done,  inflnitesimalB  would 
not  be  what  they  are,  and  our  rules  for  the  discovOTy 
of  them  would  be  other  than  they  Me.  When  howevw 
we  apply  to  other  subject  matter,  say  of  space  or  trf 
motion,  the  conception  of  infinitesimals,  it  may  be  that 
this  particular  subject-matter  does  not  admit  of  the 
continuous  infinitesimal  change  with  that  exactness 
which  the  conception  of  numerical  infinitesimal  growth 
is  capable  of;  it  may  be  that  there  is  a  discrepancy, 
and  consequently  an  error ;  for  which  aftnw^ards  com- 
pensation has  to  be  made.  Thus,  for  instance,  we  may 
in  our  conception  of  the  infinitefflmal  Calculus  as  ap- 
plied to  Geometry  assume  the  line  joining  two  con- 
secutive points  in  a  circle  to  be  straight,  and  represent 
it  by  a  symbol  which  denotes  a  straight  line ;  wh»«as 
from  the  geometrical  definition  of  a  circle  we  know 
that  the  curvature  of  a  cirde  is  continuous,  and  that 
the  line  joining  two  points  of  it,  however  near  togethw 
they  are,  cannot  be  straight ;  and  thus  our  symbols, 
though  representatives  of  such  straight  lines,  only  ap- 
proximately represent  them.  In  this  case  doubtless 
there  may  be  an  error ;  an  error  not  in  the  work  of 
the  calculus ;  that  is  true  and  exact ;  but  because  the 
geometrical  quantities  are  not  adequately  expressed 
by  the  symbols ;  but  when  by  means  of  integration  we 
pass  from  the  infinitesimal  element  to  the  finite  func- 
tion, then  the  finite  fonction  becomes  the  exact  and 
adequate  representative  of  the  geometrical  quantity, 
and  a  compensation  has  taken  place  in  the  act  of 
passing  from  the  infinitesimal  element  to  the  finite 
ftinction.    On  investigation  it  will,  I  venture  to  think. 
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be  found  that  the  exactness  of  the  Calculus  has  been 
impugned  on  these  and  similar  grounds;  and  there- 
fore that  it  has  been  unfairly  impugned :  let  it  be  tried 
on  its  own  principles ;  on  them  I  venture  to  say  it  will 
stand  the  attack.  It  creates  its  own  materials,  and  is 
subject  to  its  own  laws ;  let  it  not  be  condemned  be- 
cause other  materials,  which  you  try  to  bring  within 
its  grasp,  refiise  to  submit  to  these  laws. 

The  Volume  consists  of  two  Parts :  in  the  former 
are  investigated  the  Theorems  of  the  Differential  Cal- 
culus so  called,  and  in  the  latter  the  applications  to 
Geometry  of  two  and  three  dimensions  are  discussed. 

The  Chapters  mark  the  salient  divisions  of  the 
matter :  and  these  again  are  subdivided  into  Articles, 
which  for  the  sake  of  reference  are  numbered  con- 
tinuously through  the  Volimie,  and  have  their  nu- 
merals placed  in  the  comers  on  the  top  of  the  pages. 
The  bracketed  numerals  attached  to  the  more  im- 
portant equations  are  separate  for  each  Chapter ;  and 
the  references  are  usually  made  to  the  numbers  of 
the  equation  and  of  the  Article.  The  Analytical 
Table  of  Contents  exhibits  a  r^sum^  of  tlie  matter 
of  the  Treatise. 


Pbhbrokk  Collbok,  Oxford, 
Jdni  6,  1857. 
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INFINITESIMAL   CALCULUS. 


PRELIMINARY  THEOREMS. 

As  the  following  Algebraical  Theorems  will  be  frequently 
iq>p]ied  in  the  conrK  of  the  treatise,  it  is  convenient  to  prove 
them  once  for  all,  and,  for  the  sake  of  reference,  to  place  them 
at  the  beginning  of  the  work. 


If  there  be  any  number  of  equal  fractions  x" '  X '  X ' 
each  of  them  is  eqnal  to 

ai  +  at  +  th+ +«■. 

*1  +  *J+A8+ +*«' 

and,  if  mj,  m^,  mg, m„  be  any  mnltiphers,  to 

ntifli  +  mtat  +  m,a,+ +wi,a, , 

mibi  +  mtb,  +  mibi+ +««*■' 

'^^^  {V  +  «.'  +  «.'+ +a-'}* 

{V  +  V+V+ +4-'}*' 

Xjet  each  of  the  fractions  =:  r,  that  is,  let 


Si" 

■  i,"  l»~ ~  S.  " 

»>•• 

f»,ol  =  mibir 

«,■  =  Vr< 

».•• 

m,«,  =  m,hr 

of  =  V' 

Whence,  by  addition  and  division, 

r=  ''i  +  °'+°»+ +°». 

4i  +  »i-Ab+ +^' 

_  '»ign-*»»ai+»'»g)+ +Wiig«  , 

~  mi*i  +  »»»4»  +  '»>i*s+ +wt»4,' 

_  {ai'+g^+a^+ +«■'}*  _  fli  _  ^  . 

{J,i  +  A,»+V+ +V}*       *'       *»  ' 
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The  geometrical  form  of  the  first  of  these  theorems  is  the 
twelfth  proposition  of  the  fifth  book  of  Euclid. 
Similarly, 

ai^  _  a»  _  —  ^  —  {«!''+ ««''+ +a»''l* 

*i       *»      ~  *-  ~  {Ar+V+ +6/}*' 

U. 

When  three  unknovn  quantities  are  involved  ia  three  (so 
called]  linear  equations  of  the  forms 

fliic+ftiy  +  ci^  =  di  (1) 

atX  +  bty-\-CiZ  =i  di  (2) 

otx  +  bty  +  CiZ  =  d,  (3) 

the  following  is  the  most  convenient  method  of  determining 
each  of  the  unknovn  quantities  in  terms  of  the  constants. 
Multiply  (I)  by  h,  (2)  by  X,,  (3)  by  A3,  and  add;  then 
(CiAi  +  o,Ai  +  OjXa)  ar  +  («iXj  +  *i^  +  AjAs)  y 

+  (CiA]  +  CsA,  +  C8Xs)^  =  di\i+dtXt  +  daXf 

As  three  undetermined  quantities,  viz.  Ai  A]  A3,  have  been 

introduced,  we  may  make  three  suppositions  respecting  them: 

leaving  one  to  be  determined  hereafter,  let  two  be,  that  the 

coefficients  of  y  and  z  be  equal  to  zero ;  so  that 

*iA|  +  A|jAa  +  AaAa  =  0,  CiAiH- CjAj  +  CjAs  =  0; 

whence  by  elimination. 

But  thus  the  ratio  only  of  the  multipliers  has  been  determined, 
and  therefore  any  numbers  bearing  to  one  another  the  above 
ratio  would  satisfy  the  requisite  conditions;  to  take  however 
the  most  simple  numbers,  let  the  third  condition  be  introduced, 
and  be,  that  each  of  the  above  fractions  be  equal  to  unity ; 
and  therefore 

Ai  =  btCt~Cib^         Aj  =  btCi—c^bi,         As  =  biCt~Cib%; 
and  therefore 

_  di(b2Ca—cib3)  +  d3(b3Ci~C3bi)  +  di{biCt~Cibt) 
Oi(Ai«s-c**B)  +  o»(*aCi— faftO  +  OsCftiCa-CiA,)' 

By  similar  processes,  if  the  coefficients  of  z  and  ^r  had  been 
equated  to  zero,  the  result  would  have  been 
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_  rfi(g|a»-ggga)  +  t^(csgi-gaCi)  +  rfg(Ciai-OiC») 

and  if  tbe  coeffictents  of  x  and  y  had  been  equated  to  eero, 
^  _  diia,b3—btCh)+d,(aabi—btai)  +  dtiaibi~bia,) 
Ci{OiAs— fi»o»)  +  (^(o8*i  — Ml)  +  <^(«l4l~*lOl)' 

This  method  of  elimination  ia  genendly  known  by  the  name 
of  Lagrange's  Bole  of  Cn»B-MaltiplicatiDn,  the  origin  of  which 
term  is  snfGdently  obrions  from  the  form  of  the  mnltipliws : 
two  examples  are  snbjcnned  for  the  sake  of  practice,  but  the 
atodeut  ia  recommended  to  exercise  himself  in  many  others. 

Ex.1. 

2x+iy  +  5x  =  49 
»jr  +  5y  +  6ir  =  64 
^x  +  8y+4tz  =  65 
the  valoea  of  the  mcdtipliers  corresponding  to  the  seventl  vari- 
ables being  arranged  in  the  annexed  vertical  rows :  whence 
a(      4-  8-4)  =        98-  64-  55       .-.     x  =  7-\ 
y(    48-60  +  9)=      588-768  +  165 
r(_55  +  60-8)  =  -539+640-110 

Ei.2. 


, 

J 

, 

» 

u 

-a 

-1 

-IJ 

10 

-1 

s 

-2 

1 

7 

4 

1 

w 

-1 

-I 

-1 

0 

-29 

-17 

-8 

3x—7y +  4iz  = 

-5x+Qy-   t  = 

af— 2y+   z  = 

the  Talnes  of  the  several  mnltipliers  being  arranged  aa  before : 
whence 

x{    21+5-29)  =  7-22        .-.    a?  =  5-i 
y(_28_9+84)  =  4_32  y  = 

z{      4  +  1-  8)  =  1-22 
The  following  is  a  particular  case  to  which  the  preceding 
process  of  cross-multiplication  is  applicable. 
liCt  there  be  three  equations  of  the  forms 
Oi*+fiiy  +  ci2r  =  O-] 

Oj«  + 

aj«  + 

which  involve  only  two  unknown  qnantitiea,  say  -  and  - ;  be- 

canse  each  equation  may  be  divided  through  by  z ;  hence  it  is 
evident  that  a  relation  exists  between  the  coefficients :  this 


x-\-biy-^ciz  =  O-i 
x  +  biy  +  Ctz  =  0  L 
T  +  iay  +  ciz  =  oj 
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relatioQ  is  to  be  determined ;  and  may  be  found  in  the  follow- 
ing manner.  Since  (fj  =  (^  =  (^  =  0,  if  we  mnltipl;  the  first, 
second,  and  third  severally  by  the  multipliers  determined  aa 
above,  we  shall  have,  after  addition, 

ai(ftiei-C|4s)  +  a,(fi8Ci-ei4,)+fl3(*i(^— Cii«)  =  0, 
which  is  the  relation  among  the  coeflkients  of  the  three  pre- 
ceding equations,  when  th^  coeziat. 

This  theorem  ia  one  of  the  simplest  in  the  method  of  Deter- 
minants :  the  general  principles  of  which  are  explained  in 
Mr.  Spottiswoode's  "  Elementary  Theorems  relating  to  Deta- 
minants,"  Crelle'a  Mathematical  Journal,  Vol.  LI,  Berlin,  1856; 
and  in  the  Appendix  to  "  Salmon's  Higher  Plane  Currea," 
DubUn,  1852. 

ni. 

If  aj,  og,  og, On  are  quantities  of  the  same  a^;n,  and 

Qi,  O),  dti i»  Ki%  AQf  other  homogeneous  quantities  apable 

of  addition  and  subtraction,  then  (tiai  +  aias  +  o«as+  ...  +0^0^ 
is  equal  to  (ai-f  og+a»+  ...  H-On)  mtdtiplied  into  some  quantity 
greater  than  the  least,  and  less  than  the  greatest,  of  the  quan- 
tities ai,ai„ai,...  a,. 

The  proof  of  this  proposition  depends  on  the  fact,  if  both 
terms  of  an  inequality  are  multiplied  or  divided  by  a  positive 
number,  the  sign  of  inequality  remains  the  same ;  that  is,  the 
quantity  which  was  greater  before  the  midtiplication  is  the 
greater  after  it ;  but  if  the  terms  are  multipUed  by  a  negative 
number,  the  sign  of  the  inequality  ia  reversed :  that  is,  a  >  is 
changed  into  a  < ,  and  a  <  into  a  > .  This  is  easily  shewn  by 
an  example;  as,  for  instance,  5  is  greater  than  2;  let  each  ude 
be  multiplied  by  +  4,  then  30  >  8 ;  again,  let  each  side  be  mul- 
tiplied by  a  negative  number,  as  —  2 ;  the  >  is  changed  into  a  < , 
— 10<  —4,  because  —10  is  less  than  —4. 

Ijct  L  be  the  least  and  g  the  greatest  of  the  quantities  ai,  at, 

Oj a„;  then,  with  the  exception  of  the  two  cases  of  the 

greatest  and  tbc  least  of  the  quantities,  whereby  however  the 

final  result  ia  not  vitiated,  we  have  the  following  inequalities, 

fli  is   >   L,   <   a 

Oj  ia    >   L,    <    o 

o„  is   >   L,   <   o; 

D,g,t7cdb/GOOgIC 
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First,  let  the  qnantitiei  aijaa,at, a.  be  positive,  so  that  the 

signs  of  the  above  inequalities  will  not  be  changed  when  titey 
are  mnltipUed  as  follows : 

Aiai  is    >  LO],    <    Oat 

OiOi  ia    >   Lot,   <    oo) 


0,0,  IS    >   ia„    <    oo«; 
and  therefcBv  by  additicu 

aiai  +  a,a,+ +«,«,  is   >   L(a,  +  B,+ +a,) 

<    o(ai  +  at+ +«,) 

.'.     Oiai+o,o,+ +  o,o»  =  (oi  +  o*+a«+ +  a») 

X  some  mean  Tslae  of  the  a'a 
aignifying  by  mean  valne,  a  quantity  greater  than  the  least,  and 
less  than  tihe  greatest. 

Secondly,  if  aj,  Of, a.  be  n^atire,  the  signs  of  the  ine- 

qnalities  would  have  been  changed  in  the  first  multiplication; 
and  vonld  have  been  again  changed  in  the  final  resnlt,  because 

01  +  01+ •+an  would  be  a  n^ative  quantity,  and  thus  the 

same  result  would  follow:  and  therefore  the  proposition  is 
proved. 

IV. 

If -^i  ^,  ^ ^  ia  a  series  of  fractions,  ibe  nome- 

01        Ol       OS  "h 

rators  of  which  are  of  either  rign,  and  the  denominators  all  of 

the  game  nan,  then  ,       , — — — ^  is  equal  to  some  quantity 
^  Ai+fti+  — +*»        ^  1         ^ 

greater  than  the  least  and  less  than  the  greatest  of  the  given 
fractions. 

First,  let  all  the  denominators  be  positive,  and  let  l  be  the 
least  and  c  the  greatest  of  the  fractions ;  then 

«i   > 

^   «    >   I,    <    o 

0]     . 

■T-    18     >     I.,     <     O 


■T-    18     >     L,     <     G, 

Let  the  incqaalitics  be  semally  multiplied  by  the  positive 
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qoantities  ^,  ii,  ^, ...  l>„  by  which  proceaa  the  aigns  are  not 
changed ;  then 

fli  is   >  lAi,   <   abi 

Oa  is   >  tbt,  <   e^t 


a,  is   >  L^   <   ab^; 
and  therefore  by  addition 

Oi  +  «a+08+...+a«  is  >  i'(*i+A»+*i+ ■■■ +*») 
.._-...  ifl  >o(*i  +  fti+fia+...+i„), 
and  therefore 

~ — T i ~ — r  is  >  i^  <  o,  and  therefore  ia  equal 

to  some  mean  value  of  the  firactioiis.    q.  i.  n. 


Secondly,  let  61,  bt,ba,,. 


-T-  la   >   L,   <   a 


Jn  be  n^iatiTe ;  then,  as  before, 


18  >  L,  <  o; 


let  these  inequalities  be  severally  multiplied  by  the  negative 

quantities  bi,  ^,  Ag, b„,  so  that  the  signs  of  them  are 

changed;  then 

di  is  <  L^i,   >  obi 


Of   IS    <     LO 


>  abt 


On  is  <  lAk,  >  ab^; 
.■.     Oi  +  «a  +  Os+  — +*^  a  <  L{fti  +  ft,+  ...+A^ 

is  >  o(ii  +  ^+ ...+*.); 

whence,  bearing  in  mind  that  the  sign  of  an  inequality  is  changed 
when  it  ia  divided  by  a  negative  quantity, 

H.  E.  D. 
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DIFFERENTIAL   CALCUlUa 


PART   I. 

ANALYTICAL  INVESTIGATIONS. 


CHAPTER   I. 

OBNBBAL  PKUTCIPLES,  AHD  EZPLAJTATION  OF  TEBH9. 
Section  1. — Tntrodtutory ;  on  Number,  its  prepertiet,  affections. 


Abticlb  1.3  InfiniteBimal  Calculus  is  a  brancli  of  that  science, 
the  aggregate  of  the  rnles  and  operations  of  which  French 
irriters  call  "Le  Calcol,^  but  for  which  we  have  no  more  spe- 
afic  name  than  the  Science  of  Number  *,  A  metaphysical  in- 
quiry into  the  origin  and  nature  of  mmtber  would  be  out  of 
place  in  a  didactic  treatise  such  as  the  present,  and  would  also 
be  snperflaons ;  because  it  will  be  sufficient  for  the  student  to 
have  that  notion  of  it  which  an  ordinary  knowledge  of  arithmetic 
and  algebra  implies ;  but  it  is  well  to  recall  his  attention  to  cer- 
tain  axiomatic  properties  of  it,  and  to  bring  into  greater  jnromi' 
nence  those  from  which  the  Infinitesimal  Calculus  is  deduced. 

Number  is  Ike  ratio  or  relation  which  two  guantiliet  qf  the 
tatae  kind  bear  to  one  another  in  retpect  of  quaTttvplicity.  By 
quantity  I  mean  whatever  is  capable  of  measurement ;  whether 
it  be  geometrical  space,  or  weight,  or  time,  or  heat,  or  light,  or 
velocity,  or  any  thing  else ;  that,  viz.,  of  which  we  can  predi- 
cate muchness  in  reply  to  the  question  "how  much?"  or 
number  of  times  in  answer  to  "  how  many  times  ?"  The  above 
phienomena  may  be  severally  the  substrata  of  mixed  sciences, 
as  they  are  called,  but  they  can  only  be  treated  of  in  accord- 

*  M.  Gomte  writes,  "  Le  Caleul  &  pour  objet  propre  de  r^Mudre  toutea  lea 
qoeetiotu  de  tumbre*." — Plnlotophie  Pemtive,  vol.  i.  p.  I43' 
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ance  with  the  mies  of  the  science  of  namber,  becanae  the^  are 
capable  of  addition  and  diviaion  and  measurement,  at  least  in 
conception,  if  not  in  act ;  and  it  is  only  when  a  problem  can  be 
redoced  to  a  question  of  pure  number  that  it  can  be  brought 
within  the  domain  of  the  Calculus ;  and  when  this  condition  is 
satisfied,  the  science  of  number  supplies,  as  it  were,  the  skeleton 
or  framework  on  which  such  mixed  science  is  treated;  and 
conidders  the  subject-matter  not  in  its  concrete  and  physical 
and  phseuomenal,  but  in  its  abstract  state,  as  nieasured,  and  in 
the  measure,  as  the  correct  representatire  of  it.  It  does  not 
take  cognisance  of  this  <»r  that  weight  or  colour,  but  of  the 
Ttumber  of  timea  such  a  weight  contains  another  weight,  and  so 
on ;  and  this  is  what  I  mean  by  the  terms  "  in  respect  of 
qoantnplicity"  in  the  above  definition  of  number;  and  thus  it 
is  that  the  science  is  so  general,  almost  universal,  because  all 
the  subject-matter  of  the  Physical  Sciences  conforms  to  its  re- 
quirements in  respect  of  admitting  of  measurement. 

S.]  There  are  two  modes  of  measuring  quantities, -and  thus 
of  arriving  at  abstract  numbers  &om  the  concrete  magnitudes. 
Firstly,  a  certain  amount  of  the  given  quantity  is  taken,  which 
for  the  sake  of  convenience  is  called  an  miit  of  that  particular 
quantity,  and  with  it  any  other  amonat  is  compared,  the  prin- 
ciple of  comparison  being  assigned  by  the  particular  science 
whose  subject-matter  the  quantity  is;  and  if  the  latter  amount 
bo  divisible  into  two  or  three  or  more  parts,  severally  equal  to 
each  other  and  to  the  unit,  we  say  that  the  latter  amount  is 
twice  or  three  times  or  more  times  the  unit,  and  thus  arrive 
at  the  abstract  number ;  and  the  problem  of  determining  other 
relations  arising  out  of  this  one  belongs  to  the  science  of 
number.  The  unit,  it  is  to  be  observed,  is  arbitrary ;  thus,  for 
instance,  if  a  certain  volume  of  matter  of  given  density,  say 
a  cubic  inch  of  distilled  water,  be  considered  the  volume-unit, 
and  its  density  be  called  the  density-unit,  then  if  two  cubic 
inches  of  distilled  water  could  be  compressed  into  one  inch, 
its  density  would  be  two.  Hereby  we  arrive  at  abstract  namber 
by  directly  comparing  any  given  concrete  quantity  with  the 
unit  of  that  quantity.  Secondly,  we  may  estimate  quantity 
without  formaUy  introducing  the  unit ;  for  suppose  of  two  un- 
equal quantities,  one  to  be  divisible  into  two  equal  parts,  and 
the  other  into  three  parts,  equal  to  each  other  and  to  each  of 
the  divided  parts  of  the  former  quantity ;  then,  although  if  one 
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of  the  equal  parts  were  taken  aa  the  unit,  one  quantity  would 
coataia  two  and  the  other  three  units:  yet  we  ma;  omit  the 
unit,  and  say  that  the  ratio  of  one  quantity  to  the  other  is  that 
df  the  numbers  two  to  three.  Thus,  if  two  lines  admit  of  being 
■eaolved  into  3  and  7  parts  respectively,  which  are  equal  to  each 
other,  the  ratio  of  the  lines  will  be  represented  by  the  numeri- 
eal  ratio  3:7;  and  this  mode  of  measuring  quantities  is  iude- 
pendent  of  the  amount  of  the  chosen  unit ;  for  if  the  above 
lines  had  been  divided  into  6  and  14  equal  parts  respectively, 
or  into  3is  and  7n  eqoal  parts  respectively,  the  unit  would  have 
been  only  one-half  or  one-nth  part  of  what  it  was  in  the  pre- 
Tiona  resolution ;  and  yet  the  ratio  of  the  lines,  or  of  the  nnm- 
bera  which  represent  them,  viz.  6  :  14,  or  3r  :  7n,  would  have 
been  the  same  aa  before.  And  this  mode  of  representing  lines 
by  numbers  is  equally  apphcable  to  areas,  hours,  weights,  &c. 
all  of  which  may  be  so  related  to  each  other  as  to  admit  of  reso- 
lution  into  3  and  7  eqoal  parts  respectiTely,  and  thus  be  repre- 
•ented  by  the  ratio  of  the  numb^v  8:7.  It  is  manifest  that 
tHtly  quantities  of  the  same  kind  can  be  measured  in  either  of 
tbe  above  methods,  and  hence  it  is  only  Irom  comparing  homo- 
geneont  quantities  that  nnmbras  can  be  formed.  The  principle 
and  mode  of  comparison  however  must  be  assigned  by  the 
particolar  science  whose  subject-matter  the  quantity  is ;  thereby 
are  its  concrete  materials  abstracted  and  broogfat  within  the 
range  of  the  Science  of  Number,  which  baa  thus  to  deal  with 
only  abstract  quantuplicities ;  and  thus  (which  is  a  point  of  the 
ntmoat  importance,  and  deserves  the  most  carefdl  attention) 

the  symbols  2,  3,  4, a,  b,  c, x,  y,  x,  do  not  represent 

concrete  quantities,  such  as  3  ounces,  or  a  hours,  or  x  feet,  but 
abstract  tmnbert;  and  it  is  the  properties  of  these  that  the 
Science  of  Number  has  to  discuss*. 

3.]  The  distinguishing  characteristic  of  such  numbers  is,  that 
they  remain  after  any  operation  the  same  in  kmd  which  they- 
were  before.  When  two  numbers  are  added  or  subtracted,  the 
sum  or  difference  is  a  number;  when  two  numbers  are  multi- 

*  'ne  two  modes  of  measuring  qoantities  and  of  thereby  forming  num- 
bers, correipond  to  the  two  aspects  in  which  arithmetdcal  fractioDB  sra  viewed ; 
one  in  which  the  denominator  aMigna  the  unit,  and  the  numerator  the  num- 
ber of  timet  it  is  to  be  taken,  and  the  other  in  which  they  are  conndered  m 
the  expremoni  of  Btithmetical  ntioa.  See  Peacock's  Algebra,  Snd  edition, 
vol.  i.  pp.  S4, 1S5. 

FKICE,  VOL.  I.  C 
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plied  or  divided,  the  resultant  is  the  same  in  kind  as  each  of 
the  compoaents :  as  they  are  numbers,  so  is  it  number.  Thua 
2x3  =  6,  and  6  is  an  abstract  number  of  the  same  kind  as  2 
and  S ;  that  is,  twice  thrice  is  equivalent  to  six  times ;  8-!-4=2, 
that  is,  one-fourth  part  of  eight  times  is  twice.  The  same  is 
also  true  of  the  operations  of  Involution  and  Evolution.  These 
remarks  are  important,  because  if  the  symbols  represent  con- 
crete quantities  the  results  would  be  otherwise ;  thus  in  the 
analogotu  operation  of  geometrical  multiplication,  if  two  linear 
inches  be  "multiplied"  by  three  linear  inches,  the  result  is  six 
square  inches:  and  therefore  in  the  process  we  have  changed 
irom  linear  to  superficial  quantity.  And  so,  if  the  six  super- 
ficial inches  be  multiplied  by  four  linear  inches,  the  result  is  24 
cubic  inches,  or  inches  of  volume,  and  thus  by  the  last  process 
we  have  passed  irom  superficial  magnitude  to  solid  content. 
By  the  operations  then  the  kind  has  changed ;  and  as  all  the 
dimensions  which  space  admits  of  have  been  exhausted,  it  is 
impossible  to  multiply  together  more  than  three  geometrical 
lines ;  thus  two  linear  inches  multiplied  into  themselves  four 
times  is  an  impossibility ;  or,  in  other  words,  a  geometrical  line 
cannot  be  raised  to  any  power  above  the  third.  And  the  possi- 
bility of  extracting  roots  is  confined  within  narrower  limits; 
thus  the  square  root  (^  a  superficial  area  is  a  posnhte  quantity, 
and  so  is  the  cube  root  of  a  solid  content,  being  in  each  case  a 
line.  The  case  of  geometrical  multiplication  is  the  most  favour- 
able one,  for  in  other  subject-matter,  which  is  only  uni-dimea- 
sional,  we  cannot  at  all  multiply  the  concrete  quantities,  and 
can  only  divide  them  when  they  are  homogeneous.  It  is  absurd 
to  speak  of  a  pound  multiplied  into  a  pound,  or  of  the  product 
of  an  hour  by  an  hour:  such  operations  are  impossible,  and 
have  no  meaning ;  but  we  can  divide  two  pounds  by  one  pound, 
and  thereby  arrive  at  the  abstract  number  2,  because  the  in- 
verse process  is  possible,  and  may  therefore  be  undone;  that 
is,  because  we  can  multiply  any  concrete  unit  by  an  abstract 
number ;  but  we  can  no  more  divide  pounds  weight  by  pounds 
sterling  than  we  can  multiply  hours  by  degrees  of  heat.  These 
remarks  on  the  abstract  character  of  Number  are  relevant  to 
the  present  subject,  inasmuch  as  they  prove  the  correctness  of 
an  expression  such  as 

ay*  +  bxy  +  cx'  +  dy  +  ex  ■+/; 
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because  each  symbol  fay  itself  expreseing  a  number,  each  term, 
whether  consisting  of  one  or  two  or  three  factors,  is  a  number 
also:  and  thus  they  may  be  added,  and  the  whole  expression 
is  homi^eneous  and  correct.  Whereas,  did  such  aymhols  re- 
present concrete  quantities,  as,  for  example,  geometrical  lines, 
the  first  three  terms  would  represent  solid  content,  the  next 
two  superficial  area,  and  the  last  lineal  length :  and  thus  they 
would  be  heter<^ueou8,  and  could  not  be  added.  Also  from 
such  a  point  of  view,  a  term  ay',  consisting  of  more  than  three 
dimensions,  wonld  be  uninterpretable  and  impossible. 
Hence  we  conclude,  that 

(1)  The  symbols,  whose  laws  and  combinations  are  con- 
sidered in  the  Science  of  Number,  express  the  number  of  times 
any  thing  is  taken ;  and  the  science,  disregarding  the  concrete 
thing,  discusses  the  properties  of  the  abstract  number. 

(2)  As  Infinitesimal  Calculus  is  a  branch  of  the  Science  of 
Number,  the  symbols  which  will  be  employed  in  the  following 
work  represent  number  only ;  and  the  properties  of  number  will 
be  considered  only  as  they  are  represented  by  symbols. 

This  latter  conclusion  is  important,  as  it  restricts  the  subject- 
matter  to  symbols,  and  our  discussiuu  to  their  laws  and  pro- 
perties. 

4.j]  The  numbers  or  quantities  which  are  employed  in  the 
following  treatise  are  of  two  kinds,  comtantt  and  variables. 

Cotulani  numbers  are  those  which  have  the  same  determinate 
value  throughout  a  given  operation  or  problem  :  though  in  an< 
other  operation,  or  considered  in  another  relation,  they  may 
vary.  Such  are  the  symbols  2, 8, 4,  and  for  the  most  parts  those 
in  algebra,  which  are  represented  by  the  early  letters  of  the  al- 
phabet :  constant  numbers  are  specific  in  form  and  value. 

A  variable  number  is  that  which  is  capable  of  receiving  values 
different  from  each  other,  and  generally  admits  of  any  value, 
though  it  may  by  the  conditions  of  a  problem  be  restricted  to 
values  of  a  particular  kind,  or  within  certain  limits;  variable 
quantities  are  general  in  form,  though  they  admit  of  specific 
values:  they  are  generally  represented  by  the  later  letters  of 
the  alphabet. 

5.]  That  we  may  avoid  misconception  as  to  the  following 
terms,  which  will  be  frequently  employed,  it  is  necessary  to 
give  detailed  explanations  of  them ;  viz.  Definite,  Indefinite ; 
Ir^mte,  flmte,  It^niterimal. 
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Definite  means  determinate  and  ataigned;  thus  constants  are 
definite.  Indefinite  numbers  are  those  whose  values  are  not 
assigned ;  ^ey  are  represented  by  general  symbols,  and  maij 
therefore,  bo  far.  have  any  value. 

To  form  an  accurate  and  due  conception  of  the  lattw  three 
terms,  and  of  the  menns  of  symbolizing  and  estimating  them, 
requires  a  knowledge  of  the  whole  Calculus :  we  must  there- 
fore have  recourse  to  aualt^ous  illustration,  in  hope  that  the 
student  may  glean  from  it  such  notions,  imperfect  though  they 
will  be,  Bs  will  enable  him  to  understand  the  technical  language 
of  the  science. 

By  fimte  we  generally  mean  that  which  is  within  reach,  or 
may  be  brought  within  reach,  of  our  senses.  Thus  a  ton,  or 
an  ounce,  may  be  taken  as  the  unit  of  weight,  and  any  numbw 
of  tons  or  ounces  which  the  senses  perceive  would  be  con- 
sidered a  finite  weight;  and  many  animalculie,  which,  on  ac- 
count of  their  minuteness,  are  beyond  the  power  of  unassisted 
visi(m,  would  nevertheless  be  considered  finite,  because  tbey 
may  be  brought  within  it  by  means  of  the  microscope,  and  may 
be  measured.  Or  again,  inasmuch  as  the  senses  are  the  media 
by  which  impressions  of  external  objects  are  conveyed  to  the 
mind,  and  as  the  mind  conceives  them  when  so  conveyed,  ve 
apply  the  term  fimte  to  those  magnitudes,  the  relation  of  which 
to  other  magnitudes  of  the  same  kind  the  mind  is  capable  vA 
conceiving  *.  The  powers  therefore  of  our  senses  and  mind 
place  the  limit  to  the  finite ;  but  those  magnitudes  which  seve- 
rally transcend  these  limits  by  reaaon  of  their  being  too  great 
or  too  small,  we  call  itifinite  and  it^niteBimal  (or  infinitely  small). 
Thus,  when  our  senses  fail  to  perform  their  office  of  trana- 
mitting  to  the  mind  what  it  would  think  about,  by  reason  of 
the  object  being  too  large  or  too  small,  or  when  for  a  similar 
reason  the  mind  fails  to  be  capable  of  cossideriag  the  relation 
of  such  objects,  and  when  the  most  delicate  subsidiary  instm- 
meuts  for  assisting  the  senses  are  employed  to  bring  within 
their  reach  what  was  beyond  them,  and  yet  in  vain,  then  we 
are  on  the  boundary  ctf  the  infinite  or  infinitesimal :  of  the  infi- 
nite if  the  object  be  too  vast,  of  the  infinitesimal  if  it  be  too 
minute.  Physical  Science  afibrds  instances  of  both  these  cases. 
The  distances  of  tfaose  fixed  stars  of  which  the  parallax  has  not 

*  Peacock's  Algebra,  vol.  n.  p.  3(M. 
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been  discovered  most  be  so  great,  tbat  400  millions  of  miles 
we  not  appreciable  ia  compariBou  of  tbem ;  conndering  then 
these  millions  of  miles  to  be  a  finite  quantity,  jet  no  aetuiile 
change  is  made  in  the  distance  of  a  star  by  the  addition  or 
subtraction  of  tbem.  Kay,  more  than  this ;  we  can  employ  onr 
oiillioQs  of  miles  to  greater  advantage ;  we  can  make  them  the 
base  of  a  triangle  whose  vertex  is  the  star,  and  yet,  great  as  ii 
the  delicacy  of  oar  astriniomical  instruments,  the  sides  of  the 
triangle  are  to  all  appearance  parallel.  This  then  is  a  case 
where  we  cannot  compare  two  geometrical  distances,  on  ac- 
count of  the  immensity  of  one  of  them.  Considering  then  the 
400  millions  of  miles  to  be  &  finite  quantity,  the  distance  of  the 
star  is  ii^mte.  Again :  if  one  grain  weight  of  aloetic  acid  be 
added  to  five  pounds  of  pnre  water,  the  whole  will  after  a  short 
time  assume  a  fine  crimson  colour,  which  could  not  happen 
unless  the  grain  of  aloetic  add  had  been  divided  and  equally 
diffused  throughout  the  whole  volnme.  Now  it  is  possible  to 
aee  a  quantity  of  water  as  small  ns  a  thousandth  part  of  a  grain, 
and  such  a  portion  of  the  solution  would  contain  a  thirty-five 
millionth  part  of  a  grain  of  aloetic  acid.  We  have  therefwe 
actually  divided  this  subntauce  into  thirty-five  millions  of  parts, 
and  the  most  delicate  microscope  does  not  so  far  magnify  the 
atoms  of  the  acid  that  they  should  be  separately  visible  in  the 
water ;  yet  there  they  are,  and  are  so  smidl  as  to  be  beyond  the 
limit  of  our  vision,  even  thcuigh  it  be  increased  many  thousand 
times:  they  are  itifimte»maU,  though  the  sum  of  them  ia  finite; 
wid  as  they  are  so  small,  there  must  be  an  infinity  of  them. 
Hence  also  we  have  a  new  aspect  of  such  quantities.  In  r^- 
rence  to  a  finite  quantity,  infinity  and  infinitesimal  are  reci- 
prooal  terms,  each  implying  the  other ;  the  finite  quantity  may 
be  the  infinitesiaial  iufinitely-qnantupled,  and  the  infinitesimal 
an  element  of  the  finite  quantity,  when  it  is  resolved  into  an 
infinity  of  pArta.  Again :  mi  infinite  quantity  may  be  so  large, 
■a  not  only  to  surpass  Uie  compass  of  our  senses,  but  also  to 
surpass  quantities  which  are  from  their  magnitude  beyond  tbem ; 
that  is,  there  may  be  infinite  quantities  b^ond  infinite  quan- 
tities, and  others  again  beyond  these :  and  thus  there  may  be 
qnantitics  infinitely  greater  than  infinities,  and  there  may  be 
vrien  oj  wfiniiiea.  Astronomy  supplies  instances  of  such  quan- 
tities, to  an  extent  within  the  reach  of  sight,  by  means  of  the 
telescope,  but  beyond  the  range  of  the  micrometer  as  a  means 
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of  measuring  distance ;  assnming  as  the  unit  of  lengtli  the  mean 
radius  of  the  earth's  orbit,  which  is  about  95  millions  of  milei, 
we  can  compare  with  it  the  mean  radii  of  the  orbits  of  the  other 
planets,  and  thus  determine  the  reiaime  sizes  of  their  orbits ; 
but  when  we  extend  our  observations  to  other  bodies  in  the 
celestial  space,  we  find  stars  situated  at  such  a  distance  &om 
the  sun,  that,  taking  the  star  to  be  the  vertex  of  an  isosceles 
triangle,  and  the  base  to  be  a  line  through  the  sun's  centre  and 
of  190  millions  of  miles  in  length,  the  vertical  angle  of  the  tri< 
angle  is  less  than  1",  and  in  the  case  of  CapelU  is  computed  to 
be  0".O46;  were  the  vertical  angle  1",  it  can  easily  be  shewn 
that  the  distance  would  be  20  billions  of  miles ;  and  as  it  is  de- 
terminable, we  may  say  that  it  is  comparable  with  finite  quan- 
tities, though  on  the  verge  of  the  infinite.  "  In  such  numbers 
the  imagination  is  lost ;  the  mode  we  have  of  conceiving  such 
intervals  at  all  is  by  the  time  which  it  will  take  light  to  traverse 
them.  Light,  we  know,  travels  at  the  rate  of  193  thousand 
miles  per  second;  it  will  occupy  therefore  three  years  and 
eighty-three  days  to  traverse  the  distance  in  question.  Now 
as  this  is  an  inferior  limit,  which  it  is  already  ascertained  that 
even  the  brightest  and  therefore  (in  the  absence  of  all  other  in- 
dications) the  nearest  stars  exceed,  what  are  we  to  allow  for 
those  innumerable  stars  of  the  smaller  magnitudes  which  the 
telescope  discloses  to  us?  What  for  the  dimensions  of  the 
galaxy  in  whose  remoter  regions  the  united  lustre  of  myriads  of 
stars  is  perceptible  in  powerful  telescopes  as  a  feeble  nehuloaa 
gleam*?"  Here  then  we  have  not  only  finite  but  also  infinite 
distances,  and  spaces  infinitely  greater  than  these  infinite  dis- 
tances; that  is,  we  have  successive  orders  of  infinities,  and  in 
an  ascending  scale  from  finite  distances,  of  which  our  senses  are 
cognisant,  to  those  infinite  spaces  which  surpass  our  powers  of 
meaaorement. 

So  again  may  any  one  of  the  small  particles  of  the  aloetic 
acid  which  has  been  dissolved  in  the  water  be  conceived  to  be 
analysed  into  other  parts  infinite  in  number,  each  one  of  which 
will  therefore  be  infiniteaimally  small  in  comparison  of  its  ori- 
ginal particle;  that  is,  one  small  particle  may  be  conceived  to 
be  distributed  through  a  finite  volume,  and  thus  to  be  resolved 
into  other  particles  infinitely  less  than  itself:  and  thus  we  may 

*  Sir  John  Herachel's  Outliou  of  Aatroaoiny,  Art.  BOO  and  following. 
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arrive  at  orden  of  iDfinitesimals,  each  ODe  being  infiniteaimally 
less  than  that  of  which  it  is  an  element.  It  ia  also  to  be  ob- 
served, that  in  the  resolution  of  a  finite  quantity  into  iiifini- 
tesimals  of  ■ucceasive  orders,  different  orders  of  infinities  arise 
which  severally  correspond  to  the  orders  of  infinitesimals,  to 
which  they  are  so  related  that  the  prodnct  of  the  infinity  and 
infinitesimal  of  the  same  order  is  equal  to  the  original  finite 
quantity. 

Here  perhaps  it  may  be  asked,  when  does  a  quantity  pass 
from  the  finite  to  the  infinite  and  to  the  infinitesimal  ?  Mow 
many  finite  quantities  must  be  added  to  make  au  infinity,  and 
into  how  many  parts  mast  a  finite  quantity  be  resolved  so  that 
each  should  be  infinitesimal?  An  answer  to  such  questions  may 
be  beyond  our  power ;  and  it  may  be  a  matter  of  words  only : 
but  it  is  also  beside  the  object  and  reqturements  of  the  Calculus. 
We  have  nothing  to  do  with  concrete  quantities ;  the  instances 
above  cited  are  for  the  sake  of  iUutiration  only :  to  give  the 
reader  a  rough  notion  of  the  principles ;  such  as  may  serve  their 
purpose  until  other  and  more  accurate  ones  take  their  place ; 
onr  subject-matter  is  number,  and  nnmber  as  represented  by 
symbols :  and  the  form  of  the  symbols,  and  the  subsidiary 
symbols  which  will  be  derived  from  them,  as  will  be  shewn  in 
the  sequel,  enable  us  to  overcome  the  apparent  difficulty.  For 
we  shall  create  our  numbers,  and  our  sabsidiary  numbers,  sub- 
ject  to  certain  laws :  and  therefore,  so  long  as  they  are  applied 
within  the  conditions  prescribed  by  these  laws,  all  results  cca- 
rectly  inferred  will  also  be  correct. 

6.3  To  resume  then  the  course  of  the  exposition  from  the 
end  of  the  4th  Article :  variable  nnmber  may  change  value  in 
two  ways,  either  coniimuntaly  or  diactmiintunialy. 

A  quantity  or  number  varies  discoutinuously  when  it  passes 
abruptly  from  one  value  to  another,  as  by  the  addition  of  a 
finite  quantity.  Thus  the  passage  from  1  to  2,  and  from  2  to  S, 
and  so  on,  is  made  discoutinuously,  vis.  by  the  abrupt  addition 
of  the  number  I ;  similarly,  if  x  is  finite,  we  pass  from  2x-  to 
4«,  and  from  4^  to  8^?,  by  the  successive  addition  of  2x  aad  Aix ; 
uid  the  changes  are  made  "  per  saltus." 

But  continuous  increase  is  when  number  growg,  that  is,  passes 
from  one  value  to  another  only  by  going  through  all  the  inter- 
mediate numbers,  whereby  the  successive  increments  or  aug- 
ments which  the  numbers  receive  are  infinitesimal ;  thus,  if  we 
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pa88  from  3  to  4  not  only  by  going  through  3.1,  3.2,  S.3,  and 
if  we  paM  from  3  to  3.1  not  only  by  going  throngh  S.Ol,  3.02, 
3.03, . . .  and  if  we  pass  from  3  to  3.01  not  only  by  going  through 
8.001,  3.002, ...  and  so  oa  to  anyjtniie  number  of  diyisionB,  the 
increase  is  discontinuous;  but  if  the  number  of  diviaiona  be 
infinite,  and  if  the  lesser  number  pass  into  the  greater  number 
by  receiving  at  each  nicceuive  step  an  infinitesimal  increase, 
the  mode  of  increase  is  continuous.  For  the  sake  of  illustra- 
tion let  us  consider  the  case  of  motion.  Consider  the  gliding 
motion  of  a  worm,  and  suppose  it  to  pass  uniformly  over  an 
inch  in  a  minute ;  if  the  space  through  which  the  worm  has 
passed  be  estimated  at  the  end  of  each  minute  only,  the  space 
will  apparently  be  discontinuonsly  increased  by  an  inch :  but  if 
the  space  be  measured  at  the  end  of  each  infinitesimal  or  yerj 
short  lapse  of  time,  the  increase  during  that  instant  will  be 
very  small,  and  if  the  instants  be  infinitesimal,  the  space,  we 
say,  will  have  increased  by  infioitesimal  increments.  The  earth's 
motion  in  its  orbit,  the  running  out  of  water,  the  gradual  radia- 
tion of  heat,  the  growth  of  a  tree,  are  all  instancea  of  a  similar 
continuous  increase ;  and  it  is  worth  observiog,  that  it  was  from 
such  cases  that  the  Calculus  had  its  origin.  But  if  we  count 
horses  or  men,  we  count  discontinuouaiy :  we  pass  "per  saltum" 
from  one  man  to  two  men ;  we  cannot  divide  a  man  into  in- 
finitesimal elements ;  each  man  is  an  unit  whose  pfnonal  exist- 
ence does  not  admit  of  such  infinitesimnl  subdivision.  Hence 
it  appears,  that  numerical  continuity  requires  infinite  numerical 
divisibility,  and  expresses  the  property  of  quantity  considered 
under  the  aspect  of  generation  by  growth :  thus  the  difference 
of  the  two  modes  of  increase  is  one  of  degree  and  not  of  kind. 
Hence  also  we  have  a  criterion  t^them;  the  difference  between 
two  successive  numbers  is  finite  or  infinitesimal,  according  as 
the  mode  of  increase  is  discontinuous  or  continuous. 

7.2  The  subject-matter  of  arithmetic  and  of  algebra  (com- 
monly so  called)  is  discontinuous  number.  The  numbers  8,  9< 
10, ...  a,  b,  c, ...  X,  y,  2, ...  as  they  are  commonly  employed,  are 
discontinaous ;  we  pass  from  one  to  another  "  per  saltns,"  and 
do  not  contemplate  the  mode  of  coutinnons  increase.  The  dis- 
tinction between  the  two  sciences  appears  to  be  the  following : 
In  arithmetic  are  discussed  the  properties  of  numbers  which 
have  certain  determinate  values,  and  can  have  none  other;  in 
algebra  we  treat  of  symbols  which  are  general  in  fbrm,  and 
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dther  have  specific  ndaes,  as  the  constants  a,b,c;  or  admit  of 
having  one  or  more  such  values,  as  the  variables  x,  y,  z. 

Infinitesimal  Calculus,  on  the  contrary,  considers  number  in 
ita  aspect  of  continuous  growth.  In  thiB  lies  its  distinctive 
diaracter :  for  whereas  Arithmetic  and  Algebra  treat  of  finite 
and  discontinnons  number,  it  treats  of  continuous,  and  espe- 
cially of  infinite  and  infinitesimal  number. 

These  terms  however  are  at  present  too  vague  to  be  the 
foundations  of  philosophical  investigation s,  and  therefore  I  pro- 
ceed in  this  and  the  four  following  Articles  to  enuntiate  certain 
axioms  concerning  infinitesimals  and  infinities,  their  orders  and 
their  relations,  which  fiow  from  an  adequate  conception  of  con- 
tinnons  namber,  and  which  do  not  admit  of  proof  by  deduction 
from  more  general  principles.  Thus  our  method  of  inquiry  is 
similar  to  that  of  pore  geometry ;  and  we  shall  shortly  find  our 
notions  of  the  materia  of  infinitesimal  calculus  sufficiently  defi- 
nite to  enable  us  to  deduce  &om  them  results  which  will  not  be 
wanting  in  precision. 

The  value  towards  which  an  expression  converges  nearer 
than  fay  any  assignable  diSerence,  while  the  symbol  on  which 
it  depends  approaches  to  any  assigned  value,  is  called  a  limit  or 
Smitmff  vahe.  If  the  assigned  value  of  the  symbol  be  zero, 
the  limit  is  called  the  inferior  limit;  and  if  the  value  be  in- 
finity, it  ia  called  the  tuperior  limit. 


of  f  greater  than  0  the  qaantity  is  less  than  1,  yet  the  nearer  x 

^proaches  to  0,  the  less  becomes  the  difference  between  ^ 

and  1 ;  and  the  superior  limit  is  0 ;  for  as  :r  increases,  the  quan- 
tity becomes  less  and  less,  and  ultimately,  when  x  is  greater 
than  any  aasiguable  quantity,  the  difference  between  ? 

and  0  is  less  than  any  quantity,  and  thus  the  limit  is  sero.  So 
again,  as  the  difference  between  x  and  —  1  becomes  less  than 

any  assignable  quantity,  r approaches  to  infinity ;  similarly 

the  inferior  limit  of  tan  x  is  0,  and,  as  x  becomes  ^ ,  the  differ- 
ence between  tan  ^  ond  infinity  vanishes,  and  infinity  is  the 
limit  of  tan  ^ . 

PRICE,  VOL.  I.  D 
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Again :  suppose  that  we  have  a  series  of  the  form 
2     3     4  n+1 

i'    2'   3' n     ' 

the  namber  of  terms  of  wbich  is  infioite;  altboagh  the  terms 
become  less  and  less  as  we  proceed  from  left  to  right,  yet  the 
value  of  the  last  term  does  not  approach  to  0  but  to  unity,  as 
is  manifest  from  the  form  of  it ;  unit;  then  is  the  limit  of  the 
last  term  of  the  aeries. 

In  geometry  a  circle  is  the  limit  towards  which  the  perimeter 
of  an  inscribed  polygon  couvergea,  as  the  number  of  sides  is 
infinitely  increased,  and  as  thereby  the  lengths  of  the  sides  be- 
come iufiuitesimally  small.  Some  esRmpIes  of  finding  limits  will 
be  given  in  the  sequel.  Hence  absolute  zero  is  the  inferior  limit 
of  an  infinitesimal,  and  absolute  infinity  is  the  superior  limit  of 
a  qnaotity  which  is  greater  than  any  assignable  quantity. 

8-3  The  symbols  hy  which  we  shall  represent  an  infinity  and 
an  infinitesimal  are  oo  and  0 :  the  relation  of  which  is,  that  if  a 
represent  a  finite  quantity,  oo  =  — ,  and  0  =  — .  We  shall  at- 
tach a  more  definite  meaning  to  these  relations,  if  we  consider 
a  dividend  to  be  the  product  of  the  divisor  and  quotient ;  thus 
there  is  no  finite  quantity  which,  when  multiplied  into  an  in- 
finitesimal, will  produce  a  finite  product:  nothing  short  of  an 
infinity  can  do  it;  and  from  the  illustrations  of  Article  5  it  ap- 
pears that  it  must  be  an  infinity  of  a  particular  kind.  It  will 
be  observed,  that  d  does  not  represent  absolute  zero,  and  that 
00  does  not  express  absolute  infinity. 

If  then  any  finite  numerical  quantity  be  divided  into  any 
number  of  equal  or  unequal  parts,  as  the  case  may  be,  the 
larger  the  number  of  parts  is,  the  smaller  is  each  part;  and  if 
the  number  of  parts  be  infinitely  great,  each  part  is  an  infini- 
tesimal: and  the  less  the  difference  is  between  the  number  of 
parts  and  absolute  infinity,  the  less  is  also  the  difference  be- 
tween each  part  and  absolute  zero.  Suppose  a  to  be  a  finite 
determinate  quantity,  and  to  be  divided  into  x  equal  parts; 

then  each  part  =  — ;  and,  if  a;  is  infinitely  great,  -  is  an  infini- 
tesimal, X  and  -  being  thus  symbols  of  an  infinity  and  an  infi- 
nitesimal, which  mutually  imply  and  are  reciprocal  to  each  other. 
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Snppose  again  -  to  be  divided  into  x  equal  parts,  then  each 

part  is  equal  to  -j ,  and  «*  is  the  Dnmber  of  parts  into  which  a 

has  been  divided :  thos  «*  and  — j  severally  represent  an  infinilr^ 

snd  an  in6nitesimal,  vrhtcfa  are  reciprocal  to  and  mutually  imply 
each  other.    By  Bimilsr  and  subsequent  divisions  we  may  find 

Jr>,  — ;, «",  — ,  and  therefore  other  infinities  and  infinl- 

teiimals  which  are  rdative  to  each  oth^. 

Or  agiun,  suppose  t  to  be  an  infinitesimal  element  of  a,  so 
that  a  is  divided  into  -  equal  parts,  then  -r  is  an  infinity,  and 
is  relative  to  the  infinitesimal  i.  And  i^ain,  suppose  a  to  be 
resolved  into  elem^tts  each  of  which  is  equal  to  i',  then  -:|- 
is  the  namber  of  equal  parts,  and  -rj-  is  an  infinity  which  is 
relative  to  the  infinitesimal  i';  simUarly  by  subsequent  resoln- 

tions  may  other  infinitesimals  and  infinities  i*,  -^, t",  -r-, 

be  formed,  which  mutually  involve  each  other. 

Now  although  generaUg  infinities  and  infinitesimals  are  sym- 
bolized respectively  by  oo  and  0,  yet  it  is  manifest  that  all  of 
each  kind  are  not  equal ;  not  only  do  infinitesimals  difier  from 
absolute  zero,  but  they  may  also  differ  firom  each  other :  and  so 
may  infinities  differ  from  each  other,  and  from  a  quantity  which 
transcends  every  assignable  quantity,  that  is,  from  absolute  in- 
finity.   Hence  the  need  of  dasaifying  such  quantities. 

Agmminff  then  the  order  to  depend  on  the  exponent,  it  is 
plain  that  such  orders  must  exist  relatively  to  a  certain  de- 
terminate quantity,  which  is  the  subject  of  the  exponent,  and 
which  we  call  the  base.     Taking  therefore  «  to  be  the  base  of 

infinities,  let  x*,  x*, af  be  infinities  of  the  second,  third, 

Rth  orders ;  and  taking  i  to  be  the  base  of  infinitesimals, 

let!*,  t', t"  be  infinitesimals  of  the  second,  third, nth 

orders  respectively.   Similarly  -,  — j, —  are  infinitesimals 

of  the  first,  second, nth  orders,  if  .7  be  the  infinity-base ; 

and  -7,  -^> -T-  are  infinities  of  the  first,  second nth 
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orderSj  ifi  be  the  infinitesimal-base  i  aach  properties  evidently 

invoke  each  other,  if  i  and  »  are  so  related  that  «  =  t,  or  t  =  - . 

I  « 

These,  it  is  to  be  observed,  are  the  defirtUtona  of  the  orders  of 
infinities  and  infimtesimals.  Similarly,  if  :iri  be  the  infinity-base, 

X,  x^,  x^ would  be  infinities  of  the  second,  third,  fourth 

orders;  and  if  i^  be  the  infinitesimal-base,  i^,  i,  i^ would 

be  infinitesimals  of  the  second,  third,  fourth  orders  respectively. 
Order  then,  it  is  to  be  remembered,  is  relative  to  a  certain  base. 
Hence  then  it  appears,  that  there  will  be  a  scale  of  infinitiea 
and  of  infinitesimals  in  regular  sequence :  such  that  an  infinity 
of  the  nth  order  must  be  infinitely  subdivided  to  produce  an 
infinity  of  the  (n  — l)th  order,  and  infinitely  quautupled  to  pro- 
duce one  of  the  (n  +  l)th  order:  infinitesimals  also  bear  snoh 
relations  to  those,  on  either  side  of  them  in  the  scale,  that  they 
are  infinitesimal  parts  of  the  one,  and  the  a^regate  of  an  in- 
finity of  the  other.  Thus,  if  »  be  the  ^mbol  of  infinity  m 
above,  X"  will  be  the  symbol  of  the  finite  quantity,  and  the 
scale  will  be 


and  if  i  be  the  symbol  of  an  infinitesimal,  i^  will  represent  the 
finite  quantity,  and  the  scale  will  be 


the  order  in  each  scale  being  a  descending  one.  Hence  also, 
using  the  general  symbols  of  such  infinitesimals  and  infinities, 
viz.  0  and  oo ,  the  scales  become 

0-»,  ...0-»,  0-1,   O",   0',    0»,  ...0", 


Thus  then,  although  the  mind  is  incapable  of  forming  adequate 
notions  of  infinities  and  infinitesimals  as  they  were  described  in 
rough  outline  in  Article  5,  yet  they  may  be  brought  within  its 
grasp  when  they  are  symbolized  as  above*.  It  is  true  that 
they  do  not  always  present  themselves  under  the  simple  forms 
herein  investigated;  but  in  a  subsequent  chapter  methods  will 
be  discussed  for  determining  the  orders  of  the  more  complex 
forms :  and  it  will  then  appear  that  we  can  always  determine 
the  order  of  an  infinity  or  of  an  infinitesimal  relatively  to  a 

*  See  Poi««on,  IVut^  de  M^ctniqne,  Tome  I,  pp.  M,  16,  2d*  ed.  Puis,  1833. 
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given  base;  imd  we  can  thm  amDge  and  collect  into  groapt 
all  thow  which  are  of  the  same  order.  Primarily,  the  chief  work 
of  the  Calculua  will  be  the  formation  of  subsidiary  infinitesimals 
and  infinitiea  b;  means  of,  and  &om,  finite  quantities :  but  ere 
we  enter  on  that  work,  we  must  plainly  state  the  laws  to  which 
such  infinitesimals  and  infinities  are  to  be  subject :  these  laws 
are  of  the  utmost  importance ;  the;  are  indeed  the  conditions 
under  which  our  snbsidiuy  infinitesimals  and  infinities  exist  at 
all ;  to  us,  at  present,  it  is  immaterial  whether  they  are  geom^ 
trical  or  other  representatives,  or  only  analogues :  but  it  is  neces- 
sary that  they  should  be  of  a  nature  which  is  not  inconsistent 
with  the  nature  of  number.  If  any  one  hesitates  to  accept  the 
following  propositions,  which  I  have  called  Theorems,  but  which 
are  in  fact  axiomatic  statements  of  infimtesimals  and  infinities, 
let  him  bear  in  mind,  that  our  quantities  are  what  they  are  only 
by  Tirtae  of  these  conditions.  In  all  the  following  Theorems 
the  baso  is  assumed  to  be  the  same. 

9.3  Thzobem  I. — Infinities  and  infinitesimals,  like  finite 
quantities,  admit  of  being  multiphed  and  divided  by  finite  num- 
bers, and  their  order  is  not  thereby  changed :  but  multiplicatioo 
or  division  by  the  base  or  any  power  of  it  changes  the  order  of 
the  infinity  and  of  the  infinitesimal. 

Thus  X*  and  2x*  are  infinities  of  the  same  order,  and  t  aod 
-J  are  infinitesimals  of  the  same  order ;  i"  x  t"  =  »"*",  that  is, 

by  multiplication  of  the  base  raised  to  a  power  the  order  of  the 
infinitesimal  is  changed. 

Theobbh  II. — The  product  of  an  infinity  and  of  an  infiniteu- 
mal  of  the  same  order  is  a  finite  number. 

Thus  X*  x—i  =  a;   »XT  =  a. 


Theokbh  III. — ^The  product  of  an  infinity  and  of  an  infini- 
tesimal of  different  orders  is  an  infinity  or  an  infinitesimal,  ac- 
cording as  the  order  of  the  infinity  is  higher  or  lower  than  that 
of  the  infinitesimal ;  and  the  order  of  the  product  depends  on 
the  difTerence  of  the  orders  of  the  component  factors. 

Thas  «'  X  -  =  ax* ;   ;f"  x  — 7-  =  ax'-"  =  -   ■_-■ ,  the  former  or 
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latter  form  being  taken  according  as  n  is  greater  or  less  than 
m,  and  therefore  the  result  accordingly  is  an  infinity  or  an  in- 
finitesimal.    Similarly,  i*  x  -tj  =  -:^  - 

Theokbm  IV. — The  ratio  to  each  other  of  two  infinities  or 
infinitesimals  of  the  same  order  is  finite. 

Let  a  and  b  be  two  finite  nambers,  and  tbna  let  -^,  -:-  be 
two  infinities  of  the  same  (viz.  the  nth)  order;  then  their  ratio 
is  a  :  i ;  similarly,  if  at",  it*  be  two  infinitesimals  of  the  nth 
order,  their  ratio  ia  a  :  b,  that  is,  the  same  as  before.  This  is 
also  manifest  geometrically.  Let  there  be  two  concentric  circles, 
the  radius  of  one  of  which  is  double  that  of  the  other,  and  in 
them  let  two  regular  polygons  of  the  same  number  of  sides  be 
described ;  each  side  of  the  larger  ia  always  double  each  side  of 
the  smaller ;  and  as  this  is  true  whatever  is  the  Dumber  of  the 
sides,  it  is  true  when  the  number  is  infinitely  great ;  in  which 
case  each  side  becomes  infinitesimally  small ;  and  if  the  number 
in  both  polygons  is  the  same,  the  sides  are  infinitesimals  of  the 
same  order,  and  bear  to  each  other  the  finite  ratio  of  2  :  1. 

Hence  also  it  follows  that  quantities,  whose  symbolical  form 
is  ^,  are  indeterminate  by  virtue  of  that  form,  and  may  be 

either  infinite,  finite,  or  infinitesimal,  and  that  such  determi> 
nate  values  depend  on  the  relation  of  the  order  of  iufinitesimal 
in  the  numerator  to  that  in.  the  denominator;  that  is,  if  the 
infinitesimal  in  the  denominator  be  of  a  higher  order  than  that 
in  the  numerator,  the  determinate  value  is  infinite ;  if  the  orders 
are  the  same,  the  value  is  finite;  and  if  that  in  the  numerator 
is  higher  than  that  in  the  denominator,  the  value  is  infini- 
tesimal. 

Thus  — =  jr  when  x  =  a;  but  dividing  out  {a  — x)*. 
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Similar  remits  are  also  msDifestly  true  of  infioities  and  their 
different  orders. 

Thborsu  v. — The  sam  of  two  iofiDities  or  infioitesiinalB  of 
the  same  order  is  the  product  of  the  infinity  or  infinitesimal  by 
the  sum  of  their  coefficients ;  and  the  difference  is  an  infinity  or 
infinitesimal  of  the  same  order,  except  when  the  coefficients  are 
equal,  in  which  case  it  is  absolutely  zero. 

Thus  at" +  A»'' =(0  +  4)1",   at'— Ai"  =  (o— 4)t",  at"— flt"  =  0. 

Theokeu  VI, — Since  an  infinitesimal  is  derived  from  a  pinite 
number  by  the  resolntioa  of  the  finite  number  into  an  infinity 
of  parts,  the  ratio  of  a  finite  number  of  such  infinitesimals  to 
the  original  number,  is  that  of  0  to  1 ;  a  finite  number  there- 
fore of  such  infinitesimal  parts  can  have  no  value  at  all  when 
added  to  a  finite  quantity :  it  must  be  neglected. 

Thus  if  a  and  b  are  finite  numbers,  and  i  be  an  infinitesimal, 
of  sach  an  expression  as  a  -f  it,  the  latter  part  must  be  neglected ; 
bi  has  no  value  at  all  when  added  to  a. 

Tbeoreu  VII. — For  a  similar  reason  a  finite  quantity  can 
have  no  value  when  added  to  an  infinity,  and  must  therefore  be 
neglected. 

Thus  of  a^  +  £,  if  a  is  a  finite  number  and  x  is  an  infinity, 
the  finite  quantity  b  must  be  Delected,  and  the  expression  is 
equal  to  a.r. 

Similarly,  in  expressions  involving  the  sum  or  difference  of 
infinitesimals  of  different  orders  which  have  finite  coefficients, 
all  the  higher  infinitesimals  must  be  neglected,  and  the  lower 
ones  alone  retained.  Thus  let  a  and  b  be  two  finite  quantities, 
and  t"  and  i'*'  two  infinitesimals;  then 

ai'+bi"-^'  =  i'{a  +  bi'-}, 
the  latter  part  of  which  is  equal  to  a  by  Theorem  VI ;  and  there- 

Similarly,  a-ibi  +  ci'+  ...  +*t"  =  a. 
And  similarly,  if  an  expression  involves  the  algebraical  sum  of 
infinities  of  various  orders,  whose  coefficients  are  finite,  the  ex- 
pressioD  is  equal  to  the  infinity  of  the  highest  order,  and  all 
the  others,  and  the  finite  quantities,  can  hare  no  value,  when 
«dded  to  it,  and  must  be  neglected. 
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10.]  To  enable  the  student  to  appreciate  the  importance  of 
the  above  tbeorema,  Bome  examples  are  ■objoiaed : 
Ex.  1.    To  find  the  iuferior  and  superior  limits  of 

ma:'  +  nar*  +ps  +  q ' 
By  Tfaeorem  VI  the  inferior  limits  of  the  numerator  and  doto- 
minator  are  severally  e  and  q,  and  by  Theorem  VII  the  supe- 
rior limits  are  severally  aw*  and  mx* ;  hence  the  superior  and 

inferior  limits  of  the  fraction  are  severallv  —  and  - . 
•^  f»  q 

Ex.  2.   To  find  the  inferior  and  superior  limits  of 

a  +  A'" 

If  jT  =  0,  the  inferior  limit  becomes ^ :  and  if  ;ir  =:  oo ,  the 

«  +  l 
limit  is  ( T )  ,  which  is  w  or  0,  according  as  a  is  greater  or  less 
than  h. 

11.]  If  any  one  idea  or  conception  is  pregnant  with  the 
whole  Calculus,  it  is  that  contained  in  Theorems  VI  and  VII; 
they  enuntiate  the  essential  properties  of  infiaiteaimals  and  their 
reciprocal  infinitiea :  such  as  flow  immediately  from,  inasmuch 
as  they  are  involved  in,  any  adequate  notion  of  such  a  mode  of 
resolution  as  the  Calculus  contemplates ;  were  not  the  proper- 
ties of  infinitesimals  such  aa  the  theorems  import,  the  Calculus 
would  not  be  what  it  is :  from  them  it  takes  its  rise,  and  what- 
ever its  genius  be,  such  have  they  imparted  to  it. 

On  inspecting  the  scales  of  infinities  and  inSnitesimals  which 
are  given  above,  it  will  be  observed  that  the  finite  quantity  is 
represented  by  the  ^mbol  which  has  0  for  its  exponent :  the 
reason  of  which  by  the  common  law  of  indices  is  manifest  firom 
the  examples  given  in  illustration  of  Theorem  IV  of  Article  9; 
and  on  the  correctness  of  thus  representing  it  more  will  be  said 
hereafter.  And  it  will  also  be  observed,  that  all  the  symbols  on 
one  side  of  it  represent  infinities,  and  all  on  the  other  infinitesi- 
mals; bnt  it  is  quite  arbitraiy  which  grade  shall  be  considered 
finite,  or  the  one  intermediate  to  the  infinite  and  the  infinitesi- 
mal. Borrowing  an  analogy  from  the  senses,  as  explained  above, 
we  make  them  the  test  of  finiteness,  but  such  is  not  necessary ; 
and  doubtless,  were  our  senses  much  more  delioate  than  they 
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are,  we  should  start  from  aoine  order  lower  thaa  we  do,  and  call 
ihat  finite  which  we  now  call  infiniteaimal ;  and  if  we  were  living 
amongst  bodies  and  distances  which  were  comparable  with  the 
diataaces  of  the  fixed  stars  from  the  sun,  they  would  doubtless 
be  our  finite  quantities,  and  what  are  now  finite  would  become 
infinitesimal. 

A  pertinent  lUnstration  of  the  preceding  Theorems  is  found 
in  the  modem  treatises  on  algebraical  geometry.  The  general 
equation  of  the  first  degree  is  assumed  to  be  of  the  form 

Aar  +  By  +  c  =  Oi 
where  a,  b  and  c  are  finite  constants ;  and  in  the  coarse  of  the 
discussion  of  this  equation  we  meet  with  the  paradoxical  result 
c  =  0,  where  c  is  not  and  does  not  admit  of  being  lero.  Thus, 
for  instance,  we  may  in  the  coarse  of  an  investigation  arrive  at 
the  equation  5  =  0;  and  this  equation  is,  whether  for  satisfac- 
tory reasons  or  otherwise  I  will  not  now  inquire,  said  to  repre- 
sent a  straight  line  at  an  infinite  distance  from  the  origin.  Kow 
we  have  here  the  reason  for  this  seeming  impossibility :  if  c  =  0, 
it  is  implied  that  c  is  one  term  of  an  equation,  the  other  terms 
of  which  are  infinite ;  and  that  in  addition  or  subtraction  with 
them,  the  term  c  must  be  omitted;  in  other  words,  the  other 
terms  of  the  equation  satisfy  the  equation,  and  the  constant 
term  c  must  be  omitted :  in  order  however  that  the  nature  of 
the  equation  may  not  be  forgotten  or  overlooked,  it  is  left  in 
the  seemingly  paradoxical  form 

c  =  0. 
Thus  if  the  preceding  equation  takes  the  form  c  =  0,  where  c  is 
not  zero,  it  is  implied  that  x  and  y  are  infinite,  and  have  dif- 
ferent signs,  and  that  the  equation  is  satisfied  by  them ;  and 
thus  the  equation  represeuta  a  line  at  an  infinite  distance.  For 
many  cases  of  this  curious  result  I  may  refer  the  reader  to 
Salmon's  Conic  Sections,  Dublin,  1855,  3rd  edit.  Art.  64. 

12.]  Thus  far  we  have  spoken  of  single  symbols,  and  of  their 
properties;  it  is  of  continuous  variables  that  we  shall  treat,  and 
we  shall  not  introduce  discontinuous  ones  without  special  state- 
ment. Now  it  is  plain  that  two  or  more  such  variables  may  be 
combined  with  constants  in  an  equation,  and  may  be  such  that 
a  change  of  value  of  one  may  involve  a  corresponding  change  of 
value  of  one  or  more  of  the  others ;  when  this  is  the  case,  such 
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varisbles  are  laid  to  depend  on,  and  to  be  fimetioiu  of,  eacih 
other :  itnd  the  equation  which  expreswa  the  mode  of  depend- 
ence is  said  to  be  ^.Junction  of  such  Tuiablea. 

If  one  variable  ia  invoWed  in  such  an  expression,  it  is  said  to 
be  a  function  of  one  Tariable;  if  two  variables  are  iDvolred,  to 
be  a  function  of  two  variables;  and  so  on.  Thus  sin^,  «**, 
Ic^ar,  \/(a*— **),  are  functions  of  one  variable,  vi*.  *j  e"***, 
tan  (ax-t  by),  x*  are  functions  of  two  variables,  x  and  y ;  xyM, 
x*+y'^+z*  are  ftinctions  of  three  variables:  similarly  we  may 
have  functions  of  more  variables.  Fonctions  are  designated  bj 
tbe  Hjmbols  y,  f,  <{>,  ^,  Sec.  Thus  r  (x)  means  a  function  of  one 
variable  x,  combined  or  not  with  constants  as  the  case  may  be ; 
r{x^)  means  a  function  of  x*;  ^{x,y)  symbolizes  a  function  of 
two  variables;  ^{x,y,z)  a  function  of  three  variables:  thus  these 
functional  symbols  are  general,  and  the  specific  forms  of  them 
are  the  particular  functions  which  arise  from  operations  in  alge- 
bra, trigonometry,  &c.  Thus  if  s{x!)  =  (XMx,  t  is  the  general 
symbol  of  an  operation  of  which  cos  is  the  specific  instance ; 
similarly  would  tan^,  log  a?,  c",  ^{a*—x*),  be  all  represented 
by  7(a?);  andlog(;i:+^)  would  be  represented  hy/{x,y). 

Now  as  such  equatious  represent  tbe  mode  of  mutual  inter- 
dependence of  two  or  more  variables  in  their  symbolized  state, 
so  in  their  unsymbolized  state  tbey  express  the  relation  between, 
and  the  law  of,  certain  causes  and  effects.  Suppose  a  mass  of 
metal  to  have  been  heated  to  a  certain  temperature,  and  that 
we  have  to  find  the  temperature  at  any  subsequent  time ;  this 
latter  quantity  will  depend  on  (say)  three  circumstances,  viz. 
the  original  temperature,  tbe  law  of  radiation  of  heat,  and  the 
length  of  intervening  time.  Moreover  suppose  the  law  of  rela- 
tion of  these  four  circumstances  to  be  known,  (which  it  is,)  and 
it  to  be  possible  to  express  that  law  in  a  symbolical  form ;  thai 
the  equation  of  dependence  will  involve  four  variables,  viz.  the 
original  temperature,  the  time  elapsed,  the  law  of  radiation,  and 
the  present  temperature,  and  thus  will  be  a  function  of  four 
variables;  but  we  shall  also  say,  that  the  present  temperature  is 
a  function  of  three  other  variables,  and  write  it  as  follows : 
Present  temperature  =  r  (original  temperature,  time,  law  of  radiation). 

^ow  it  is  possible  that  any  one  of  the  last  three  variables 
may  vary  without  involving  any  change  of  the  other  two,  in 
which  case  however  the  "  present  temperature"  must  vary  also ; 
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Mad  aa  a  nmiUr  variatioii  of  any  other  of  the  three  m&y  take 
pbee,  there  vaxy  be  three  separate  variatioDa  of  it  due  to  the 
separate  TarUtiooa  of  each  of  the  three  Tariables  on  which  it 
dependi.  On  this  accoimt  it  is  called  a  dependeiU  Tariable,  and 
each  of  the  others  is  called  an  indepaideni  variable. 

13.]  Functions  are  said  to  be  implicit  and  explicit,  according 
as  they  sssome  the  form  of  one  or  the  other  of  those  of  the  last 
Article.   When  by  any  artifice  or  operation,  as,  for  instance,  by 
the  algebraical  solution  of  an  equation,  one  variable  is  expressed 
in  terms  of  all  the  others,  then  it  is  said  to  be  an  explicit  func- 
tion of  them ;  but  when  it  is  not  solved,  and  all  the  variables 
remain  involved  in  one  expression,  then  the  function  is  said  to 
be  implicit.     Thus  the  illustrating  case  of  the  last  Article  will 
be  an  implicit  function  of  four  variables,  if  the  quantities  are 
combined  in  the  form, 
F  (original  temperature,  time,  law  of  radiation,  present  temperature)  =  0 ; 
and  the  present  temperature  becomes  an  explicit  function  of 
three  variables,  if  it  is  written  in  the  form. 
Present  temperature  =  r  (original  temperature,  time,  law  of  radiation). 

Una  9*  +  j/*—a*  =  0  is  an  implicit  function  of  two  variables, 
hnt  y  =  (a'— **)*  is  an  explicit  function  of  one  variable,  of 
whicb  y  is  the  dependent  and  x  the  independent  variable ;  and 
y~f<,x)  is  the  general  form  of  such  explidt  functions,  and 
r(x,y)  =  c  (c  being  a  constant)  is  the  general  form  of  an  im- 
plicit function  of  two  variables :  and  in  these  forms  x  and  y  are 
called  the  tu^ecis  of  the  fnnctiona)  symbols  /  and  r.   So  again : 

— ;  +  T*H — j  =  l  is  an  impliat  function  of  three  variables  of 

the  form  r(x,y,z)  =  c;  whereas  z  =  cil i""!?!  •  ^^ich 

is  of  the  form  z=f{x,y),  is  an  explicit  function  of  two  Tari- 
ables.    Implicit  functions  are  often  written  in  the  form, 

»=  F(jr,y,z,  „.)  =  «,  or  =  0, 
u  the  case  may  be. 

The  terms  dependent  and  independent  variables  have  reference 
to  explicit  functions.  When  functions  are  implicit,  there  are 
no  general  marks  whereby  to  determine  the  variable,  which  may 
first  most  conveniently  change  value. 
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14.J  FimctioDB  have  again  been  divided  into  two  tAaaaea, 
algebraical  and  transcendental .-  the  fonner  being  those  functiont 
which  involve  the  operationa  of  addition,  subtraction,  mnltipli* 
cation,  division,  involution,  and  evolution,  or  the  algebraical  Bum 
of  many  such  functions ;  the  latter  those  Therein  tiie  operations 
apnbolized  are  such  as  e',  log,  x,  sin  x,  sec~'  x ;  that  is,  where 
they  are  either  exponential,  logarithmic,  or  circular.  This  how- 
ever ia  a  division  not  necessary  to  our  present  purpose. 

Functions  again  may  be  simple  or  compound;  that  is,  accord- 
ing as  one  or  many  operations,  the  results  of  which  are  the 
functions  in  question,  are  involved.  ThQs  ^  =  sinj?,  jr  =  logadr, 
are  simple  functions  oix;  but  y  =  logsinx,  y  =  e^°"  are  com- 
pound functions;  compound  functiona  are  thus  functions  of 
functions. 

It  is  necessary  to  observe,  that,  if  two  functions  are  repre- 
sented by  the  same  functional  symbol,  they  are  formed  in  the 
same  manner  by  means  of  the  variables  which  they  involve. 

Thua  if  fix)  =  ein  x,  f(y)  =  ain  ff ;  if  f{x)  =  e>",  /(y)  =  e". 

15.J  Functions  may  be  either  continuous  or  discontinuous.  A 
continuous  function  is  subject  to  the  two  following  conditions: 

Ist.  As  the  variable  gradually  changes,  the  function  must 
gradoally  change. 

2nd.  The  law  symboliEcd  by  the  functional  character  muat 
not  abruptly  change. 

When  these  two  conditions  are  not  satisfied,  the  function  is 
discontinuous. 

Thua,  for  instance,  both  conditions  are  fulfilled  in  the  functions 
y  =  as+b,  y  =  sinar; 
in  which,  as  the  variable  x  changes,  the  value  of  the  function 
also  changes,  but  changes  gradually,  and  there  is  no  abrupt 
passage  from  one  valoe  to  another;  and  the  law  symbolized  by 
the  functional  character  does  not  change,  but  always  remains 
the  same :  but  if  the  function  were  such  aa  to  express  a  line  of 
the  form  in  fig.  1,  so  that  ba  should  be  a  continuous  curve 
drawn  after  some  determinate  law,  but  at  a  the  law  suddenly 
should  change,  and  the  curve,  from  being,  say,  a  circle,  become 
a  straight  line,  then  the  second  of  the  above  conditions  is  not 
satisfied,  and  the  function  ia  discontinuous,  a  is  called  a  point 
of  discontinuity.  As  an  instance  of  a  function  of  this  description 
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£he  following  may  be  mcDttoned.  Beplacmg  the  drcalar  qaanti- 
ties  hj  thm  exponential  Talnea,  it  ma;  easily  be  proiei  that 

ffln(o-|) 

coHa  +  oo8(a  +  /g)  +  coB(a  +  30)+  ...ad  infin.  = . 

2sin| 
Suppose  that  a  =  ^ ,  then  the  series  becomes 

cosa  +  cos8a+cos5a+ ...ad  infin.  =  —  s—^ —  = 
bat  if  a  =  any  multiple  of  ir,  the  sum  of  the  series  assumes  the 
indeterminate  form  ^ ;  hence  we  have  this  remarkable  result, 
each  term  of  the  series  varies  continuously  with  a,  but  the  sum 
of  the  series  varies  discontinuoaBly,  beiog  always  sero,  except 
when  a  passes  through  some  multiple  of  n,  when  the  sum  of 

the  series  suddenly  and  abruptly  becomes  ^;  that  is,  some  in- 
determinate quantity;  tbaa  we  have  a  series  of  points  of  dis- 
coDtinaity, 

It  is  of  continuous  functions  of  continuous  variables  generally 
that  we  shall  treat ;  and  if  discontinuous  fanctions  are  intro- 
duced, tbey  vrill  be  considered  only  for  those  values  of  the  vari- 
ables for  which  they  are  continuous. 

16.^  There  are  two  different  modes  of  viewing  such  continn- 
ous  functions  and  variables,  both  of  which  will  be  convenient 
for  the  future  purposes  of  the  treatise.  Firstly,  suppose  Xi  and 
jTi  to  be  two  definite  values  of  a  variable  number  x,  of  which 
Xt  is  the  larger;  and  suppose  the  difference  d?i— «i  to  be  finite, 
and  to  be  resolved  into  an  infinite  number  of  equal  parts,  each 
of  which  is  therefore  an  infinitesimal ;  then  the  passage  from 
Xi  to  Xt  may  be  made  by  the  successive  addition  of  such  infini- 
teaimal  elements,  the  whole  sum  of  which  is  of  course  the  finite 
quantity.  Secondly,  the  idea  of  moiioa  or  continuous  growth 
may  be  introduced,  and  we  may  conceive  number  to  be  in  a 
gradually  increasing  state;  and  thus,  if  the  rate  of  increase  be 
finite,  the  increment  due  to  a  finite  time  will  be  finite,  and  that 
due  to  an  infinitenmal  interval  of  time  will  be  an  infinitesimal. 
The  former  mode  we  have  hitherto  invariably  considered,  ex- 
cept in  the  illustrations  of  Art.  6,  but  as  we  have  now  to  deduce 
mfinitesimalB  from  finite  quantities,  and  the  latter  method  is 
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more  conTenient  for  that  purpose,  we  shall  apply  it.  Both 
manifeitly  lead  to  identical  quantities  and  results ;  for  whereaa 
io  the  one  we  consider  a  quantity  during  the  prooesa  of  genera- 
tion, and  the  infinitesimal  elements  as  they  are  successirely 
produced ;  so  in  the  other,  we  resolve  the  finite  quantify  when 
generated  into  its  infinitesimal  elements :  in  the  latter  then  we 
arrive  at  the  finite  quantity  from  the  elements,  in  the  former  we 
derive  the  elements  from  the  finite  quantity.  The  latter  idea  is 
the  more  complex,  inasmuch  as  it  involves  motion  and  perhaps 
time,  but  adapts  itself  more  readily  to  mechanical  questions; 
and  the  former  is  undoubtedly  best  suited  to  geometry.  The 
former  of  these  two  ideas  is  that  on  which  Leibnitz  conducted 
his  investigations;  the  latter  is  for  the  most  part  that  which 
sir  Isaac  Newton  has  embodied  in  the  Principia,  although  some 
of  the  lemmas  involve  the  former. 

Thus  suppose  we  consider  the  arc  of  a  quadrant  of  a  circle  of 
radius  a ;  its  length  is  -^,  which  if  we  resolve  into  infinitesimal 
elements,  each  element  will  be  the  distance  between  two  con- 
secutive points :  and  the  two  points  will  be  taken  so  near  to- 
gether, that  the  line  joining  them  must  be  considered  straight; 
and  thus  must  the  circle  be  conceived  to  be  made  up  of  an 
infinity  of  infinitesimal  straight  lines,  and  the  tabgent  at  any 
point  is  the  line  which  coincides  with  the  straight  line  joining 
the  point  and  its  consecutive  point ;  that  is,  the  tangent  is  the 
element  produced.  In  elementary  treatises  on  conies,  the  tan- 
gent to  a  conic  is  defined  to  be  the  straight  line  passing  through 
two  points  on  a  curve  infinitesimally  near  to  each  other,  and  its 
equation  is  derived  from  this  definition.  Similarly  must  all 
continuous  curves  be  considered  as  composed  of  infinitesimal 
straight  lines,  and  all  surfaces  of  infinitesimal  plane  areas,  and 
all  solids  of  infinitesimal  elements,  and  all  concrete  bodies  as 
made  up  of  infinitesimal  corpuscles.  Or  if  we  consider  the 
quadrant  to  be  generated  by  a  point  moving  according  to  a 
given  law,  and  the  motion  to  be  carried  on  during  a  finite  time, 
and  the  time  to  be  resolved  into  very  short  instants,  then  the 
space  passed  over  in  one  of  these  instants  is  the  infinitesimal 
increment  of  the  curve;  and  the  direction  in  which  the  point 
is  moving  at  the  time  of  generating  the  element  is  that  of  the 
tangent  of  the  circle  at  the  point.  In  this  view  points  generate 
lines,  lines  generate  surfaces,  and  surfaces  generate  solida. 


,,GoogIc 


17-]  OK  DIFPBBBNTIAI^  AMD  DIFFEHEHTIATIOS.  31 

17.^  Let  OS  now  investi^te  these  properties  with  greater 
preciaioD,  and  with  reference  to  symbolized  number;  and  let 
the  first  subjects  of  our  consideration  he  continuoas  functions 
of  contiauous  variahles ;  and  let  us  take  the  simple  case  of  an 
explicit  function  of  one  variable,  of  the  form 

y  =/(*);  (1) 

let  us  consider  it  in  two  successive  states,  and  first  at  a  finite 
interval  apart. 

Let  A  be  used  as  an  abbreviation  of  difference,  and  represent 
a  finite  increment  of  a  function  or  of  a  variable ;  so  that  &x  * 
and  &y  represent  the  6nite  increments  which  x  and  y  receive, 
and  a/(^}  represents  the  finite  change  in  f{x)  due  to  the  finite 
augment  of  the  independent  variable  x ;  whence  we  have, 

Afix)  =  Ay  ^  fix  +  AX) -fix).  (2) 

Thus  a/(j!)  is  the  quantity  by  which  f{x)  is  increased,  as  the 
rariable  on  which  it  depends  is  increased,  and  is  therefore  called 
the  difi'erence  o{f{x). 

Now  snppose  these  increments  to  become  infinitesimal,  in 
which  case  we  shall  use  d,  the  abbreviation  of  differential  or 
small  difi^ereoce,  to  symbolize  them :  so  that  dx  and  dy  repre- 
sent the  infinitesimal  increments  which  x  and  y  receive,  and 
df{x)  the  infinitesimal  increment  which  f{x)  receives,  owing  to 
the  infinitesimal  increment  of  its  independent  variable;  so  that 
(2)  become,         rf/(„  =  rfj,=/(^  +  di,_y„).  (3, 

Thus  df{x)  is  the  infinitesimal  quantity  by  which  f{x)  is  in- 
creased, by  reason  of  the  infinitesimal  increase  of  the  variable 
on  which  it  depends,  and  is  therefore  called  the  differential  of 
/(*)■ 

As  the  symbols  d  and  a  will  be  employed  throughout  the 
treatise  in  the  meanings  here  assigned  to  them,  let  the  differ- 
ence between  them  be  noticed.  Also  let  it  be  observed,  that 
when  they  are  prefixed  to  «  or  y  or  fix),  they  have  not  the 
effect  of  multiplication :  that  is,  dx  is  not  d  times  x;  but  their 

*  AX  may  be  n^[Uive;  in  which  cue  it  might  perhaps  be  more  properijr 
adbd  a  dBcrement;  but  in  the  folloiring  treatiae  we  ahall  u«e  the  worde 
M^mentt  and  inoements  to  express  the  vaiiationi  in  the  valuei  of  the  vari- 
■blci,  whether  twh  vaiiationi  cauM  them  to  iaciease  or  decrease. 
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power  is  that  of  an  operation  performed  on  the  subject  to  which 
they  are  prefixed :  thn§  dx  ia  the  differentiHl  of  x,  the  infioiteai- 
mal  iacrement  of  ;;,  or  the  inGnitesimal  quantity  by  which  x 
grows:  90  d/{x)  is  the  infinitesimal  increment  o! f{x)  when  x 
has  been  increased  by  the  infiniteaimal  qaantity  dx. 

From  the  form  (3),  which  the  most  convenient  mode  of  de- 
termining Buch  infinitesimal  increments  takes,  has  the  name 
"Differential  Calculus"  arisen. 

The  operation  of  determining  the  values  of  the  differentials 
of  the  functions  due  to  the  differential  increase  of  the  variable 
is  called  Differentiation,  and  ia  the  first  work  of  the  Calculus; 
and  we  are  said  to  differentiate  the  function  with  respect  to  that 
variable,  owing  to  the  change  of  which  the  (unction  changes. 
Hereby  the  materials  will  be  formed,  which  are  subject  to  the 
axioms  previously  enuntiated,  and  the  other  laws  of  which  will 
be  subsequently  developed.  We  shall  generally  differentiate 
directly  and  without  the  intervention  of  any  other  symbols  than 
those  introduced  above,  but  sometimes  it  is  convenient  to  pat 
the  result  in  the  following  form. 

18.]  Since  the  left-hand  member  of  equation  (3)  is  an  infini- 
tesimal of,  say,  a  first  order,  the  right-hand  member  must  be 
an  infinitesimal  of  the  same  order ;  an  infinitesimal  must  there- 
fore be  a  factor  of  it.  But  the  only  infinitesimal  that  it  in- 
volves is  dx,  therefore  we  may  reasonably  presume  that  dx  will 
be  the  factor ;  the  presumption  however  mast  be  verified  by  sub- 
sequent investigations.    Dividing  both  sides  by  dx,  we  have 

dy  ^  d.f(x)  _^f{x  +  dx)-/(x) 
dx  dx  dx  ' 

of  which  the  last  member  is  of  the  form  ^,  but  will  be  a  finite 
quantity,  if  our  presumption  is  correct  Let  us  represent  it  by 
fix),  so  that 


dx  dx 


=  /'(*) ;  (4) 

.-.     dy  =  d./(x)  =f(x)dx:  (5) 
and  therefore  from  (3), 

/'(x)dx  =/(x  +  dx)-f{x).  (6) 

f'{x)  is  called  the  derived  fimction  of /(a?),  and  represents  the 
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ratio  of  the  di£FereDtud  of  the  fimction  to  the  differential  of  the 
variable ;  and  therefore  if  it  is  kaown,  the  abaolate  change  of 
the  function  doe  to  the  change  of  the  variable  it  also  known. 
Also  f'(x)  is  called  the  differeiUial  coeffiaaU,  because  it  is  the 
coefficient  of  (£r  in  the  equation  d./{x)  =  fix)  dx ;  and  f'(.x)  dx 
is  by  (6)  the  excess  of  the  function  when  its  subject  variable  is 
iufiiutesinutUy  iocreaaed  over  its  valae  wheu  the  sul^ect  is  not 


It  is  also  manifest,  that  genendlj 

when  a  is  some  reudual  quantity,  which  iiiust  be  n^lected 
when  Af  becomea  dx. 

The  process  by  which  derived  functions  are  determined  is 
called  Denvation :  and  evidently  by  it  a  function  becomes  the 
parent  of  some  other  function.  On  this  principle  Lagrange, 
one  of  the  most  eminent  mathematicians  of  the  eighteenth  cen- 
tury, has  constructed  his  works  on  the  Infinitesimal  Calculus, 
viz.  "Th^rie  des  Fonctions  Aualytiques,"  and  its  sequel  "Le- 
mons sur  le  Calcul  des  Fonctbns."  It  is  however  beside  my 
present  purpose  to  unfold  the  process,  because  it  is  so  diflTerent 
to  that  wbicb  I  have  made  fundamental;  and  it  is  impossible 
adequately  to  discuss  the  reasons  why  the  preceding  principles 
are  preferred,  because  fully  to  do  so  requires  a  knowledge  of  all 
the  Calculus.  On  the  latter  subject  however  a  few  words  are 
sud  iu  the  Preface. 

19.3  Similarly,  in  considering  a  bnction  of  many  variables, 
such  as  , 

we  ahall  use  &  and  d  to  symbolize  respectively  finite  and  in- 
finitesimal changes :  so  that  au,  a«,  a^,  ...  represent  finite,  and 
da,  dx,  dy,  dz ...  infinitesimal  quantities ;  wherefore 

AU  =  r(jr+Ajr,  y-|-Ay,  ...)  —  v{x,y, ...)  (8) 

da  =  r{x+dx,y  +  dy,z  +  dz,  ...)  —  r{x,y,z, ...).  (9) 

It  is,  however,  more  convenient  to  reserve  the  complete  inquiry 
into  the  variations  of  functions  of  many  variables  for  a  later 
part  of  our  treatise. 

FBICE,  VOL.  I.  r 
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20.]  Hence  we  may  describe  the  Differential  Calcnlns  u 
follows : 

The  Differentul  Calcnloa  is  a  general  method  and  system  of 
rules  by  which  are  determined  the  corresponding  changes  of 
functions  and  variables,  when  the  variations  of  the  variables 
■re  infinitesimal ;  and  the  code  of  laws  to  which  they  are  anb- 
ject,  and  conformably  to  which  they  may  be  applied  to  ques- 
tions of  Oeometry  and  Physics. 

Before  however  we  proceed  to  give  either  general  rules  for 
the  differentiatioo  of  functions,  or  to  illustrate  the  process  by 
particular  examples,  it  is  necesaary  to  determine  the  values  of 
two  fonctions  for  certain  values  of  the  variables,  which  will  be 
frequently  applied  hereafter. 


SicTioN  3. — fimdameniai  Lemmas  qfthe  InJinitetiMtU  Ctdctdiu, 

21.3   LsuHA  I.    To  evaluate  (!  +  «)',  when  x  is  an  infini- 
tesimal. 

By  the  Binomial  Theorem 

,.       1               n(»-l)    ,     nfn-l)(B-2)    , 
{l-l-j?)"=l  +  iig-|-    ^^g    V+    ^     ^£^ -'«'+...! 


..  a..)*=i.i..i(i-.)Sn(i->)(i-»)iS5-- 

Let  X  be  some  small  positive  fractional  number;  then  it  is 
plain  that  each  factor  in  the  numerators  of  the  several  terms  of 
the  series  is  less  than  1 ;  and  therefore,  no  term  being  n^ative, 
the  whole  series  is  greater  than  its  first  two  termsj  that  is,  is 
greater  than  S.    Also  since 

8  =  1+11-2)  =1  +  1  +  2  +  2^+2^  +  "- 
each  term  of  this  after  the  second  is  greater  than  the  corre- 
sponding term  in  the  series  above,  and  therefore  the  whole  series 
is  greater ;  and  therefore,  when  ;ir  is  a  small  positive  fractional 
number,  (1 4  x)'  is  equal  to  some  number  greater  then  2  and 
less  than  3. 


D,g,t7cdb/GOOgIC 


Let  »  be  an  infinJtesiinB],  and  Oaa  be  ^mbolixed  hy  0,  in 
which  case  by  Tirtne  of  Theorem  VI,  Art.  9,  we  have 
>i     n^*      ,      1       1  1  1  1 


,.-r«,--.-r.-ri^-r 

lO 

"^  1.2.8.4  '  1J!.8.1.5 

1 

s 

1- 

1 

= 

KIOOOOOO 

1 
1.2 

= 

SCOOOOO 

1 

= 

■leemee 

1 
1.2.8.1 

= 

0416866 

1 

= 

■0088888 

1.2...46 

1 

- 

«)18888 

1.2...5.6 

1 

= 

<X)01984 

1.2...6.7 

I 

= 

0000248 

i.a...7.8 

1 

= 

0000027 

1.2... 8.9 

wlience  hj  addition  we  have 

i+i  +  A  +  rl»  +  - 

= 

2-7182818 

whidi  is  the  correct  sum  of  the  aeriea  to  aeren  places  of  deci- 
loala.  This  arithmetical  nnmber,  which  is  incommensurable* 
with  any  digit  of  the  decimal  scale  of  notation,  and  which  is 
identical  with  tfae  base  of  the  Napierian  logarithms,  is  ajm- 
boliied  by  «;  ao  that  we  have 

(1  +  *)'  =  2.7182818 

=  e.  (10) 

when  jr  is  an  iniinitenmal ;  and  wherever  e  is  met  with  in  the 
course  of  this  work,  it  is  used  as  the  symbol  for  this  arith- 
metical quantity. 
Again,  if  x  were  a  small  n^ative  fractional  quantity,  then 
*  Peacock's  Algebn,  Vol.  1.  Art.  303,  CtmlRidge,  1843. 
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2  is  a  small  positive  quantity  less  than  1,  and  becomes  infini- 
tesimal simultaneously  with  x ;  then 


(r^)-'-'=(i+»)'''={(i+^)'|'" 


which,  when  z  is  iofiniteMmal,  becomes  e  by  the  former  part  of 
the  Lemma. 

Hence  we  conclude  that  when  ;r  is  a  small  positive  or  ncga- 

tive  quantity,  approximating  to  0,  (I  +  a?)'  approximates  to  the 
value  e;  that  is,  differs  from  e  by  a  quantity  less  than  any 
aaaigoable  quantity,  when  x  diministies  without  limit;  that  is, 

when  ^  is  an  infinitesimal,  (1  +  tc)*  =  e. 

Corollary  I.  Hence,  taking  Napierian  logarithms  of  both 
sides  of  the  last  equation, 

-log,(l  +  *)  =  I(«,'?  =  l; 

.-.     log((l  +  j7)  =  X,  when  xis  an  infinitesimal.        <11) 

Cor.  II.    And  taking  logarithms  to  the  base  o,  we  have 

-lf^(l  +  a')  =  log„«, 

=  = -,  by  the  theory  of  logarithms; 

X 

'  lo&o 

Cob.  III.  As  the  above  determination  of  the  value  of  e  is 
independent  of  any  previously-expanded  logarithmic  series,  it  is 
well  to  shew  how  other  results  follow  from  it. 

{(1  +  ^-)'}''=  {\  +  xy 

-  *-^y-^     1,2     "*'        "1.2.3         "*" "" 
Let  X  be  infinitesimal,  wheiicfe 

"  =  l  +  !'+0 +  &  +  ■■■ 
Again,  since 

expanding  both  sides  we  have 
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"*'  1  "^       1.2      "^  1.2.3  ^  ■■■ 

=  l  +  |log,(l  +  *)  +  |^jJ{Iog,(l  +  i)}»+...; 

cancelliiig  the  nnita,  dividiog  through  by  y,  making  y  iafimtesi- 
mal,  and  eqoatiDg  the  finite  terms,  we  have 

loMl+f)_i      ^.f!_^. 


22.]  Leu  HA  II.  To  prove  that  tan  x,  x,  and  sin  x  may  be 
used  indifferently  for  each  other,  when  jr  is  an  infiniterinuil  arc, 
and  the  radins  is  finite. 

Let  AP  (see  fig.  2)  be  the  arc  of  a  circle  whose  radius  =  I, 
and  let  the  arc  jlt  =  x,  x  being  the  circular  measure  of  the 
angle  pca;  let  at  be  the  tangent  and  pm  the  sine  of  the  arc. 
At  p  draw  a  tangent  to  the  circle,  viz.  pt',  and  draw  the  other 
lines  as  in  the  figure;  then,  since  tfi'  is  a  right  angle,  tt'  is 
greater  *«,»■,         .      ^,,^^^.^,. 

and  because  two  sides  of  a  triangle  are  greater  than  the  third, 

Kt'+  t'b  >  R8; 

.-.     &  fortiori  at  >  AB+BS-t-sp: 
and  similarly,  if  tangents  are  drawn  to  the  arc  at  prants  between 
A  and  Q  and  q  andr,  it  may  he  shewn  that  the  sum  of  all  the 
lines  similar  to  sa  is  leas  than  at;  hut  the  limit  of  all  such 
Unes  is  the  circular  arc ;  therefore  at  is  greater  than  the  arc. 

Again,  the  chord  ap  is  greater  than  fh,  which  is  the  sine  of 
f,  and  pq-t-QA  is  greater  than  AP;  therefore 

pq  +  QA  >fm: 
and,  drawing  other  chords  from  a  and  p  to  intermediate  points 
on  the  arcs,  it  may  be  shewn  that  the  sam  of  such  chords  is 
greater  than  the  chord  ap,  and  therefore,  &  fortiori,  than  pm; 
and  as  the  arc  ap  is  the  limit  of  all  such  chords,  it  follows  that 
it  is  greater  than  the  sine  fu.  Therefore  the  arc  is  less  than 
its  tangent  and  gircater  than  its  sine. 

Again,  bearing  in  mind  that  cos  x  by  its  definition  =  1,  when 
^  is  an  infinitesimal,  we  have 
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7 =  COS  «  =  1,  wheQ  7  is  an  iufiniteama] ; 

tan* 

whence  it  follows  that  sin  ;r  =  tan  x,  when  «  is  an  infinitesimal ; 

and  ance  x  is,  as  above  shewn,  always  intermediate  to  these,  it 

is  clear  that  all  three  are  equal  to,  and  therefore  maj  be  used 

indifferently  for,  each  other. 

Hraice,  when  «  is  an  iuGnitesimal, 

sin  «  =  ^  =  tan  x ;  <1S) 

which  proposition  is  firequently  expressed  in  the  form. 

The  limiting  ratio  of  the  sine,  the  arc,  and  the  tangent  is  that 
of  equality. 

This  result  is  also  involved  in  the  former  Lemma.    The  ex- 
ponential value  of  the  sine  gives  us, 

e*-f-\  —  f-*-f^ 
sinx  =  V— — , 

To  evaluate  «*"^'— 1,  when  x  is  an  infinitesimal ; 
let        c»-*^-l  =  A 
so  that  X  and  z  are  simultaneously  iDfioitesimal ; 
.-.    e*'*^  =  1  +  z, 
and     2«v^^  =  h)g.(l  +  r) 
=  z, 
when  z  is  an  infinitesimat,  by  Cor.  I,  Lemma  I. 
Hence  c»"^-l  =  2*^/^; 


2V'3i 


.'.     8m;r  = 

=  X, 

when  ^  is  an  infinitesimal. 
Hence  also  it  follows  that 

tan  X  =  ~-p=  — 7= T=  =  *,  when  x  is  an  infinitesimal. 

Cor.  I.    When  x  is  an  infinitesimal,  chord  x  =  x. 
For  since  ch  x  =  2  sin  ^ , 
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and  by  Lemma  II,  sin  =  =  s  1  when  «  is  an  infinitesimal, 
.- ,     ch  JT  =  2  ^  =  dT,  vhen  ^r  is  an  infiniterimal : 

that  is,  the  chord  of  an  infiniteaimal  arc  is  equal  to  the  arc; 
which  ia  the  Vllth  Lemma  of  the  first  Section  of  Book  I  of 
Newton's  Fnuci{na. 

CoK.  II.   Hence  also,  if  ar  is  infinitesimal, 

sin'^iT  =  «  =  tao-'» :  (14) 

that  is,  the  sine  and  the  tangent  may  he  nsed  indifferently  for 
the  arc,  when  the  arc  is  infinitesimal. 

23.]  Although  it  jaay  be  beside  onr  defined  path,  yet  it  ia 
worth  while  to  shew,  that  the  arc  and  the  sine  are  equal,  when 
the  arc  is  infinitesimal,  only  by  omitting  terms  of  a  higher 
ordsr,  and  which  rmat  be  neglected  in  accordance  with  Theo- 
rem VI,  Art.  9. 

Assaming  the  validity  of  the  trigonometrical  proof  of  the 
■eries,  .  . 


""'-'      1:2:3 -^1.2.8.4.5       ■■■ 
if  j;  ia  an  infinitesimal,  x\  «*, ...  must  be  n^lected  as  they  are 
algebraically  added  to  x,  and  we  have 
nn«  =  d?. 
Also  since 

Tersed-aine  of  «  =  1  —  cos  » 

X*  .X* 

~  1:2  ~  1.2.3.4  ■•"■■ 
it  follows  by  reason  of  Theorem  VI,  Article  9,  that,  if  d?  ia  in- 
finitesimal, , 

versin  «  =  -g- ; 

and  therefore,  if  the  arc  is  an  infinitenmal  of  the  first  order, 
the  versed-sine  of  it  ia  an  infinitesimal  of  the  second  order.  The 
geometrical  proof  of  this  truth  is  so  manifest,  that  it  is  nnueces- 
saiy  to  do  more  than  to  surest  it  to  the  student 
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Section  Z,— -Examples  o/the  Infinitesimal  method. 
a.2   The  prituaplei  above  explained  are  suffit^ent  for  a  va- 
riety of  problems ;  ezamples  of  which  are  subjoined,  to  give  the 
student  an  insight  into  the  kind  of  processes  which  he  has  to 
perform. 

Ex.  1.  To  differentiate  x*,  that  is,  to  determine  the  change 
of  X*  due  to  an  iuGnitesimal  change  of  value  of  x. 
Let  y  =  X*, 

.-.     y  +  Ay  =  iX  +  AX)', 
.-,     Ay  =  (x+Ax)*—x* 
=  2x&x  +  (AX)*; 
and  therefore,  takiug  difierentials  instead  of  diSerences, 

dy  =  d.x*  =  2xdx, 
omitting  the  term  (dx)*,  which  can  have  no  value,  because  it  is 
an  infinitesimal  of  the  second  order,  and  added  to  one  of  the 
first  order. 

Hence  -^  =  2x.  and  therefore  if,  in  accordance  with  the 
dx  '  ' 

notation  of  derived  functions, 

fix)  =  X*, 

^ =/■<')  =  -> 

which  result,  and  others  of  a  similar  kind,  as  will  be  shewn 
hereafter,  justifies  the  presumption  of  Article  18,  that  the  ratio 
of  the  infinitesimal  variation  of  f(x)  to  that  of  j:  is  a  finite 
quantity. 

The  above  process  may  thus  be  explained  geometrically : 
Let  X  represent  the  straight  line  ap,  fig.  3;  and  suppose  ap 
to  be  increased  by  pq,  which  is  represented  by  ax;  then  from 
the  figure  it  is  plain  that  the  square  is  increased  by  the  rectan- 
gles  DB,  BQ,  and  the  square  sa,  the  values  of  which  are  xxax, 
X  X  AX,  {A«)* ;  whence 

Ay  =  A.x'  =  2xax  +  (ax)*. 
Now  let  FQ  be  infinitesimal,  that  is,  let  a^t  become  dx,  whereby 
also  Ay  becomes  dy,  and  we  have 

dy  =  d.x'  =  Zxdx  +  idxy*; 
but  (dx)'  must  be  omitted  for  the  following  reason :  xdx  eym- 
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bolisea  approximately  a  straigbt  line,  of  which  the  length  is  x, 
and  the  breadth,  if  one  may  so  speak,  is  dx  \  hut  ((£r)*  repre- 
sents a  square  whose  aide  is  dx ;  and  as  dx  is  an  infinitesimal, 
its  square  is  a  point,  and  as  it  vrill  require  an  infinity  of  such 
points  to  make  a  straight  line,  and  as  the  coefficient  of  (dxy  is 
not  infinity,  we  must  neglect  it ;  that  is,  in  calculating  the  en- 
lai^ement  of  the  square  due  to  the  enlai^ment  of  a  side,  we 
take  account  of  the  infinitely  narrow  rectangles  which  adjoin 
the  sides,  but  must  neglect  the  small  point  which  is  required  to 
complete  the  square,  and  which  is  situated  at  one  of  the  angles, 
as  at  B,  and  no  error  is  committed  by  our  so  doing.  Or,  if  we 
introduce  the  idea  of  motion,  the  enlai^ment  of  the  square  is 
due  to  the  moving  forwards  of  the  two  sides  fb  and  cb,  and 
the  rectangles  by  which  the  square  is  increased  are  the  several 
spaces  passed  over  by  the  aides,  which  are  the  spaces  contained 
between  the  lines  before  and  after  the  motion ;  and  as  the 
spaces  through  which  the  lines  have  passed  are  very  small,  the 
lines  being  considered  to  be  in  two  immediately  aticees»ive 
positions,  the  small  element  at  b  becomes  a  point,  and,  as  we 
have  not  an  infinity  of  such  points,  the  accuracy  of  our  result 
is  not  destroyed  by  neglecting  this  small  quantity ;  and  there- 
fore, again,  the  increase  of  the  square  due  to  the  infinitesimal 
increase  of  the  aide  is  %x  dm. 


Ex.  2.   To  differentiate  . 


x  +  ^x 


_  (;F  +  Aj){g*-t-j?*}*  — a^{q*  +  g'  +  2j^A3?  +  (ajT)'}4_ 

and  expanding  the  second  member  of  the  numerator  by  the 
Binomial  Theorem,  and  n^lecting  the  terms  involving  the 
square  and  higher  powers  of  &x,  which  will  become  infinitesi- 
mals of  an  order  to  he  omitted,  we  have 
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_  (J  +  AJ?)  {a'  +  j?^}*  — g{(qi'+a^i  +  arAar(a*  +  a^)~*) 

_  A.r{g*-i-j7*}*  — j7*aj-{a*  +  j;'}~* 

whence,  taking  differentials,  and  omitting  dx,  where  it  is  added 
to  the  finite  quantity  x,  we  have 


dy 

a'di 

■'J 

a» 

{»'  +  -^}>' 

,  there 

^°"'"/«=(..;^,. 

;./■(«)  = 

K+^C 

E«.  S. 

To  differentiate 

e'+l' 

s'-.-+i' 

.    y+.is' 

«'+** 

«•*"+! 

«'* 

A- 

■■     ""       e-*-^ 

'+1           < 

e*+ij 

'(«"')- 

-«'(«"" 

+  1) 

(e""  +  l)(«*+l) 


to  CTaluate  e^— 1,  when  ax  becomes  an  infinitesimal  dx; 

let  e-^-l  =  z, 

Bo  that  &x  and  r  are  simiiltaQeoud;  infinitesimal ; 

.■.     e^  =  1  +  z,  &x  =  log,(l  +  r), 

.-.     da?  =  z,  by  Oor.  I,  Lemma  I ; 
.-.     e^-\  =  <ixi 
replacing  therefore  c"— 1  by  its  equivalent  in  the  above  equa- 
tion, and  omitting  dx  when  added  to  the  finite  quantity  x,  we 


therefore 

f{x)  = 

.-+1' 

"  {«•  +  !)■■ 

■'*"''        {e-  +  l}»- 
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Ex.  4.    To  differentiate  cos  jr  sin  2«. 
Let  y  =  cos  IT  Bin  2x, 

.-.     y  +  &tf  =  C09(ar  +  4*)  sin2(ar  +  Aar); 
Ay  =  C08(ar4  4a?)8in2(ir  +  Aaf)  — cosa;ain2j? 

=  {co»xcM&x—anxna&x)(^n2xcoa'!t&x-t-coa2wB\nZAa;) 

—COB  AT  sin  2^; 

and  taking  differentiak  instead  of  differeoces,  and  therefore  by 

leaeoo  of  Lemma  II  replacing  the  sine  of  an  infinitesimal  arc 

bjr  the  arc  itself,  and  the  cosine  by  nnity,  we  have 

rfff  =  (coaar—iirBinT)  isin2;c-+ 2diPcos2j!)  — cosa^sinSj-, 
dy  =  2dx  cos^  cos2x  —  dx  einr  sin2«, 
omitting,  as  is  necessary,  the  term  involving  (dx)'.    If  therefore 
/{x)  =  cosj?  sin 3^,       f'l.x)  — -  2cosa?  cos2;r— sin^x  sin2j?. 
The  above  examples  are  instances  of  differentiating  from  first 
principles. 

£x.  5.  To  determine  the  perimeter  and  the  area  of  a  circle  of 
given  radius. 

As  in  this  and  the  two  following  examples,  and  indeed 
throughout  the  whole  work,  it  is  necessary  to  have  a  clear  no- 
tion of  the  relation  between  circular  and  gradual  (that  is,  by 
degrees)  measures  of  angles,  I  propose  once  for  all  to  say  a  few 
words  on  the  subject. 

In  Euclid,  Book  VI,  Prop.  XXXIII,  it  is  proved  that  in  the 
■ante  circle,  or  in  equal  circles,  angles  at  the  centre  have  the 
same  ratio  which  the  arcs  on  which  they  stand  have  to  each 
other:  hence  we  condade  that  in  the  same  circle,  or  in  eqnal 
drdes,  the  arcs  vary  as  the  angles  which  they  subtend  at  the 
centre. 

Also  let  us  suppose  in  two  circles  of  unequal  radii,  which  we 
will  assume  to  be  concentric,  although  this  assumption  is  un- 
necessary, two  regular  polygons  of  the  same  number  of  sides  to 
be  inscribed ;  then  the  perimeters  of  these  polygons  eridently 
vary  as  the  radii  of  the  circles.  Let  the  number  of  the  sides  be 
infinitely  increased,  so  that  each  side  becomes  a  straight  line  of 
infinitesimal  length :  the  lengths  of  these  sides  evidently  still 
raty  as  the  radii ;  for  the  infinite  increase  in  the  number  of 
these  sides,  and  thereby  the  infinitesimal  diminution  of  the 
lengths  of  the  sides,  does  not  change  this  ratio.     But  when  the 
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number  of  the  aides  is  infinite,  the  polygon  becomes  a  drcie, 
and  its  perimeter  becomes  the  circumference  of  the  circle;  so 
that  by  tliia  method  we  infer  that  the  perimetera  of  circles  vary 
as  their  radii.  The  same  relation  ia  also  true  of  any  parts  of 
the  perimeters;  and  therefore  of  two  concentric  circles  the  arcs 
subtending  the  same  angle  at  the  common  centre  vary  aa  the 
radii  of  the  circles.  If  therefore  we  combine  thia  reault  with 
the  preceding,  wc  have  the  following  proposition : 

The  circular  arcs  subtending  different  angles  with  different 
i-adii  vary  conjointly  aa  the  angles  and  the  radii  of  the  arcs. 

Let  »,  r,  0  be  the  symbols  repreaenting  an  arc,  a  radiua,  and 
the  subtended  angle;  these  symbols  expressing  numbers;  the 
length-unit  of  the  radius  aud  arc  being  the  same,  and  the  angle- 
unit  being  at  present  undetermined.  Let  £  be  a  coefficient  of 
variation.  So  that  the  preceding  proposition  expreased  mathe- 
raaticall;  i.  ,  ^  j^. 

But  k  is  undetermined ;  to  determine  it,  Ul  ua  assume  the  unit- 
angle  to  be  thalt  the  subtending  arc  of  which  i«  egual  to  the  radius ; 
let  the  importance  of  this  assumption  be  noted.     Then  in  the 
preceding  equation  6  =  \,  when  s  =  r ;  and  therefore  k=l ;  and 
s  =  r0,  (15) 

aud  e  =  -.  (16) 

Now  a  right-angle  ia  a  quantity  indepeudeat  of  any  arbitruy 
assumption.  In  ordinary  trigonometry  it  has  been  found  con- 
venient to  divide  it  into  90  equal  parts  or  angles,  each  of  which 
is  called  a  degree .-  this  indeed  is  the  definition  of  a  degree. 

Here  then  are  two  different  unit-angles.  The  latter  is  much 
more  arbitrary  than  the  former ;  we  might  divide  a  right  angle 
into  100  or  into  any  other  number  of  equal  parts,  if  such  a 
division  were  more  convenient  than  that  into  90  equal  parts. 
But  the  principle  of  the  former  ia  founded  on  certain  geometri- 
cal properties  of  the  circle.  Thus  then  we  have,  what  we  will 
call  technically^  the  vmt-angle,  aud  a  d^ree.  A  question  arises, 
what  relation  exists  between  these  angles?  can  the  relation  be 
expressed  by  a  fraction  ?  or  by  any  other  uumher  7  We  reply,  no ; 
no  number  commensurable  with  our  scale  can  express  it  We 
may  roughly  get  a  notion  of  the  relation  in  the  following  way ; 

The  unit-angle  is  that  of  which  the  subtending  arc  is  equal 
to  the  radius :  now  the  ci^rd  of  60  degrees  is  equal  to  the  r&< 
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dius ;  and  the  chord  ia  less  than  the  arc :  ao  that  the  unit-angle 
is  less  than  60°;  it  ultimately  results  that  the  unit-angle  is 
57.29578...  degrees.  Let  us  however  assume  the  number  which 
gives  the  ratio  of  two  right  angles  to  the  unit-angle  to  be  repre- 
sented by  V :  so  that  «  is  the  number  of  times  the  unit-angle  is 
contained  in  two  right  angles.     Thus  if  e  represents  the  unit- 

""S^^  TT  X  B  =  180°.  (17) 

The  numerical  value  ofTr  (to  five  places  of  decimals)  is  3.14159... 
aud  the  fraction  which  most  conveniently,  although  of  course  not 
correctly,  represents  it  is  jyg;  the  number  is  however  incom- 
mensurable, and  has  actually  been  calculated  within  the  last  four 
years  by  Mr.  Shanks  of  Houghton  le  Spring  in  the  county  of 
Durham,  to  the  astonishing  number  of  607  pl&cea  of  decimals. 
Let  the  reader  therefore  be  careful  as  to  the  meaning  of  the 
symbol  7 :  it  is  a  numixr,  and  a  number  only.  By  some  authors 
it  has  been  used  as  equivalent  to  two  right  angles  or  180^; 
■Qch  an  use  is  incorrect  as  to  form ;  and  although  commonly 
used  can  be  justified  only  by  understanding  it  to  be  the  coefQ- 
cient  of  e,  which  is  the  unit-angle ;  and  thus  makes  the  quantity 
va  to  be  a  concrete  angle. 

In  the  same  way  I  would  observe,  that  when  the  symbol  x  or 
0  is  used  for  an  angle  the  symbol  is  a  number,  and  implies  that 
X  times  or  0  times  the  unit-angle  is  taken. 

One  other  remark  must  be  made ;  the  sine,  cosine,  tangent, 
kc  are  affections  of  angles,  and  not  of  circular  arcs :  but  since 
by  the  preceding  equation  »  =  0,  if  r  =  1 ;  the  trigonometrical 
functions  become  affections  of  arcs  of  a  circle,  if  the  radius  is 
nuity :  and  thus  if  «  is  an  arc,  sin  x,  tan  x,  &c.  are  intelligible. 

Now  to  return  to  our  problem :  let  acd,  fig.  4,  be  the  cirele, 
of  which  let  the  radius  be  a ;  take  o  the  centre,  and  let  the 
angle  aoc  be  the  nth  part  of  foiur  right  angles,  and  ac  be  the 
side  of  a  regular  polygon  of  »  sides  inscribed  in  the  circle ;  and 
make  a  constructioB  such  as  is  represented  in  the  figure. 

Then  if  2v  is  the  symbol  for  four  right  angles, 

27r  .  IT 

AOC  =  — -,    and  aob  =  -: 


.*.     AB  =  asui-,     OB  =  acos-: 
n  « 

.-.     the  perimeter  of  the  polygons  n.Ac:s:2n.AB  =  3na8iQ-' ; 
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&B  itrea  of  tfae  polygon  =  n  x  urea  of  triangle  oac  =  h.ab.ob 

„     .      W  TT 

=  na*  sin- cos-, 
R       n 

Now  when  the  number  of  the  sides  of  the  polygon  is  infinitely 

increased,  the  perimeter  and  the  area  coincide  respectively  with 

the  perimeter  and  the  area  of  n  drcle ;  in  which  case  -  becomes 

an  infinitesimal  angle,  and  its  sine  must  be  replaced  by  the  arc 

to  the  radius  unity,  and  its  cosine  by  unity.     Hence  we  have 

Perimeter  of  circle  =  2na-  =  2ita; 
n 

Area  of  circle   =   na'-  =  va*. 
n 

Ex.  f>.  To  determine  the  convex  surface  and  content  of  a 
right  circular  cone. 

Let  A,  fig.  5,  be  the  vertex  of  the  cone,  and  c  be  the  centre 
of  its  circular  base ;  let  ac  =  a,  cb  =  d,  ar.d  let  pq  be  a  side  of 
a  regular  polygon  of  n  aides  circumscribing  the  circular  base, 

so  that  PCQ  =  — ;  whence  it  is  plain  that 

n  ' 

PQ  =  2pb  =  2&tan-. 

Therefore  the  area  of  the  triangle  apq  =  ab  x  bp 

=  {a»  +  6*}*fitan-; 

therefore  the  whole  convex  area  of  the  circumscnbed  pyramid  of 
n  sides,  each  of  which  is  similar  to  apq,  =  nb  [a* -i- b*}i  tan  - . 

But  when  n  is  infinitely  increased,  the  surface  of  the  pyramid 
coincides  with  the  convex  sur&ice  of  the  cone,  and  replacing 
tan  -  by  -  in  accordance  with  Lemma  II,  we  have 

Convex  surface  of  cone  =  nfi{fl'4  4*{*  - 
'  '    fi 

=  nb{a^  +  b'}i; 
that  is,  the  convex  surface  of  a  cone  is  equal  to  the  product  of 
the  slant  side  by  the  semi- circumference  of  the  base. 

This  proposition  may  also  be  arrived  at  by  the  following  pro- 
cess. If  the  convex  surface  is  developed  into  a  plane  surface, 
and  it  is  clearly  capable  of  such  developement,  it  becomes  a 
sector  of  a  circle,  of  which  the  centre  is  the  vertex  of  the  cone. 
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the  length  of  the  arc  is  the  circumference  of  the  hue  of  the 
cone,  and  the  radios  ia  the  slant  side  of  the  cone.  And  as  the 
sector  nay  be  resolved  into  infinitesimal  triangles  with  a  com* 
mon  vertex,  and  all  of  the  same  altitude;  so  the  area  of  it  ia 
equal  to  half  the  rectangle  of  which  two  adjacent  sides  are  the 
radius  of  the  circle  and  the  length  of  the  containing  arc :  and 
thus  as  the  containing  wcc  =  2vl>,  and  the  ndia»  =  (a'  +  b*)i, 
the  convex  surface  of  the  cone  =  tA(«'+  A*)*. 

As  the  area  of  the  base  of  the  cone  =  vb*,  the  whole  surface 
=  wft»  +  7r A  {ffl» +  *»}*■ 

Again,  by  Euclid  XII,  7,  the  content  of  the  pyramid  apqc 
is  one-third  of  that  of  the  prism  of  the  same  altitude  and  the 
same  base ;  and  therefore 

Content  of  circumscribed  pyramid  =  ^-ac.cb.bp 


Let  the  number  of  the  sides  of  the  polygon  drcnmscribing 
the  base  be  infinitely  increased,  in  which  case  the  pyramid  as- 
sumes the  limiting  form  of  the  cone,  and  -  becomes  an  infini- 
tesimal angle,  so  that  it  must  replace  tan  - ,  and  we  have 
Content  of  cone  =  5  oA*  - 

-  I^ 

~     8     ■ 

Nov  it  is  plain  that  -nab*  is  the  content  of  a  cylinder  of  alti- 
tude a  described  od  the  circular  base  whose  area  is  itb*-,  beuce 
it  follows,  that  the  content  of  a  cone  is  one-third  of  that  of  its 
circumscribed  cylinder, 

Ex.  7.  To  determine  the  surface  and  content  of  a  sphere  of 
given  radius. 

Snppose  the  circle  acbd,  fig.  6,  to  be  a  plane  central  section 
of  the  sphere,  or  to  be  that  by  the  revolution  of  which,  about 
its  diameter  boa,  the  sphere  is  generated.  Let  the  radius  =  a, 
and  be  divided  into  n  equal  parts,  each  of  which  is  therefore 
equal  to  - ,  and  suppose  h  n  to  be  one  of  these  parts,  then 
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Draw  the  ordinates  mf,  nq,  including  lietween  them  the  arc 
PQ  of  the  circle.  Then,  if  pq  is  infinitesimal,  and  which  there- 
fore must  be  considered  straight,  the  zane  of  the  sphere  gene- 
rated bv  the  revolutioa  of  pq  about  ao  is  equal  to  a  rectangle, 
of  which  one  side  is  pq  and  the  other  is  the  circular  path  de- 
scribed by  p,  as  it  revolyes  j  that  is, 

the  surface  of  the  zone  =  pq  x  2  v  x  h  p. 

Let  PDA  =  Q;       .'.     pq  =  HNcosectf  =  — r~~„, 
»  em  0 
HP  =  asintf; 

.*.     eanace  of  sone  =s . 

n 

And  since  the  surface  of  the  whole  sphere  is  equal  to  3n  times 
the  surface  of  such  a  zone,  we  have 

the  surface  of  the  sphere  =  4<ira*, 
and  is  equal  therefore  to  four  times  the  area  of  a  great  circle 
of  the  sphere. 

Now  suppose  a  cylinder  to  be  described  about  the  sphere,  and 
to  be  of  the  same  altitude  as  the  sphere,  and  to  be  generated  by 
the  reTolution  of  the  rectangle  aepb  about  the  diameter  ba; 
and  suppose  two  planes  drawn  through  h  and  n,  perpeudtcular 
to  BOA,  so  as  to  intercept  a  zone  of  the  cylinder  whose  height  is 
p'q'  or  UN :  then,  since  a  is  the  radius  of  the  cylinder,  the  sur- 
face of  the  intercepted  zone  =  2x0  x  mn  ;  but  from  above, 

corresponding  surface  of  soue  of  sphere  =  %isa  -  =  iira  xtm. 

Hence,  if  a  cylinder  be  described  about  a  given  sphere,  and  if 
the  surface  of  the  cylinder  be  divided  into  zones  by  planes  per- 
pendicular to  its  axis,  the  surfaces  of  the  intercepted  zones  of 
the  cyUnder  and  the  sphere  are  equal ;  and  therefore, 

The  whole  surface  of  the  sphere  is  equal  to  the  convex  sur- 
face of  its  circumscribed  cylinder. 

Again,  to  determine  the  content  of  a  sphere. 

Let  a  polyhedron  be  described  about  the  sphere ;  let  a  =  the 
area  of  a  face,  and  a  =  the  radius  of  the  sphere ;  then  the  content 
of  the  pyramid,  whose  vertex  is  at  the  centre  of  the  sphere  and 
base  is  s,  is  -s- :  and  a  similar  expression  is  true  of  each  face ; 
let  the  number  of  faces  be  infinitely  increased,  and  let  each  face 
become  infiniteaimal ;  then  the  polyhedron  ultimately  coincides 
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with  the  sphere,  and  the  som  of  the  s'b  becomes  the  anrface  of 
the  sphere,  and  is  therefore  equal  to  iira'i  therefore  the  con- 
tent of  the  sphere  =  — 5— . 

Ex.  8.    To  determine  the  area  of  a  parabola. 
Let  OPQBA,  fig.  7,  be  an  area  bounded  by  the  parabola  opb, 
the  axis  oa,  and  the  ordinate  ab  which  ia  pandlel  to  the  tan- 
gent at  the  vertex  o. 

Let  OH  =  «)  OA  =  a) 

MP  =  yv         AB  =  ij  ' 

,-.     the  equation  to  the  cnire  is  y'  =  — x. 

Let  AB  be  divided  into  n  equal  parts,  and  through  the  several 
points  of  dtviaion  let  lines  be  drawn  parallel  to  oa  ;  let  a  and  l 
be  respectively  the  rth  and  the  (r-f-  l)th  points  of  division,  and 


Pqi.K  =  KLXKP. 

Bat 

KP  =   04  — OM 

=  «-^- 

a  I   l>\' 


and  as  this  expression  is  true  of  every  slice  similar  to  pqkl,  the 
whole  area  is  the  sum  of  all  such,  which  are  obtained  by  giving 
to  r  successively  the  values  1,2,8, ...  (n  — 1),  n;  therefore 

the  area  of  the  parabola  =  — ^1 j  +  1 t  +  ...  +1- => 


^abi        l*+a*+... +n') 
„o*i         (2n  +  l)B(ii  +  l)j 

PRICK,  VOL.  I. 
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the  area  of  the  parabola  =  ab 


(2n  +  l)(>i  +  l)l 
6n»  i 


when  n  becomes  infinity. 

Hence  the  area  of  such  a  parabola  is  equal  to  two-thirds  of 
that  of  the  circumscribed  rectangle. 

This  last  example,  however,  more  properly  belongs  to  the  In- 
tegral Calculus. 

The  student  will  find  no  difficulty  in  applying  the  infinitesi- 
mal method  to  the  proof  of  the  following  problems : 

(1)  The  tangent  of  an  ellipse  makes  equal  angles  with  the 
focal  distances. 

(2)  The  tangent  of  a  parabola  makes  equal  angles  with  the 
focal  distance  and  a  line  through  the  point  of  contact  and  paral- 
lel to  the  axis. 

(8)  The  curve  which  cuts  a  series  of  confocal  ellipses  at  right 
angles  is  a  confocal  hyperbola. 

(4)  The  area  of  au  ellipse  is  to  that  of  a  circle  whose  radios 
is  the  semi-axis  major  of  the  ellipse  as  the  axi^  minor  is  to  the 
axis  major. 

Many  other  problems  will  be  introduced  hereafter. 
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CHAPTER  H. 

COVBTSUCTION  OP  BULBS  POR  THE  DIPPBBENTIATION 
OP  FUNCTIONS. 

Swrnos  1. — T%e  eUffereniiatwm  of  expHcii  fimctiotu  of  one 
variable. 

25.3  The  nature  <^  infimtesimals,  their  mode  of  discoveiy, 
the  means  of  expreatdng  them,  and  the  kind  of  problems  to 
which  they  are  applicable,  have  been  explained  in  the  preceding 
Chapter.  I  propose  therefore  to  mvestigate  in  the  firat  place 
certain  properties  which  are  generally  true  of  all  functions,  and 
in  the  second  place  to  consider  certain  special  forms ;  because 
we  shall  thereby  construct  rules  which  will  be  useful  subordi- 
nately,  and  we  shall  be  spared  the  labour  of  continually  having 
recooTse  to  first  principles.  The  convenience  of  this  method  is 
manifest. 

If  a  constant  is  connected  with  a  function  of  a  variable  by 
the  symbol  of  addition  or  subtraction,  it  disappears  in  the  pro- 
cess of  differentiation. 

Let  y  =/(*)±«. 

y  +  &y  =f(ir  +  &x)±ci 
■  '.     4y  =/(,x  +  &x)-/{x), 
dy  =f{,x  +  dx)~f{x) 
=  d.f{x) 
=  f{x)dx,  by  Art.  18.  (i) 

This  result  is  manifest  from  the  very  nature  of  constitfits, 
which  do  not  admit  of  increase,  and  therefcwe  have  the  same 
value  in  both  states  in  which  the  function  is  considered,  and 
therefore  disappear  in  the  subtraction ;  thus  we  may  say,  that 
the  differentifd  of  a  constant  is  zero. 

Hx.  1.  y  =  a+x,  dy  =  dx. 

Ex.  2.  y  =  x—a,  dy  =  dx. 
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26.^  A  constant  connected  with  &  function  of  a  variable  by 
the  procesBes  of  multiplication  or  division  is  not  changed  hy 
differentiation. 

Let  y  =  c/(*). 


(2) 


»  +  «»  =  <^(a:+i*), 

»y  =  t{/(«+A*)-/(»)}, 

df  =  c{/(.  + it) -/(«)) 

=  c<i/(») 

=  e/'W<fc. 

Or  agsm: 

Let 

»  =  '/(«)■ 

'»  =  i{/(«+")-/(«)!, 

*  =  i(/(»+<fe)-/W) 

=  j<i./(*) 

=  !/-(.)  *r. 

Suppose  c  = 

-1,  theo 

V  =  -/W, 

*  =  -<(/(») 

=  -/'(x)*^. 

Ei.  1. 

y  =  o»+«,              (fy  =  odr. 

Ei.2. 

,  =  ?-c,            .,  =  !?. 

27.]  The  differentiation  of  an  algebraical  snm  of  functions. 

Let      y  =/(«)±F(iF)+^Cr)+ 

J/+Ay  =f(x  +  Ax)±r(x  +  Ax)±<t'i''+&x)+ 

&y  =/(x+&x)—f(x)±{9{x  +  &x)-p{x}) 

±  {>i>{x  +  &x)-ip(x}}  + 

.-.     dy=/ix  +  dx)-/(x)±{rix  +  dx)-r(x)} 

±{it>(x+dx)-4>(x)}± 

=  «?/(*)  ±rf.F(jc)  +  d,0(*)± 

=  f'{x)dx±i^ix)dx±<t>'{*)dx± (8) 
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Hence  the  differentia]  of  the  algebnucsl  nun  of  functions  ia 
equal  to  the  smn  of  the  differentialB  of  the  Auctions. 
Ex.  1.  y  s=  a*—lff{at)-i-e, 

,-.     ^  =  adx~bf(x)dx. 
From  the  laat  two  Articlea  it  is  plain,  that  if  the  function  to 
be  differentiated  is  of  the  form 

one  of  the  fdnctioDS  bong  vhat  is  oommonly  called  imaginary 

or  impossible,  

ify  =  d./{x)+'/^d.4.(x) 
=  f(x)  dx  +  -/^  #'(*)  dx. 
Whence  it  appears  that,  in  the  differentiation  of  impossible 
qnautities,  we  may  treat  the  symbol  of  impossibility  in  the  same 
way  as  we  treat  an  ordinary  constant  or  symbol  of  affection. 

28.]  Differentiation  of  a  prodnct  of  two  functions  of  a  variable. 
Let  y=/(*)x*C^), 

■■■     *y  =/(ji'+A»)  X  ^(«  +  A»)-/(j!)  X <(>(«>; 
whence,  adding  and  subtracting  the  required  quantities, 

+  {f{w+LX)-f{x)}  {^{x+t.x)-^{x)}, 
.-.     dy  =  d.f[x)  X  i>ix)  +  d.<f,{x)  x/(«)  +  djix)  X  rf.*(«) ; 
aud  omitting  the  last  term,  which  is  an  infinitesimal  of  the 
lecond  order,  we  have 

dy  =  d.fix)  X  -Pix)  +  rf.+(«)  x/(«), 

=  fix)  0  (a^)  <ir  +  *'(x)/(a:)  dx.  (4) 

Hence  it  follows  that,  the  differential  of  the  prodnct  of  two 
fnnctions  is  the  sum  of  the  products  of  each  function  and  the 
differential  of  the  other. 

Ex.  1.  y  =  (4  +  Ci»)  (e— Oic), 

,*,     dy  =  cdxie~ax)—adx{&  +  cx}, 

=  {ec~ab—Zacx)dx. 

29.3  Differentiation  of  the  quotient  of  two  functions. 
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6  + oar' 
bdx{b  + 

ax)  —  adx(a 

+  bx) 
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^  /(t+^x)  _  /(») 

*(«)*(*  +  Aa?) 

.        ii.y(»)x»(«)-<i.»(»)x/(») 

■•     *"  {*('))■ ■ 

omittiag  the  iafiaiteBinial  dx  in  the  denominator,  because  it  is 
added  to  the  finite  quantity  x ;  and  therefore 
f'(x)^{x)dx-,i!(x)f{x)dx 

Ex.1.     y  =  mi 

bdx{b-i 

{b+ax}* 
_    ft'-g«   ^ 
~   (A +<!«•)' 
30.]  Differentiation  of  j7-. 

Let  y  =  a:",  y  +  *y  =  (x+ax)", 

,'.     ay  =  (a;  +  A  *)"  —  a:" 

SO  that  AX  and  z  are  nmoltaneouslf  infinitesimal; 

.-.     (l+^)"=l  +  j,  »log.(l+^)  =  106,(1  + J). 

Let  AX  and  ^r  become  infinitesimal ;  then  by  Cor.  I,  Lemma  I, 
Art.  21.  ^ 

n —  =  z; 

X 

therefore  when  ax  is  infinitesimal,  (l  +  — )  —1  is  to  be  re- 
placed by  B  — : 

,-,     dy  =  x'n  — , 

=  nx'-^dx; 
that  is,  d.x*  =  nx'^-^dx.  (6) 
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Thereffire  to  differentiite  »'  we  have  the  folloiring  rale :  Mul- 
tipfy  by  the  exponentj  diminiah  the  exponent  by  nni^,  uid 
mnltiply  by  dx. 

Suppose  the  exponeait  to  be  negative,  then 

y  =  X-',  dy  =  — Ma:-'"*"<ir. 

And  suppose  n  =  —1, 

1                                                               dx 
y  =  -  =  x-\  du  =  — x~*(ir  = =. 

'        X  '  ar 

Suppose  the  index  to  be  fractional,  n  =  - ; 
p  =  x^,  dy  =.-xi     dx. 

Also,  since  ■—  =  nx'-'',  it  is  manifest  that  if  f(x)  =  x", 
/'(x)  =  nx"-^  i  that  is,  the  derived  function  of  x"  is  nar"-^. 

The  above  rule  for  differentiating  ^"  might  also  have  been 
determined  as  follows: 

y  =  x-,  y  +  i^y  =  (x  +  &x)'; 

n       ,  B(n-l)        ,,     „ 


n       ,  «(«  — 1) 


let  the  incrementB  be  infinitesimal,  and 

we  have 

rfy  =  nx'-^  dx. 

Ex.1. 

S  = 

o  +  4»». 

dy  =  3if'<ii>. 

Ei.  2. 

V 

oV*, 

Ei.3. 

»  = 

idx 

Es.4. 

y  = 

i- 

i    _       ^'^ 

E%.  5. 

s  = 

(o  +  J»-)(c-««-), 

*  = 

B&r--i(£r  (c-ejf") 

—  mex'—^dx(a  + 

Ei.  6. 

V  = 

.•  +  «^" 

*  = 

(«■  +  ,■)• 

xdxx' 

^ 

2l>>«ii: 

'  (a* +  *«)*■ 
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81.]  Differentiatioa  of  a  compound  fimetion,  or  of  a  function 
of  a  function. 

Thus  far  we  have  calculated  the  cliange  of  value  of  a  fanctioD 
of  x,  due  to  a  small  Tariation  otn;  but  suppose  the  function  to 
be  compound,  and  tbna  to  depend  on  x,  not  immediately,  but 
by  means  of  some  function ;  what  modification  must  the  princi- 
ples and  results  of  the  preceding  Articles  undergo?  The  only 
condition  to  which  x  is  subject  is,  that  it  is  a  ctmiinuous  and 
finite  variable  for  the  values  assigned  to  it;  and  this  condition 
will  be  fulfilled,  if  ar  is  replaced  by  any  continuoua  and  finite 
fnnction  of  w,  and  if  its  variation  due  to  a  small  variation  of  x 
is  infinitesimal:  in  this  case  therefore  the  original  function 
will  vary  in  consequence  of  the  variation  of  this  latter  fanctiou. 
Port  ratione  this  latter  function  may  be  a  compound  function, 
and  therefore  not  vaiy  immediately  by  reason  of  the  variation 
of  its  variable,  but  only  through  some  other  function ;  and  so 
on  to  any  number  of  functions.  Taking  then  our  former  nota- 
tion, in  this  case  jr  is  a  function  of  a  function  of  j?,  or  a  function 
of  many  Unctions  of  x,  and  its  differential  must  be  calculated 
as  follows :  and  let  ub  fiirst  take  the  case  in  which  only  two  func- 
tions are  involved :  viz,  where  y  =f{<ft(x)}.  Since  if  y  =fW, 
dy=f'(x)dxi  therefore,  if  x  is  replaced  by  <f>(x),  dx  must  be 
replaced  by  the  differential  of  ^(«),  that  is,  by  ^'{x)dx;  and 
therefore  if 

y  =  /{*(*)},  dy  =  f{,l>{x)}  4,'ix)dx. 

And  so  again,  if  the  x  involved  in  ^{x)  is  a  function  of  x, 
say  yff{x),  ^{x)  will  be  replaced  by  't>{\lr(x)},  and  <f,'(x)dx  by 
^'{t^(x)}  ^'(x)dx\  and  a  similar  notation  will  adi^t  itself  to 
a  function  of  a  function (to  n  functions)  otx.    Thus  if 

Or  we  may  substitute  as  follows : 

Let         V(*)  =  '<  ■'•    <fe  =  ^'{x)dx, 

^[^(«)]  =  0(2)  =  B,  .-.    dtt  =  4>'(i:)dx, 

/{*[+(*)]}=/(«)  =  y,  .-.    dy=f(u)du; 

.-.     d!/=f(u)du 

=  /'(«)  *'(z)rfjr 

=  r(u)<t>'(g)f(x)dx 

dy  dudz  J  ,„ 


'  (fit  d0  i£r 
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Bat  u  grawnllf  it  is  ooDvenient  to  make  as  few  snbstitu- 
tioDB  as  possible,  the  former  valae  of  dy  is  preferable  to  the 
latter ;  the  latter  also,  it  is  to  be  observed,  is  an  ideati^. 

Hence,  by  reason  of  the  last  Article,  if 

y  =  {/(*)}",  <^  =  « {/(af)}"-'/W  ^^ 

Ex.1. 


=/(«±«), 
= /(«»)■ 

=  (ax'  +  c)-, 

*  = 

an/'(.«"  +  6)«»-'d«. 

is 

=  (o  +  Ji«)'(o- 
=  (o  +  J»>)(o- 

¥ 

-2)'<tr 

-4j?(jr»-2)(iP  +  3)'(ic 

(*  +  3)"(-«» 

(»"-2)' 
-12»-6)  . 

82.]  Differentiation  of  a'. 

Let        jf  =  a',  y  +  Ajr  =  a'***; 

.•.     ay  =  0'+**— a*, 
=  a'{a^~l}. 
Let  a^—  1  =  z,  ao  that  ax  and  «  are  simoltaneonsly  iufi- 

&jrlog,a  =  log,  (1  +  2), 
and  by  Cor.  I,  Lemma  I,  loge(l +?)  =  ?,  when  e  is  infinitesimal ; 

dx]ogta  =  z; 
and  therefore  a^—X  must  be  replaced  by  (irlog,a; 
c^  =  a'\o%,a.dx, 
d.a'  =  \ogi  a.a' dx :  (8) 

that  ia,  the  diffsraitial  of  a'  is  the  product  of  a',  of  the  Napier- 
ian logarithm  of  a,  and  of  the  differential  of  the  exponent. 
And  hence,  if  «'=/(;f), /'(af)  =  Iog,«.a'. 
88.]  Differentiation  of  e'. 
In  the  last  Article  let  the  base  a  be  replaced  by  the  Napierian 
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base  « ;  in  wbich  case  log,  a  becomes  i(^  e,  wbicb  is  eqoal  to  1 ; 
and  therefore  d.e' =  e'dx:  (9) 

that  is,  the  differential  of  e'  is  the  product  of  the  quantity  and 
the  differential  of  the  exponent. 

Hence,  if /(v)  =  e*,  f'(x)  =  e';  and  e*  is  a  quantity  which 
is  equal  to  its  own  derived  function. 

And  similar  results  are  true  by  reason  of  Article  31,  when  x 
is  replaced  b;  any  function  of  x ;  hence  we  have 

rf.flJ""'  =  log,o.«/w/'(«)*tF;  (10) 

rf.e-^t')  =  e^(«)/'(j:)da:.  (11) 

Ex.  1.       y  =  a**,  dy  =  \og,a.a"cdx, 

Ex.  2.       y  =  e*+"^,  (^  =  e<»+'»^2<w(to. 

Ex.  8.       y  =  e-*",  dy  =  — «-'' Bar—' (te. 

Ex.  4.       y  =  e'-^^+  e-'-^^, 

dy=  ■/^{e'-^-e-'-^}dx. 
Ex.  5.        y  =  e'(iP»— 2flr+a), 

dy  =  e'  {x'—2x+%}dx-ve*  {%a!—2]dx, 
=  ^x*dx. 
Ex.  6.        y  =  e^,  ify  =  e**.e*.(i». 

84.]  Differentiatiou  of  log,^. 

Let        y  =  h)R,*,  y  +  ay  =  log.  (a?  +  a*); 

Ay  =  log,(*  +  A*)— log.r, 

(X+AX\ 


arlog,a' 
Therefore  if 

/(«)  =  log,*, 


Hence  also  ''.log./(iP)  =  , -tt^. 
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86.^  DifFerentuttoD  of  log,  a-. 

Suppose  the  base  a  of  the  last  Article  to  be  e,  then  since 
lofte  =  l,  ^ 

a.  log,  2  =  — , 

And  therefore  if  /(x)  =  log,  x, 

/'(')  =  I- 

Hence  also  d.\og,/(x}  =  ^-^^.  (U) 

Hence  the  differential  of  the  Napierian  logarithm  of  any 
fhnctioa  of  ar  is  eqnal  to  the  differential  of  the  function  divided 
by  the  fimction  itself. 

S6.3  The  geiteral  resnlt  of  Article  84  might  also  have  been 
found  irom  that  of  Article  32,  as  fdlowa : 


»  =  log.», 

'.    «»  =  «; 

log.o.a»i%r  =  da, 

•    *-  ilog,o- 

Ei.  1. 

J  =  log»-, 

*  =  ^=4- 

Ex.  2. 

y  =  log{»  +  (l  +  ^t}. 

■fa     "^ 

*"ii+''}»' 

Ex.  S. 

»  =  log  log*, 

i.log.         ir 
log*       «loga?' 

Ex.  4. 

y  =  »«log». 

rfy  =  ZxdxlogtX-i-xdx 

Ex.  5. 

»  =/(«)x*(»), 

=  {21og,«  +  l)«i.. 

.-.    log,»  =  log./(»)  + 

log.*<*). 

d,    /<.)*. 

♦'(*)■& 

■  ■■    *  =  /"(*)  X  ♦(«)&+*■(»)/(»)<&■ 

Ex.6. 

V  =  {/Wi*"'. 

lOfcf  =  *(«)log./(.), 

,-.    <%r=  {/(«))»'"|*'Wlog,/(«)+*(»)^'|<fc. 
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El.  7.       g  =  X', 

tbi 
log^y  3  ;irlog,«,  —  =  djilogtX+tLe, 

dy  =  x'(\-\-\o^x)dx. 

Ei.  8.       y  =  x", 

lo&tf  =  nlog,*;  -^  =  «—-, 

y  X 

dy  =  na/'~^dx; 
whence  we  have  an  independent  proof  of  the  result  of  Art.  30. 

87.]  The  differeutiatioD  of  fonctiotu  of  9  connected  with  one 
another  by  multiplicatioQ  or  divinon. 

y=f[x)xr{x)x<t>ix)y. 

If  all  the  functions  are  podtiTe,  we  have 

lt«y  =  iog/(ar)  +  IogF(f)  +  log0(ar)+ ; 

dy  _  rf/(*)      d.rjx)      d.4>(x) 
'  '    y       /(*)        H")       *{«)      

Or,  if  some  of  the  fductions  are  negstiTe, 

y'=  [/(»j]' [•«]' [♦(•)]■ i 

log(y')  =  log[/(»)]'+log[r(«)]'  +  log[*(»)]'+ 

*  _  rf^W      i£(f).      £;*(») 

j,         /(«)    +    p(»)    "*■    ♦(«)    + 

Tberefore,  in  either  case, 

<({/(*)p<«)  *(«)...}  =  <!./(»)r(«)*(»),..  +<i.i(»)/M*(»)... 
+  <(..^(«).rt»)F(.). ..  +  ...    (16) 
And,  if  S  =  M. 

log(jf')  =  li>g[/W]"-log[*(»)]'; 
^  _  rf./(»)      rf.^(i) 
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■       Jif    -    d   >*<"'?   -  ■^<*'   i  *'■/'"'        ''■*<*>) 

_  <;./(»)»(«)- «<.»(»)/(«) 

_/'(«)  »(»)<!»-»'(»)/(»)  Itr, 
WW)' 
which  result  ia  the  same  as  that  obtained  in  Art.  29. 

In  the  latter  cases  we  have  raised  both  sides  to  the  square 
power,  in  order  to  avoid  the  apparent  difflcniltj  of  taking  the 
logarithms  of  negative  quantities ;  hot  had  this  not  been  done, 
we  should  have  had  log,  (  —  1),  which  will  be  shewn  in  the  next 
Chapter  to  be  equal  to  <2i  +  l)7r'/^,  thedifferentiiaof  whidi 
is  aero,  because  it  is  a  constant  quantity, 
Ex.  1.       y  =  (o  +  «)  (A  +  2;p)  (c  +  S*), 

(%  =  <£v<i+2«)  (c+8f)+2{ii?((;+Sar)(a-f-x) 

+  3(iv(a+ar)(d+2«). 

.■.    log.y  =  *  +  2log(;r  +  l)-gIog(ar-l), 

(*  +  l)*  (*-!)»' 
And  a  complicated  product  or  quotient  may  often  be  most 
easily  differentiated  by  first  taking  the  logarithms,  and  then 
differentiating  and  reducing. 

38.]  Differentiation  of  (a)  nn«,  (fi)co»x,  (y)  taudr,  (S)  sec^r, 
(<)  vendnx,  (O  cotjr,  (q)  cosec^r. 
(a)  y  =  sinsr, 

y+ay  =  8in(»+a*); 
.*.     Ay  =  Bin(«  +  A«)  — 8in«; 
.     .  -  A+B    .     A— B 

and  since       am  a  —  sm  b  =  2  cos  — j—  nn    -    , 
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n  /  AZ\     .      AS 


vhich  u  ftdded  to  «,  we  have 

JO**' 
ay  ■=  }ieo»x-^; 

.*,     (f.ainjr  =  CMxdx.  (17) 

If  tberefijre  f{x)  =  sin  ^, 

f'{x)  =  coax. 

Hence  alto    d.tmf(x)  =  cm/(x).f'(x}dx.  (18) 

03)  y  =  cos*, 

y+Ay  =  co8{*+Ax); 

.-.    Ay  =  eoa(x+Ax)  —  eoax 

_    .     /  AX\     .     AX 

=  -2«n(*  +  ^Jim-2, 

.  -,    .     A  +  B     .      A  — B 

because       cosa— cosb  =  —  3  Bin  — jr— «n  — 5— ; 

.',     (^  =  — 2ein«-5-; 

.-.    d.co*x  =  —mn.xdx.  (19) 

If  tberefofe  /(«)  =  cos  «, 

/'(a:)  =  —  sinx. 

HmceBlso    d.co»f{x)  =  —maf(x).f'{x)dx.  (20) 

(y)  y  =  tan  a, 

y  +  Ay  =  tan(«+A*)j 

,'.     Ay  =  tan  (iv+ Ad?)— tana: 

tanjr+tanAjr 

=  - — 7 tanj: 

1  —  tan  d?  tan  Atr 

_  tanAg{l  +  (t»ng)'} 

""      1  — tana?  tan  A;r 
Let  the  increments  be  infinitesimal,  in  which  case  tan  dx  must 
be  rephiced  hj  dxhy  reason  of  Lemma  II,  Art.  22 ;  therefore 

^  {1  +  (tanaf)'}J»r 
1  —  tan  X  dx 

=  {l  +  (tRnjr)i}(ir,  (21) 
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omittii^;  the  term  of  tlie  denominator  inTolring  dx,  because  it 
ii  m  infiniteaimal  subtracted  from  a  finite  quantity ; 

.-.     d.tanx  =  {\  +  {tKnx)*}diB  =  (8ec«)'d!». 
Hence  if  f{x)  =  tan«,         f'(x)  =  (secx)*. 

AUo       rf.tan/(ar)  =  {Bec/(*)}"./'(ar)daf.  (22) 


(i) 


=  (coB«)-»; 


coBdr 

dg  =  {eo%x)-*saixdx,  by  Art.  I 

Kn.xdx 
=  ; -.  =  «ecar1 

(cos  *)■ 

If  therefore        f{x)  =  aecx, 

fix)  =  sec^.tamr; 
and  d.  ■ec/(*)  =  8ec/(jF).tan/(«) ./'(«)  dx. 


dy  =  d.aecx  =  - 


(«) 
If  therefore 


y  =  versm  r  =  1  —  cos  «; 
.    dy  =  (f .  (1  —  cos  «)  =  sin  xdx. 
f(x)  =  rersinjr, 
/'(»)  =  aax; 
and         d.venanfix)  =  aiif(x).f'(x}dx. 
(0  y  =  cot«, 

y  +  &y  =  cot(«  +  A«), 

Ay  =  cot(v+Air)  — cotx 
__  I  —  tan  X  tan  &x        1 
~    tan«+tana«       tana^ 
_  —  {I  +  (tang)'}tanAg_ 
"    (tan«+tanA«)tanv  ' 

, (secj?)'<to 

■'■    **  ~         (tan*)* 

~       (sin  xy 
If  therefore        /(x)  =  cotv, 

f'(x)  =  —  (cosoc*)*; 
and  rf.cot/(jr)  =  -  {coaec/(«)}"/'(iif)<ir. 

(i)}  y  =  co9ec« 


(cosec  s)'  dx. 


(28) 


(24) 


(26) 


(28) 
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^  =  —(mix)-*ooaxdx 
ansE     , 
(8mar)» 
tf.cosecd?  =  —eoaeciccotxdx.  (27) 

If  Uierefbre      f(x)  =  cosec  w, 

f{m)  =  —etmv^x.cotx; 
and       rf.co8eo/(«)  =  -coaecfiit)eQt/(x).f(x)dx.  (28) 

89.]  It  is  alao  maiu&st  from  the  geometry  of  tlie  fignrCj  see 
fig.  8,  that  the  incremeiita  of  the  b^gonometrical  fanctions  due 
to  the  incremait  of  the  arc  are  sach  aa  have  been  deduced  in 
the  above  formulEe.  For  let  ap  be  the  arc  of  a  circle  whose  ra- 
dios is  unity,  and  fo  be  any  small  arc  added  to  it,  which  ulti- 
mately becomes  infinitesimtJ : 

Let  AP  =  X,    P4  =  &x, 

TbenPM  =  sin^,    hq  =  sin (j^  +  ax) ;       .-.    qB  =  A.sinx. 

CH  =  COSX,      OH  =  C08(«  +  &Ar);  .'.     NH=— A.COSX. 

AT  =1  taax,    A'^=  tan(jir-l-AiD);       .'.    tt's  A.tanz. 
eT  =  8ec«,    ct's  sec(*+A*);       .■.    eT'=4.Bec«. 
ST  :  QP  ;:  CT  :  OF,    i.  e.  st  ;  a«  ::  seer  :  1. 
.*.     ST  =  &3t»ecx. 
When  AX  becomes  dx,  pq,  st  become  straight  Hues,  and  per- 
pendicalar  to  ct,  and  st  becomes  dxwecx:  whence 

(f.8in«  =  QB  s=  PQ  nnQPB  =  pq  ooskpc  =  pq  cospca 

=  dxeoax. 
d.coex  =— Ni*=— pa=— PQ  cosQPB  =  —  PQ  sin  pca 

=  —dxtiax. 
d.taa  X  =  TT*  =  st  sec  t'ts  =  st  cosec  cta  =  st  sec  pca 

=  (aecx)*dx. 
d.aee X  as  B-f  =  Bt  tan  t'ts  =  st  tan  pca.  =  aecxtaaxdx. 

40.]  The  differentials  of  tan  x  and  cot  x  may  also  be  deter- 
mined £rom  those  of  sin  x  and  cos  x  as  fidlows : 


tbnefore,  by  Art.  29, 

.        eotxd.max—mnxd.eoBX 
dt/  =  - 


(COB  X)* 
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..                (iiiili)>di+(i!0!»)»<i« 

(CO.,)- 

=  <«ec»)>(i». 

And 

cot.  =  ^lfi 

J     ^          sin  X  d. t^ax  — coax  d.sinx 

■       "-"'^                                   («D,)- 

—  (sin  x)»  (far  -  (cos  jr)>  dar 

(Bin  n)' 

(ain  *)• 
=  ~  (coBCe  x)^  dx. 
41-3   Ex.1,     y  =  anx*,  dy  =  coax'Zxdx. 

Kx.  2.     jr  =  rin  rin  X,         (fy  =  cos  bid  j?  coa  j?  dr. 
Ex.8,     jf  =  o«",  dy  =  —\ogta.a'^'Kaxdx. 

Ex.  4.     y  =  («ioj  +  C08a:)", 

rfy  =  »(8Uia:+co8*)"-^(co»a:  — 8in«)iiiF. 
Ex.  5.     y  =  «•*  C08  »u?, 

dp  =  oc"  cos  nxdx  —  n<"  sin  nx  (£r 
=  C"  {a  cos  nx  —  K  sin  tw}  dx. 

E..6.     ,  =  &£L", 
'        sintw 

_  w  (ain  jr)"-^  cos  g  sin  war  tig  —  n  (sin  x)'  cos  bj?  <f» 

~  (sin  nx)' 

n (sin g)"' *  (cos xannx ^tiax cos ng) (£r 

~  (sin  nx)* 

_  a  (rin  g)'~ '  sin  (w  —  1 )  X  dar 

~  (siti  «>«)* 

42.]  Differentiation  of  inverse  circular  functtons. 

.       ,x  .      ,X+AX 

(a)       y  =  no-'-.  y  +  A?  =  siQ"' — ^j 


ay  =  SID 

-   _i  (•J'+A* 


?aiCE,  TOL.  I. 


^('-S)-s{'-r-^)TI 

K 
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'»  =  --|'-±^(i-5)'-^('-S-^)1 
=--'|^('-5)'-=('-S)'+^(i-5ri. 


r  reason  of  Cor.  11,  Lemma  II, 

Art.  32; 

.-.     rf.Bm-i-  = 

dx 

a 

(«■-»■)»' 

■  therefore               /(r)  =  mn- 

■I* 

/'/-I  _  

1 

/<"  -  {«.. 

-^}*' 

The  differential  may  also  be  found  aa  followa : 

»  =  «in- 

1   ^ 

••    i  =  ««in», 

(iv  =  acwy^fy 

.i n       /-J_..Mii 

._(.  *•)* 

,•.     ds  =  a<l ^y  dy  =  (o*— J?*}*rfy, 

■■■  *  =  "■•"-'=  =(^S)i^  <»" 

and  OS  this  latter  process  is  the  shorter,  we  shall  use  it  in  the 
following  similar  problems,  althoagh  the  former  is  more  direct 
and  elementary  and  is  equally  applicable. 

($}  y  =  cos-»-;  .-.     oo«y  =  ^; 


siny  =  {l-CcoBy)»}*  =  jl- J|  =  i{fl»-«»)*; 
dx. 
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.*.    ay  =  o.cos-*-  =  . 

If  thevefore  f{x)  =  cob-*-, 

fix)  .-       -^ 


(oi_«»}*  '     ' 

(y)  y  =  tan-*-,  .-.    x  =  atany; 

If  tlierdbre  /(*)  =  tan-*-, 

/■<'>  =  ^- 

(6)  y  =  8ec-*-,  .-.     afasasecy; 

dx  =  a  secy  tan  yi^ 

.-.    dy  =  d.%oe-^- = — ^~ — 7.  (84) 

If  therefore  fix)  =  sec-'  -, 

j\  /  a' 


(€)  y  =  Ter«in-i^,  .-.    a:  =  OTerBmy; 

dx  =  a  sin  y  (fy ; 
but  iiny  =  {l-(cosy)*}*  =  {1-(1— Ytflrmoy)*}* 


,,  Google 


68              DIFPBIBKTliTION  OP  INTBBBl!  TOHOTIOIIS. 

[43- 

.-.     dx  =  {2<i*-»'}*<i!r, 

X             dx 

(85) 

■■•    *       ''■'"^°  '  «'  {i^-±-)i- 

If  therefore                /(»)  =  voniin-'^, 

1     ° 

■^  {2aiF-«»}* 

(f)      Similarly,  if      y  =  cot-*  - , 


*  a      a'  +  x*  ' 

J         J            1  *           ~adx  ,_„ 

(^  =  a.cosec-^-  = — ;.  (87) 

In  respect  of  the  above  differentiids  it  is  to  be  observed,  that 

the  Bum  of  i/.Bin~'~  and  d.oov-'^—  is  sero;  which  aiises  firom 
a  a 

the  fact  that  the  snm  of  two  such  area  is  = ,  which  ia  constant, 
and  whose  differential  therefore  is  equal  to  sero.  The  same 
thing,  and  for  the  same  reason,  ia  true  of  d.taa~^  -  +  d,oot~^  —, 
and  of  rf.sec"'  -  +  rf.cosec-^  - . 

43.3  Hence,  if  the  ntdioa  is  anity,  we  have 
rf.sm^'ar  = -,  rf.coB-**  =  - 


rf.tan-'ar  =  = =,  rf.cot-'ar  =  = s, 

l  +  iT*'  1  +  iC* 

fl.aeo-*af  = —,  d.coaec-'x  = 


...  dx 

o.Tersin-'a?  =  r. 

{Zx-x']i 

Hence  also,  by  reason  of  Art.  dl. 


rf.sin->/(*)  = 


f(^)dx       . 
{l-(/W)'J*' 
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Similar  resnlta  are  true  of  the  other  functiooB. 

44.]  These  results  may  also  be  obtained  from  geometry,  by 
a  process  similar  to  that  employed  in  Art.  89.    See  fig.  8. 
To  find  rf.ain-**. 

Let  Mr  =  *,  .•.    ».v  =  sin-^*  =  y, 

NQ  =  »+Ax,         .-.     AQ  =  ain-'(a:  +  Ajf)  =  y  +  ^y. 
EQ  =  4*. 
&y  =  Asin~'x  =  the  arc  pq  =  bq  sec  pqr  =  rq  tec  pca; 


t  =  d.an-^x  =  (£r  Bec(8in~'x)  = 


■  (l-«»)4* 

To  find  d.tAa-^x. 

AT  =  X,  ,-.     Ap  =  tan-' a?  =  y, 

at'=  *  +  a*,  aq  =  tan-'(*  +  A«)  =  y  +  Ajr, 

.■.     tt'=  a*. 

.*.    AW  =  Atan-'*  =  the  arc  pq  =  bt  — , 
"  ct' 

because        pq  :  at  : :  cp  :  ct  ; 

but  BT  =  TT*  coa  BTT*  =  Ajc  ooB  tan"'  *  = , 

{!  +  »•)» 

CP  =  CA  =   1, 

CT  =  sec  tan-'  j?  =  {1  +  «•}*; 

J*      1            f^ 
o.tan-**  =  = =: 

!  +  «»' 

and  similarly  may  the  other  differentials  be  foond. 

mdx 


45.1  Ex.  1.      y  =  wn-'  mx,  dy  = , 

'■  {l-m*x')i 

dx 

Ex.2.      «  =  «'""'■',  (fo=e'""''T J. 

"  ^  l  +  ar* 

Ex.8.       y  =  tan->(j-^),        ^V  =  yip^  • 

Ex.4.       y  =  i"^"''; 
let  us  take  the  Napieriiui  logarithms  of  both  members  of  the 
equation ;  and  we  have 

logy  =  sin-' J?  log  a:. 
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-2  =  War ;■  H , 

The  number  of  examples  which  have  been  diiferentiated,  in- 
cluding the  types  of  all  known  algebraical,  exponential,  logarith- 
mic, and  circular  forms,  and  all  of  which  indicate  the  derived 
fdnction  to  be  a  new  function  of  x,  ib  sufficient  to  justify  the 
preBumption  of  Art,  18,  that  the  differential  of /(a;)  is  a  product 
of  two  factors,  of  which  one  is  dx  and  the  other  is  a  finite  func- 
tion of  X.  It  is  in  fact  almost  an  inductive  argument  per  sim- 
plicem  ememerationem. 


Section  2. — The  differentiation  ofjunctvma  of  many  variables. 

46.]  On  functions  of  many  variables. 

When  many  variables  are  involved  in  an  equation,  it  is  theo- 
retically possible  so  to  arrange  them  that  one  shall  be  a  func- 
tion of  all  the  others,  whereby  it  becomes  an  explicit  function 
of  many  variables.  And  these  latter  variables  may  be  independ- 
ent of  each  other,  or  have  such  relations  amongst  them  that  a 
variation  of  one  may  involve  a  variation  of  one  or  more  of  the 
others,  whereby  the  number  of  independent  variables  may  be 
diminished ;  the  former  case,  which  is  the  more  general,  shall 
be  first  considered,  and  then  sach  modifications  shall  be  intro- 
duced into  the  result  as  shall  adapt  it  to  the  latter,  and  as  the 
mutual  interdependence  of  the  rariables  may  require. 

For  the  sake  of  illuBtration  let  us  consider  a  tree,  and  let  us 
suppose  its  growth  to  depend  on  three  drcnmstances  which  are 
iudependent  of  each  other,  viz.  the  fertility  of  the  soil,  the  rain 
that  waters  it,  and  the  heat  of  the  sun :  then,  if  the  relation  or 
law  of  connexion  of  these  four  things  is  espressed  mathemati- 
cally and  in  an  explicit  form,  we  shall  have  the  growth  of  the 
tree  a  function  of  three  variables ;  thos, 

Growth  of  tree  =  p  (fertile  soil,  raio,  solar  heat). 
And  if  the  law  is  known  which  connects  the  nngle  effect  with 
the  three  producing  causes,  then  f,  the  symbol  of  the  form  of 
the  function,  is  known. 

Now  observing  the  independence  of  the  three  variables  in- 

D,g,t7cdb/GOOgIC 


4-6.}  vuNcnosa  op  hasy  tabiables.  71 

volTed  under  the  fbnctioaal  symbol,  and  that  th«%fore  any  one 
may  raiy  without  neceantating  a  variation  of  the  others,  and 
that  a  variation  of  any  one  will  cause  a  variatioQ  in  the  tree's 
growth,  it  followa  that  there  may  be  three  several  variations  of 
the  effect,  owing  to  the  separate  and  several  variations  of  the 
three  prododng  canses.  Thus,  suppose  the  fertility  of  the  soil 
to  be  increased,  while  the  other  two  causes  are  unchanged,  the 
tree's  growth  may  be  thereby  increased ;  and  similarly  may  it 
be  increased  by  a  change  in  either  of  the  other  two  causes. 
Now  although  these  three  acting  causes  are  so  combined  by 
means  of  the  connecting  equation,  that  when  a  finite  change  of 
one  has  taken  place,  a  subsequent  change  of  another  may  not 
have  the  same  absolute  effect  on  the  tree's  growth  aa  if  it  had 
changed  without  the  first  having  previQUsly  varied,  yet  snch  will 
not  be  the  case  when  the  changes  are  infinitesimal ;  because  the 
infinitesimal  variation  of  one  acting  subsequently  to  and  on  the 
back  of  the  infinitesimal  variation  of  the  other,  infinitesimals  of 
a  higher  order,  or  products  of  infinitesimals,  will  be  introduced ; 
and  these  must  be  neglected  by  virtue  of  Theorem  VI,  Art.  9 ; 
and  thus  the  absolute  inSniteainud  change  in  the  tree's  growth, 
due  to  the  infinitesimal  variation  of  any  one  of  the  three  acting 
canses,  will  be  the  same,  whether  the  other  two  canses  have 
dianged  or  not.  And  therefore,  when  all  three  have  changed, 
the  resulting  change  of  the  effect  will  be  the  sum  of  the  three 
effects  due  to  each  of  the  three  producing  causes ;  of  this  how- 
ever a  mathematical  and  rigorous  proof  will  be  given  subse- 
quently. Thus  we  have  variations  of  the  growth  of  four  distinct 
kinds ;  a  variation  due  to  each  of  the  three  causes  acting  sepa- 
rately, and  the  whole  variation  which  is  the  sum  of  these  three. 
This  latter  is  called  a  total  variation  or  a  total  differential,  and 
the  former  are  called  partial  variationg  or  partial  differentialt ; 
each  of  which,  it  is  plain,  is  to  be  calculated  on  the  supposition, 
that  one  variable  only  changes  and  that  the  others  do  not  change. 
Or  again :  consider  a  plane  rectangle  ofrs,  see  fig.  9,  of  which 
one  side  of  =  x,  and  the  other  os  =  y ;  and  let  «  represent  its 
area.    Therefore,  u  —  xv 

Now  the  area  may  vary  owing  to  a  change  ta  the  length  of 
either  side,  or  to  changes  of  the  lengths  of  both.  Suppose  x 
to  be  increased  by  tq  =  A£',  see  Article  19;  then  the  area  is 
increased  by  the  rectangle  epqw=  y&x;  which,  when  &x  be- 
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comea  dx,  in  ydx.  Or  suppose  y  to  receive  a  finite  increment, 
that  is,  OB  to  be  increased  by  ar  =  Ay;  then  the  increase  of 
the  nrea  is  the  rectangle  TR  =  ^Ay ;  which,  when  the  increase  is 
infinitesimal,  is  xdy;  hence  the  partial  changes  or  increments 
of  the  rectangle  are  ydx  and  xdy.  But  suppose  both  sides 
to  have  recdred  infimtesimal  variations ;  that  is,  w  to  become 
x  +  dx,  and  y  to  become  y  +  dy,  then  the  rectangle  becomes 

{x-^dx)  iy  +  dy)  =  xy  +  ydx+xdy  +  dxdy; 
that  is,  the  increment  of  the  rectangle  is  ydx  +  xdy  +  dxdy, 
which  terms  severally  represent  the  rectangles  rq,  tr,  uw  ;  and 
therefore,  when  the  increments  are  infinitesimal,  the  first  two 
are  rectangles  of  finite  length  but  of  infinitesimal  breadth,  and 
the  latter,  being  a  rectangle  with  infinitesimal  sides,  is  but  a 
point,  which  must  therefore  be  neglected ;  and  we  have  the  total 
differential  of  u 

=  xdy  +  ydx 

=  the  sum  of  the  partial  differentaals. 

Bearii^  in  mind  what  was  said  in  Art.  10,  and  that  Greek 
letters  are  used  to  signify  finite  changes  or  difierences,  and 
English  letters  infinitesimal  variations  or  differentials,  we  shall 
find  the  following  symbolization  convenient. 

Let  u  =  r{x,y,z, ...)  be  a  function  of  many  variables,  and  let 
nil  or  DF  r^resMit  the  total  differential  of  u  due  to  the  varia- 
ti<»i8  of  all  the  variables,  and  let 

dxU,  or  drt  express  the  partial  change  of  a  due  to  a  change  ot  x, 
dfU,  or  rf,F    .--------------.    y, 

dtO,  or  d,v  --------    --.-_.-.ar, 

and  let  (3-),  {~r),  (j-)> omitting  the  subscript  letters, 

represent  the  ratios  to  the  increments  of  the  variables,  of  the 
several  variations  of  the  function  due  to  the  variation  of  the 
variables  separatdy ;  that  is,  let  them  represent  partial  differ- 
ential coeffideutB,  or  partial  derived  functions,  the  brackets  in- 
dicating that  they  do  so,  and  the  variaUe  in  the  denominator 
of  the  fractions  being  that,  due  to  the  change  of  which,  the 
partial  variation  of  a  is  calculated. 

Thus,  although  the  numerators  involve  the  same  symbol  du, 
yet  the  same  thing  is  not  represented  by  it ;  for  the  du  arising 
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from  the  growth  of  x  into  x  +  dx,  may  be  a  wholl;  different 
foDction  &om  the  du  which  comes  from  the  growth  of  y  into 
y  +  dy.  If  then  we  have  occaaion  to  use  these  symbols  together, 
a  mark  of  distiaction  is  necessary,  such  as  we  have  in  d^u, 
dfK, ... ;  but  when  the  ratios  of  the  changes  are  required,  the 
deaomioator  in  addition  to  the  bracket  is  sufficient  to  indicate 
the  origin  of  the  function. 

That  we  may  hare  distinctive  names  for  the  differentials 
which  arise  in  procesBes  so  different,  I  shaU  call  them  the  X'^ 
the  g;  ...  differentials,  according  as  they  arise  from  the  iofi- 
niteumal  variation  of  x,  of  y, ...  ;  and  I  shall  apply  similar 
names  to  the  several  partial  derived  functions  or  differential 


Thus  much  as  to  the  symbols,  their  nomenclature,  and  their 
meanings.  Let  us  now  connder  the  most  simple  case  of  a  func- 
tion of  two  independent  variables. 

47-3  Differentiation  of  a  function  of  two  independent  vari- 
ables ;  and  of  the  form  u  =  v(x,  y). 

Let  X  and  y  receive  the  increments  a^  and  Ay ;  and  let  the 
corresponding  increment  of  u  be  au;  so  that 

Au  =  r(_x  +  &x,y  +  Ap)  —  r{a:,y); 
.-.  Au  =  r(x  +  &x,t/  +  Ay)—r{x,y  +  Ay)  +  v(x,y  +  Ay)—r(x,y); 
let  the  variations  of  ;r  and  y  be  infinitesimal,  then  &u  becomes  dw, 
which  is  the  total  change  in  u;  andv(x  +  AX,y-{  Ay)—r{x,y  +  At/) 
becomes  d^a ;  because  whatever  difference  there  is  between  the 
first  and  second  of  these  quantities,  it  is  solely  due  to  the  change 
atx,  y  +  Ay  being  the  value  of  y  in  both  of  them ;  and  for  a  simi- 
lar reason,  F(dr,y-f  Ay)  — F(«,y)  becomes  <^h;  and  therefore 

Dti  =  d^u  +  dfU;  (40) 

that  is,  the  total  differential  of  a  function  of  two  independent 
variables  is  equal  to  the  sum  of  the  partial  differentials. 

Also  we  have, 
r(x+Ax,y  +  Ay)-Hx,y  +  Ay)  F(af,y+^0--»(fJf) ..,. 

AH  ^    Ad?  + AW  : 

AX  Ay 

and  therefore  if  the  increments  are  infinitesimal, 

in  which  formula  dx  and  dy  are  the  infinitesimal  increments  of 
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:r  and  y.     Hence  we  have  the  ratio  of  the  total  change  of  the 
function  to  the  change  of  either  variable :  thuB 

su        /rf«\      /du\  dy  ,,-. 

Du        idu\  dx      idu\  ,,„, 

Ex.  1.         «  =  ay*+ft3^  +  ca?*  +  ey+^af  +  i, 
dfH  =  bydx+Zcxdx+ffdx 

=  (b!/  +  Zc3;+g)dx; 
dfU  =  2aydy^bxdy  +  edy 
=  0iay-\-bx-i  eydy; 
.-.      D»  =  d[(U  +  (^U 

=  (,l>y-i2ex+ff)dx+(ts+2ay  +  e)dy. 
Or  thoB, 

■■■  "-O-^^iS)"^ 

Ei.  2.         „  =  i  +  |!; 

/dii\  _  2ic  /*»\  _  2y 


L  8,         11  =  ain->  - 


u  =  Bin-'  -  +  sin-*  T } 
a  0 

du\ 


lu\  _  1  /du\ 


(£r                  dy 
-.     DU  = 1 . 

Instead  however  of  formally  going  through  the  proceBses  of 
partial  differentiation,  and  then  of  combining  them,  as  I  have 
above,  I  may  take  the  result  as  exhibited  in  (40)  or  (41),  and 
calculate  the  total  differential  immediately.     Thus  let 
u  =  ay*  +  bxy  +  C3!*  +  ey  +  gx  +  k, 
DU  =  2aydy  +  b(xdy+yda:)  +  icxdai+edy+ffdx; 
aud  thus  for  other  examples. 
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Ex.  4.  u  =  '-±^, 

x-y' 

^^  ^  (x-y){dK+dy)-(x-\-y)  (dx-dy) 

(x-y)* 

_  2(jfrfy— yrfg) 

~        (x-y)'       ■ 

Ex.5.        «  =  taii~»^. 

_  xdy~ydx 
~      ir»  +  y» 
48.3  IHfTereDtiatioDof  an  implicit  function  of  tvoindepeadeDt 
Tamblea. 

The  principles  applied  in  the  laat  and  preceding  Articles 
enable  us  to  differentiate  an  implicit  function  of  two  variables, 
and  thereby  to  determine  the  ratio  of  the  corresponding  differ- 
entials of  the  variables,  without  the  expression  being  put  in  the 
form  of  an  explicit  function  of  one  variable  *. 

*  ^  the  above  method  of  iMbreatialiiiK  implicit  fuDcdone  it  may  be  ob- 

dieie  cut  be  no  change  in  ■  due  to  a  partial  change  in  x,  because  m  ia  coo- 
•tuit;  and  for  a  timilar  reason  then  caa  be  no  variation  in  «  due  to  a  varia- 
tion of  jr  only ;  and  therefore  that  «  and  y  cannot  vary  separately,  but  must 
vaiy  rimoltaneoodyj  that  one  cannot  change  without  the  other,  and  there- 
fore that  there  can  be  no  partial  variations  of  the  function.  To  this  it  ii 
replied  by  aaking.  What  do  we  mean  by  a  constant  auch  ai  c  on  the  right- 
band  side  of  the  equation  i  We  mean  that  whose  total  variation  is  zero.  If 
therefore  we  consider  c  to  be  the  aum  of  two  quantities  e,  and  e,,  such  that 
when  X  varies  c,  varies,  and  e,  varies  when  y  varies,  but  that  c,  and  e,  are 
ao  related  that  de,  +  ife,  —  O^iie;  then  the  total  variation  of/(K,y),  being 
the  snm  of  the  partial  variations,  will  be  equal  to  0,  and  the  condition  of /(z,  y] 
being  equal  to  o  will  be  satisfied.  Whereas  then  each  partial  variation  taken 
•epaiately  is  a  violation  of  the  condition  expressed  by  the  equation,  yet  the 
iclation  of  the  two  whan  added  together  is  such,  as  to  be  in  accordance  with 
the  equation.  The  partial  variation  of  the  second  neutralises  the  incon- 
natcncy  of  the  partial  variation  of  the  first  with  the  equation.  Thia  may  be 
geometiieallf  expluned  as  foUows.     Suppose 

which  equation  represents  an  ellipse  the  siie  of  which  depends  on  the  value 
of  the  constant  c,  aa  well  as  on  b  and  b.  Suppose  we  considar  y  alone  to 
vary,  while  x  is  constant ;  the  point  correaponding  to  e,  y  +  dy,  is  no  longer 
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Let  f{x,  y)  =  c  be  the  implicit  function  of  two  vitriables, 
which  may  be  put  in  the  form 

»  =  /(».  y)  =  c. 
Then,  since  u  is  equal  to  a  constant,  du  =  0 ;  and  therefore  b^ 
the  last  Article, 


(-) 


El,  1.         M  =  jr'  +  8ad?y  +  y*  =  a'; 


^ g'  +  ay 

dx  ~        y*  +  ax  ' 
Ex.  3.         tt  =  *»  +  y'=  a; 

(^)  =  ?«'-'  + y'lo&y,       (^)  =  ^'log,*+«s"->. 

^  _  _  ya:''-'  -f  tf  log  y 

(fa;  jpy'-^  +  aflog^r' 

And  without  going  through  the  intermediate  stage  of  partifil 

difierentiatioQ,  we  may  take  (40)  or  (41)  of  the  preceding  Axticlej 

and  differentiate  immediately.    Thus 

E,.3.         ^  +  1^  =  1; 

ixdx       2sdy  _  .      ''ff  _        *'^ 

o*  ft*      ~    '  '  '     dx  ~        «"y ' 

on  the  original  ellipse,  but  lie«  r  little  above  it  or  bebn  it,  Mcording  to  tha 
eiga  of  rfy ;  i.  e.  it  ia  a  point  of  anotber  ellipse,  which  aecood  ellipse  depende 
on  the  variation  of  the  part  of  e  correBpooding  to  the  rariation  of  y.  And 
now  suppose  x  to  vary,  y  being  conatant,  in  conteqnence  of  which  the  other 
part  oi  0,  which  has  a  variation  due  to  the  variation  of  z,  changea,  but 
changes  in  euoh  a  manner  as  to  bring  back  the  point  to  the  original  ellipse, 
the  variations  of  the  two  parta  of  the  constant  being  such  that  the  sum  of 
them  is  zero ;  whereas  then  the  partial  variation  of  the  first  carried  the  point 
off  the  eUipse,  that  of  the  second  brought  it  back  again.  This  caseis  exactly 
that  of  tiie  total  variation  of  a  function  of  two  variables,  with  the  condition 
that  the  two  partial  variations  an  ao  related  as  to  render  the  total  variation 
equal  to  lero. 
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Ex.4.  ^0ia~x)  =  x>; 

ij/dy{2a~x)-y*dx  =  Sx^dx, 

■      ^  =     8j»  +  y' 
*■     dx       2y(2a-x)' 
Ex.  S.         y'  =  ^ax; 

2y4y  =  iadx, 

^  _  2o 

'  '     dx        y  ' 

49.3  DiffereiLtiatioii  of  a  fuoction  of  many  variables,  all  of 
which  are  independent  of  each  other. 

Let  u  =  v(x,y,z, )  be  a  function  of  many  variables, 

X,  y,  z, all  of  which  are  independent  of  each  other;  then 

.-.    AU  =  F(*+Aaf,y+Ay,r+A^, ...)  — F(a:,y,z,...) 

=  F(ar  +  A^,y  +  4y,z+AZ,„.)  — p(a:,y  +  4y,z+A*,  „.) 
+  F(ir,y+iy,z  +  jL7, ...)     —  p(j?,  y,  z  +  Air, ...) 
4  F(x,y,z+A«,...)  — 


+ -»(^.y,^,  ■•■). 

by  the  iBtrodnction  of  quantitieB  which  taken  throogh  the  whole 
expression  caocel  each  other.  Now  let  the  increments  be  infi- 
nitesimal ;  then  the  lines  in  the  right-hand  member  of  the 
equation  become  severally  the  x-,  the  y-,  the  z-,...  partial  dif- 
ferentials of  u ;  and  therefore 

DU=  DP  =  rf,U  +  <^U  +  (tB+  ...J  (46) 

that  is,  the  total  differential  is  equal  to  the  aum  of  the  partial 
differentials. 

And  if  the  result  is  expressed  in  terms  of  partial  derived 
functions,  then 

»«="=©'^+(|)*+©*+-      w 

Whence,  as  in  Art.  47,  (4S)  and  (48),  the  ratio  of  the  total  dif- 
ferential to  that  of  any  one  of  the  variables  may  be  found. 

Ex.  3.       w  =  Bin(yz  +  ra:+iFy); 

(^)  =  (r  +  y)a»(y«+«*+*y), 
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.-.    i>B=  cot(jfz+z»+xj/){(y  +  z)dx  +  iz+m)d!/+{3e+y)dx}. 
Ex.  3.      tt  =  (^+y'+z*)i +tan-^  -  +  aa+  by  +  cz ; 
_  xdx+ydy  +  zdz      zdx—xdz 

Ex.8.     «=^; 

j:(^—(fi)(Zydx+xdy)  —  2x'i/zdz 

■■■    °"=  {?^:iiji  ■ 

Tbe§e  resnltB  might  have  been  deduced  immediately  in  the 
same  mj  as  those  of  Ex.  4  and  5  in  Art.  47, 

50.3  If  the  rariables  are  so  combined  in  an  equation  that  no 
one  ia  expreased  explicitly  in  terina  of  the  othen,  then  we  bare 
an  implicit  ftmction  of  many  variablea  of  the  form 

^i.3!,y,z, )  =c; 

and  therefore  dp  =  0, 

"^     (£)'^+(|)*+(s)*+ -"■■     *") 

whence  may  be  determined  the  absolute  variation  of  any  one  of 
them  which  is  due  to  the  variations  of  all  the  others ;  thna 


Similarly  may  be  found  the  variation  of  any  one  of  the  vari- 
'  ables  which  is  due  to  the  variation  of  any  one  of  the  others ; 
thus,  for  instance,  let  it  be  required  to  find  the  relation  between 
the  corresponding  variations  of  x  and  y  in  the  equation 

vix,y,z, )  =  c, 

when  the  other  variables  do  not  change  value;  then 
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©^  +  ©*  =  o^ 


*     (£) 

Similarly  the  ratio  of  the  corresponding  TariatioOB  of  «  and  2  are 
given  by  the  eqaatioo  j 

^---^  (49) 

Now  these  resolta  are  useful  in  questions  like  the  following : 
Suppose  that  there  is  an  expression, 

'(S)+"(|)  =  '-  <»«' 

where  p,  q,  b  are  functions  of  x,  y  and  z ;  and  that  it  expresses 
a  property  of  the  explicit  function 

'  =  /(^,y),  (61) 

where  {-qJ  «nd  (-r-l  are  the  partial  derived-functionB  of /(«,tr); 
what  is  the  eqairaleut  form  of  (50),  when  (61)  is  put  into  the 

*^™  r(*,y,r)  =  0?  (53) 

From  (52)  we  have 


F\  _  _  \dx'  /dz\ ^dy'  ^ 

f'  ~       /rfp\  '  ^dj/f  ~       /dv\  ' 

\dz'  \dz' 


and  sabatitnting  these  in  (50),  we  have 

'(£)+«©+«© =''^        <») 

and  this  is  the  equivalent  expression.  The  converse  operation 
is  performed  by  a  similar  process.  It  will  be  observed  that  we 
have  hereby  passed  from  (50)  which  is  an  nnsymmetrical  ex- 
pression, to  (68)  which  is  synunetricai. 

51.3  Differentiation  of  a  function  t^  many  variables,  some  of 
which  are  dependent  on  the  others. 

The  prindples  of  differentiation  of  fdnctious  of  many  variables 
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which  have  been  explained  in  the  fire  immediately  preceding 
Articles  are  general,  whatever  are  the  valaea  of  the  variables; 
and  therefore  a  fortiori  they  are  applicable  to  the  less  general 
case  in  which  the  variables  are  connected  with  each  other  by 
certain  given  relations:  for  what  ia  tme  in  the  most  general 
case  caanot  but  be  true  in  the  particular. 

Firatly  let  ui  take  the  most  simple  case,  where  u  is  a  func- 
tion of  two  variables,  and  of  the  form 
«  =  t(x,y)i 
and  let  us  suppose  y  to  be  a  function  of  x,  and  of  the  form 

then  we  have 

Dw  =  (^)(£r+ ^j-Jrfy,     and     dt/=f'(x)dx; 

•••  r:  =  ©  +  0/V). 

the  meaning  of  the  several  terms  of  which  expression  is  suffi- 
dently  obvious  from  their  symbols. 

Ex.  1.         «  =  tan-*-  ,  and      y  =  {a*— ^}4; 

whence,  substituting  . 


{a«-*»}*' 
a  result  which  is  manifestly  as  it  ought  to  be,  if  we  consider 
that  the  relation  between  u  and  w,  after  the  elimination  of  y,  is 


Again,  consider  the  less  simple  case,  u  =  Y[x,y,e),  where 
y  =f{x),        and        z  =  <f>{x); 

■•■    '>«=©<^+{^)''!'  +  (5i)'^' 

bat         dy  =  f'{x)  dee,         and         dz  =  it>{x)  dx ; 
whence,  substituting  and  dividing  by  dx. 


:=(S)+(|)^<»)-(r:)»'i 


■(*)■ 
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u  =  siDar  +  Binfty  +  tan' 
y  =  sec  IT,  z  = 

Dtf  =  a  cos  axdx+b  cos 


-1? 


:  cosec^; 

zdy-ydz 

(^  =:  aec  JF  tan  « (Ac,  dz  =  ~  cosec  j?  cot  ;r  <te ; 

.-.     Du  =  acosa:rdLr  +  &cos(&sec<r)  sec  x  tan  ;t:  (£r  +  <f;r. 
Or  again,  suppose  u  =  F  (f ,  y), 

and  a:  =  /(O,  y  =  *(0. 

f  being  a  third  and  different  variable.     Then 

»"  =  (£)*'+ O* 

Or  again,  auppoae 

w  =  »(flr,y,z),        and        z=ff.x,y); 

then       ».=  (g)&.+  (|)rfj,+  @&j 
but  .,(or<fe)=(|)ir+(|)<(!„ 

Ex.  8.        u  =  ^r**,  and         2  =  sin  {xy) ; 

.-.     D«  =  yzx''-^dx-\-  a?*'lc^ir(yrfz+rrfy); 
Dz  {at  dz)  =  eoB(xy){ydjt+xdy); 
.',     DU  =  y^ir''^ — i-  ylogiXco&{xy)>dx 

+  io^xx'*  {z  +  xy  cos  (2^)}  dy. 
The  caaes  of  differentiation  of  functiona  of  the  preceding  kind 
are  so  tuiods  and  uumerona,  that  it  is  impossible  to  discuss 
all ;  but  the  principles  explained  and  illnstrated  as  above  are 
applicable  universally,  and  from  the  examples  given  the  student 
ought  to  find  no  difficulty  in  solving  other  similar  ones. 

52.]  In  certain  cases  the  subject  variables  enter  under  the 
functional  symbols  in  particular  combinations;   and  although 
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the  general  principIeB  tmfolded  above  are  applicable,  yet  the 
results  take  special  forms ;  and  certain  relationa  exist  between 
the  several  partial  differentials  of  the  given  function  by  reason 
of  the  particular  combination  of  the  variables.  Many  cases  of 
snch  functions  will  occnr  in  the  sequel,  and  we  shall  then  have 
to  consider  them  from  a  geometrical  point  of  view :  here  I  pro- 
pose to  exhibit  their  properties  &om  an  analytical  point.  And 
for  this  purpose  some  particular  examples  will  serve  best. 

Let  u  be  a  function  of  two  independent  variables  is  and  y ; 
and  Buppoae  that  x  and  y  enter  nnder  the  functional  symbol  in 
a  certain  combination,  such  as  x  divided  by  y :  then 

«=/{p;  (54) 

that  is,  u  is  a  homt^eneous  fnnction  of  x  and  y  of  0  dimensions. 
Now  whatever  is  the  fonn  of  function  which  enters  into  the 
^-differential  of  u,  the  same  function  enters  into  the  y-differen- 
tinl ;  although  there  will  be  different  differeatial  factors  in  each. 
Thus,  for  instance,  if 

u  =  sin  - , 
V 
,  dx       X  /da\       1       X 

o-ti  =  —  cos  - ;  (-!-/  =  -  cos  - ; 

y         y  ^ax'        y        y 

xdy        X  (du\  X        x 

y*        y  ^<*y'  y*       y 

And  generally  in  (54),  if  we  replace  -  by  z,  so  that 
u  =f{z),  and  if  -j-=f'(z) ;  we  have 

so  that,  as  we  remarked  above,  the  same  form  of  function  enters 
into  both  the  partial  derived  functions ;  but  the  factors  are  dif- 
ferent ;  and  the  relation  between  the  partial  differentials  is,  as 
deduced  from  (55),       ^  . 

Again,  suppose  the  function  to  be 

"=/(^i/),  (57) 

and  suppose  f'(z)  to  be  the  derived  function  of  f(z) ;  then 

(S  =  y/'(^n  (S  =  ^/'(*ff);       (58) 
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■■■ '(£)-»(g)  =  «^         « 

(58)  beiiig  the  partial  derived  fimctioDa;  and  (59)  exhibiting 
the  relatioa  between  them. 

Again,  sappose  the  fanction  to  be 

u=f(ax-by).  (60) 

and  suppose /"(ir)  to  be  the  derived  function  otf(z) ;  then  from 
(60)  we  haye 

(g)  =.  a  f  (ax-by).  (^)  =  -A^or-iy),    (61) 

which  are  the  partial  differentials ;  and  fW>m  them  we  have 

which  givea  the  relation  between  the  partial  derived  functions. 

Or  again,  suppose  the  ftmction  to  be  of  three  variables;  and 
let  us  assume  it  to  be  of  the  form 

.=/{f).  (68) 

then  if  —  =  f,  and  if  the  derived  function  of /(f)  is/'(f),  we  have 

©=!/'(?).  0=f/-{?).  (£)=-?/-(?). 

which  are  the  three  partial  derived  functions  of  (63). 
The  following  are  two  other  examples  of  the  same  kind. 

Bi.  1.         ti  =*ff*(|); 

Ex.  2.        «  =  *■*(«?); 

.-.     n«  =  <^(j!y)(i»  +  ar{y(to  +  a!dy)0'(a!y). 
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53.]  Thtu  far  the  fuDCttoue  which  have  been  coosidered  are 
explicit.  Let  us  briefly  consider  one  or  two  caBcs  in  which  the 
variables  are  implicitly  involved ;  and  firstly  the  following,  which 
is  of  importance  in  a  future  problem. 

Ex.1.  Given  ^  =  r  {y  +  j!/{s)},  where  y  nnd  z  are  inde- 
pendent variables,  it  is  required  to  find  (-^-J  and  {-t-},  «nd 
the  relation  between  them. 

If  y  +  ff/(«)  =  $,  let  us  symbolize  the  derived  function  of 
'(.£)  by  v' ;  then  we  have 

.     /^1  _     /(g) '''  (^\ y' 

•'     ^dx'       \-xfiz)i''  \dyi       \-xf'(z)V' 

■■■  (S)  =/<')(!)■ 

Ex.  3.    Again,  suppose 

£=£=/(£=_»);  (64) 

Z  —  C         "    ^Z  —  C' 

and  let  it  be  required  to  find  {-z-\  and  \--r-)' 

If  ^ —  =  i,  let  us  suppose  the  derived  function  oif{()  to  be 
/'{f ) :  then  from  (64)  we  have 

1  x—a  /dz\  ^  _  _y^^  fdz\  .,/y-^\ 

z~c      («-c)»  \(iF'  ~       iz-c)'  W'-*  ^z-c' 

^-o   /'^^\  _  ^    1  y-l>    /dz\l  f,iy-b\. 

{z-c)*^dy'  ~  \z-c      (?~c)*  WK   ^z-c'' 

whence  we  have  the  following  lelatioa  between  [-j-j  and  {-^), 

(-«)(§)  +  (»-»)  (|)=.-«.  (65) 

Or  (64)  might  be  put  in  the  implicit  form 

Since  z~c  enters  into  both  of  the  subjects  of  the  function,  it  is 
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convenieat  for  aa  at  first  to  conndear  the  z  —  c  which  is  com- 
bined with  j/  —  bto  be  diEFerent  to  that  which  is  combined  with 
T—a;  and  let  us  therefore  distinguish  the  second  s  by  an  ac- 
cent, so  that  (66)  becomes 

and  becaase  that  which  is  true  when  z  is  accented,  that  is,  in 
the  general  case,  will  also  be  true  in  the  particular  case,  that  is, 
when  the  accent  is  omitted,  the  general  result  of  (67)  will  in- 
clude that  of  (66). 

Now  by  reason  of  the  mode  in  which  x  —  a  and  z  —  c  enter 
into  the  right-hand  side  of  (67),  it  is  evident  that  the  x-  and  x- 
partial  differentials  of  u  will  contain  the  same  form  of  function, 
but  that  their  differential  factors  will  be  different;  let  the  form 
of  function  which  enters  into  both,  whatever  it  is,  be  represented 

by^,(l:if,td),„a., 

'        ^Z  —  C     s—c' 

In  a  similar  way,  the  same  form  of  function,  whatever  tt  is,  will 
enter  into  the  y-  and  the  /-partial  differentials  of  u,  but  the 
differential  factors  will  be  different  in  the  two  differentials;  let 


^Z  —  C     i 


7 — )  be  the  fonn  of  fiuictioii :  then 
iij\  _        y-b      ii-^a    y-b\ 


BO  that  we  have  from  (68)  and 


(-«)(£)+(-«)©  =  »^        m 


and  from  (70)  and  (71), 

<,_J,(|)  +  (^_„(g)  =  0.  (73) 

liet  us  now  consider  the  relation  between  these  equations, 
when  /=  2.  Suppose  a  fdnctional  equation  to  be  given  in  the 
*°™  «=/(«,/);  (74) 
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then        ./=(!)..+ (I)..-; 

of  the  latter  term  the  accent  is  retained  so  as  to  indicate  its 
origin. 

Now  in  (72)  and  (73)  let  «"  =  « ;  then  by  addition  we  have 

and  by  reason  of  (75) 

(._„,(g)+(,_»,(|)+<,-.,(g)  =  0.  (76, 

I  may  observe  that  if  (-j- 1  and  1^)  in  (65)  are  replaced  by 

their  equivalents  given  in  Art.  60,  the  result  is  (76),  as  it  ought 
to  be. 

And  if  (66)  is  cut  into  the  more  symmetrical  form 

fi  =  i{- , , i,  (77) 

\ai— c    x—a    y—b' 

we  shall  get  the  same  result,  viz.  (76),  by  the  following  process. 
Let  (77)  be  expressed  in  the  form 

—     (y~^    8^—  c    *j-f\. 

~     W— c'  *— a'  y'—  b' ' 
then  by  a  process  the  same  as  that  by  which  (72)  and  (73)  are 
found,  we  have 


(78) 


whence  hj  addition,  and  by  reason  of  equation  (75),  iS  3f=K, 
y'=y,  a*  =  «,  we  have 

('-.)(£)+(.-*)(|)+<'-)O  =  0;         (79) 
a  result  the  same  as  (76). 

In  the  preceding  process  the  relation  between  the  partial  dif- 
ferentials of  the  functions  in  (77)  is  found,  when  the  problem  is 
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iCMlred  into  its  most  simple  elem^its ;  an  sbridged  form  of  it 
ia  more  nseftil  in  application.  And  as  the  result  tbaa  obtained 
ia  applicable  to  other  cases,  it  is  desirable  to  insert  it. 

Let  the  fbnctioDal  form  which  occurs  in  the  y-  and  the  z-par- 
tial  differentials  of  (77),  as  they  arise  &om  the  variatioD  of  the 

first  subject  of  the  function,  viz. ,  be  represented  by  Fj; 

aod  similarly  let  Fi  and  F)  represent  those  which  arise  from  the 
second  and  the  third  subjects :  then 

fdj\  z  —  c  1 

ls^  =  "(i=^' "  +  ?=»'■■ 

/rfF\  _     1  x—a 


...    <.-.,(g)+(,-*,(g).,.-o,(g)  =  0. 

Ex.  3.  As  another  example  of  a  similar  process  let  ns  take 
the  function  „      .  ,.,      ., 

■  •     a     c  W  ~       c^dxl'  H      e' 

_!/*)  =  P_if*)j/'(y_£V 

•■•  »{£)+'(g)  =  '-  <«■) 

And  if  (80)  is  pnt  into  the  form 

.  =  ,(f_I,  |_£), 

\a      CO      c' 
by  a  process  similar  to  that  of  the  last  example  we  shall  find 

and  further,  if  (80)  is  put  into  the  symmetrical  implicit  form, 

and  if^  as  in  the  preceding  example,  f,,  Ft,  Fg  represent  the  func 
tions  which  enter  into  the  partial  differentials,  according  as  they 
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ariae  from  the  differentiation  of  the  firat,  woond,  and  third  of 
the  SQlqects,  we  have 


©= 

-\i'.- 

-M 

i^)- 

-li.. 

-F.} 

0= 

-h"- 

-».} 

'^^\  ,  I 

iii'\ . 

.Id 

°(i)+'(S) +«©=»■ 


Ex.  4.    Similarly  again,  if  J7,  ^,  7,  t  are  all  independent  vari- 
ables, and  if 


then  (^)  =  --^{arFi  +  yPi+zPa}; 

•nd  therefore      x(g)  +  j,  (g)  +  .  (g)  +  ,(g)  =  0;    (86) 
a  theorem  of  which  a  general  proof  will  be  given  hereafter. 
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CHAPTER  m. 

SnCCBSSlTE  DIPFBBEirriATION,  AND  THBOBBMB 
DBPBKDBNT  ON  IT. 

Sbction  1. — On  auccestive  differentiation  of  an  explicit  function 
qf  one  variable. 

54.]  In  the  former  pHit  of  the  last  Chapter  rules  have  been 
cooBtnicted  for  differentiHtJiig  explicit  functions  of  one  variable, 
and  tbtis  of  deducing  from  /(jt),  which  was  assumed  to  be  the 
^fdcal  fom,  d.f{x)  or  f'{x)  dx ;  in  this  case  x  was  made  to  in- 
crease or  grow  by  the  infinitesimal  dx.  Suppose  now  that  x  ii 
increased  again  by  an  infinitesimal  variation,  and  that  it  is  our 
object  to  inquire  what  effect  such  a  second  increase  will  have 
aaf{x)  and  oaf{x)dx\  this  second  incremeat  may  or  may  not 
be  equal  to  the  former  one :  doubtless  the  simpler  case  will  be 
wben  it  is  equal,  and  therefore  we  will  consider  it  first  with 
this  limitation,  and  subsequently  discuss  the  general  case  when 
the  floccessive  increments  of  x  are  not  equal.  When  x  increases 
by  equal  increments,  or  grofwt,  as  we  may  say,  at  an  uniform 
rate,  I  shall  call  it  an  eguicretcent  variable  *, 

Or  ve  may  consider  the  sul>iect  from  another  point  of  view; 
fix)  is  in  genera)  a  new  function  of  x ;  and  therefore  as  it  was 
derived  from  fix),  so  by  a  similar  process  may  another  func- 
tion be  derived  from  it.  This  new  function  by  an  analogous 
notation  is  symbolized  by  f"{x),  and  will  in  general  be  another 

*  The  rarislik,  which  I  have  ventiired  to  call  Equicreicent,  and  thus  to 
CMn  B  new  word  for,  U  bjr  moat  writers  called  '*  Independent,"  and  by  Mime 
old  oii«"PrindpBl  Variable;"  to  the  latter  teiin  the  objection  la,  that  it  does 
not  ezprCM  the  characteriatic  property  of  the  thing  to  which  it  ia  applied,  and 
has  in  Cut  no  pretenaon  to  appropriBteneaa  of  nomenclature;  the  former 
totin  ia  by  all  writers,  and  in  the  present  treatiK,  uaed  in  a  diflereot  signifi- 
aiaaa,  via.  to  expreaa  tiut  variable  which  first  ohangei  valae,  and  due  to 
the  diange  of  which  the  odier  miahka  change,  and  are  therefore  called 
dependMt:  tee  Art.  13;  and  aa  each  an  independent  variable  may  or  may 
not  be  eqnicrescen^  it  ii  inconvenient  to  use  the  tame  tram  in  two  difieient 
tenaea :  and  opeciaEy  as  the  tenn  does  not  express  that  chaiftCter  of  the  va- 
riable which  renders  a  distinctire  appellation  deairable. 
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function  of  x,  uid  tbuB  will  admit  of  having  another  fimction 
derived  from  it  by  a  similar  proceas,  which  will  be  STmbolized 
by  f"'{x),  and  so  on.  Tlius  may  derioation  be  considered  an 
algebraical  artifice  by  which  successive  ftiactioas  are  formed, 
each  from  the  preceding  one ;  and  these  are  called  the  derived- 
functions  or  derwatioei  of  different  orders  of /(£),  viz. 

/(^).  /'(*),  /"(*),  /'"(*), /"(«),  /"+'{*) ;      (1) 

f{x)  is  called  the  primitive  tnnction;  f'{x)  the  first-derived; 
f"{x)  the  second  derived;  f'{x)  the  nth  derived  function  of 
/{r).  It  is  also  to  be  observed,  that  each  function  in  the  above 
series  is  the  first-derived  of  the  immediately  preceding  function ; 
and  that/"{a:)=/(;c),  when  n  =  0. 

In  the  same  way  therefore  as  d.f{x)=f(x)dx,  so  does 
d.f'(x)  ■=f"{x)dx,  and  so  on;  whence  we  have  the  following 
aeries  of  equations : 

d.f(x)=rix)dm.  1 
d.f'(x)=f"(x)dx, 
d.n^)=r'(')dx,\-  (2) 


d./"-i(^)  =/"(a?)<ie.J 
The  dx'»,  which  are  factors  on  tbe  right-hand  side  of  the 
above  equations,  are  the  several  increments  of  x  which  give  rise 

to  the  differentials  oi  f{x),  f'{x) and  therefore  are  not 

neoessarily  all  equal ;  but,  as  above,  to  consider  the  simpler 
case,  let  us  assume  them  to  be  equal,  so  that  tbe  several  fimc- 
tions  vary  by  reason  of  equal  variations  of  th^r  variables :  that 
is,  let  X  be  equicrescent ;  then,  since 

y=f(x),  dy  =  d.f(x)  =f(x)dx. 

And  since  f(x)  is  a  function  of  x,  we  may  differentiate  again ; 
whence,  as  dxis  constant,  we  have 

d.dy  =  d.fix)dx; 
and  since  d.dy  signifies,  that  the  operation  symbolized  by  the 
character  d  is  to  be  performed  twice  on  y,  and  one  operation 
to  be  on  the  back  of  the  other,  we  may,  in  accordance  with  the 
notation  of  the  index  law,  abbreviate  d.dy  into  d'y ;  and  re- 
placing d.f'{x)  by  f"{x)  dx,  and  writing  dx*  for  the  square  of 
dx,  since  the  (£r'a  are  equal,  we  have 

d»y  =  f"{x)  dxK 
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Suoilarly  differentiatiiig  agaia,  and  writing  d'g  for  d.d'jf, 
and  dx*  for  the  cnbe  of  dx,  we  have 

d*y  =  d.f'ix)dx* 
=./"\x)dx', 
and  BO  on ;  and  the  general  exprenion  becomes 

'wbereiii  dx'  signifiea  the  nth  power  of  dx,  and  wonld  more  oor- 
rectly^  be  expreued  by  the  ^mbol  {dxy ;  bat  as  no  ambiguity 
arisea  from  the  omission  of  the  bnu^ets,  we  hare  left  them  out 
for  the  relief  of  the  notation. 

The  qaantities  dy,  dh/,  dh/, ...  d*y, ...  are  sererally  called  the 
firat,  second,  third, ...  nth, ...  differentials  of  y;  hence  it  follows, 
that  the  differential  of  the  nth  order  of  y  or  f{x)  is  equal  to  the 
prodnct  of  the  nth  deriTed-Amction  and  (dx)*. 

Alao /"{x),f"'{x),  .../■(«), ...  are  severally  called  the  secood, 
third, ...  nth, ...  differential  coefiLcients,  in  accordance  with  the 
principle  of  nomenclature  given  in  Art.  18 ;  because  in  the  above 
equations  they  are  the  coefficients  otdx\  dx',  ...  dx', ... 

Hence  also  we  have, 


(S) 


By  which  form  of  writing  the  fractions  on  the  left-hand  side 
of  the  equations,  it  is  indicated  that  x  is  equiereseent.  Also  let 
the  difference  of  notation  be  observed  between  </"y  and  tfv". 

Hence  also  it  appears,  that  the  nth  derived-function  of /(j?) 
is  equal  to  the  ratio  of  the  nth  diffravntial  of  the  function  to 
the  ttth  power  of  dx:  dx  being  the  quantity  by  which  x  has 
varied  in  each  of  the  8tic<%asive  derivations ;  hence  also  it  is 
plain  that,  if  /"  (')  is  finite,  d'y  is  an  infinitesimal  of  the  nth 
order  with  respect  to  dr  as  a  base. 

It  is  also  to  be  observed,  that  as  ~  represents  the  ratio  of 

the  variation  of  y,  or  f(x)  to  that  of  *,  so  0  =  /"(*)  =  ^^^~ 
K  a 


,,  Google 


D2  THB  THEOBT  OT  SCOCBSSITS  DTTFBREKTIATIOK.  [54. 
represeats  tlie  ratio  of  the  variation  of /'(x),  that  ii  of  -p^,  to 
the  variatioD  of  « ;  and  so  ■—  represeats  the  ratio  of  the  varia- 
tion of  -t;^  to  that  of  X ;  and  rimilarlT'  of  the  other  derived- 
faoctionB. 

The  rules  which  have  been  conatmcted  in  the  preceding 
Chapter  for  the  differentiation  of /(«),  and  the  varions  specific 
forms  oi  f{x),  are  also  applicable  to /"(ar), /"(«),. ../"(a:),.., 
Thos,  becmiBe  it  is  shewn  in  Article  26  that 
rf.c/(«)  =  cd.fix), 
so        d".c/(*)  =  ed'.f{x). 
Also  from  Article  27, 

rf".{/(*)±*(*)}  =  rf"./(*)±rf-.#(*). 

Some  examples  of  snccessiTe  differentiation  are  snbjoined,  in 
which  these  principles  are  applied. 

Ex.  1.  y  =  x", 

dx  ' 

^  =  n(n-l)»-«. 


dx* 

^  =  a(«-l)(a-2)*«-'. 


0  =  «(«-!)  (11-2)  ...(ii-r+2)(ii-r+l>*"-'. 
y  =  l(^ir, 

?  =  -  =  -' 

di  =  -'   • 

S =<-)•>■»-. 

g  =  (-,.1.2.3.-., 


dH'  ■ 


-)'-'  1.2.8. ...  (r-2)  (r-V)ar- 
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Ex.  8.  y  =  a', 

g  =  (log,.)'*-. 


2  =  »oo.,»=.™(»»+j), 
g  =  .■<».(.»+|)  =  .■•to  (..  +  2^), 


It  appean  tlierefore  that  the  effect  of  one  derlTation  aamns 
is  to  mnltiply  the  qnantity  by  *  and  to  increase  the  arc  by  s ; 
and  therefore  it  might  at  once  be  concluded,  that  the  effect  of 
r  derivatians  u  to  moltiidy  the  quantity  by  it',  and  to  increase 

the  an  by  rZ. 

Similarly,  if      y  =  ooaiur,  ^  =  it'eos(«*  +  rg). 

_.     .  1  1(1  1    > 


g  » (_)^i:^Lj:j(^_a)-(r+i)_(a.+fl)-<^*i)}. 
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A  similar  method  of  decompositioD  into  partial  fractitms  muj 
alao  be    employed  to   find   the    general   derived-function   of 

-= i,  -= ;,  -= i,  and  other  functions  of  a  similar  form. 

Ei.  6.         y  =  e"  sin  nx, 

dv 

■^  =  e"{otm»«+iico>»«). 


let       <i  =  tco>^, 

*»  s  o»  +  n». 

n  =  ism0, 

tan*  =  ?i 

.-.    4  =  if.,in( 

:«*+*); 

whence  it  i>  mimifest,  that 

g  =  *'-sin 

(ti»+r^) 

=  (a«  +  n»)^ 

'Cnainx+r^p). 

55.}  If  the  function  to  be  differentiated  is  a  product  of  tro 
functions  of  x,  say  of  u  and  v,  the  following  theorem,  dae  to 
Leibnitz,  and  commonly  called  Leilmits'B  Theorem,  may  be 
conveniently  employed  to  find  the  general,  viz.  the  rth,  derived- 
fbnction. 

Let  /(m)  be  the  fmiction  of  «,  of  which  let  the  two  &atora 
be  «  and  v,  so  that 

y  =  /(«)  =  »  X  f, 
dft  =  vdu+thu, 
d*y  =  vd*u+2dvdu  +  d*vii, 
d'y  =  V d^  +  S  dv d*u  +  6 d'v  du  +  d'vu  \ 
the  law  of  the  coefiScientB  being,  as  it  is  manifest,  that  of  the 
coefficients  of  (l  +  iey,  when  r=  1,  =:2,  =  8, ... ;  ^d,  to  shew 
that  such  is  always  the  case,  let  ns  assadie  that 

+  . . .  +  — = —  du  d'~h>  +  N  d'-^v  i 
and  let  as  differentiate ;  whereby 
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d'f  s  vd'u  +  y*rf'->tt  +  ^^^  d»vd^*u 

+ ...  +  rdud'-h  +  ud'v. 
Thraefore,  if  the  formula  is  true  for  (r— 1),  it  is  trne  for  r;  bnt 
it  IB  true  for  2,  therefore  it  ia  tme  for  8 ;  and  therefan  it  ii 
tniefor  aUpotUive  and  inU^al -nlaet  of  r*; 

.-.  rf'(wx©)  =  </'./(*)  =/'(x)<*ir' 

=  vd'u-^^ded'-^u  +  '^^^^d»vd"-'u+...  (4) 

Id  applying  the  last  fotmnla  to  a  giren  example,  let  the  stu- 
dent be  careful  to  take  for  u  that  fimction  whose  general  derived- 
fooeticm  ia  tin  more  easily  calculated. 

Ex.1.  To  find  the  rtfa  deriTed.fnnctioa  of  e"  «". 

»  s=  e",  »  ^  «", 

-I-  =  ae",  -r-  =  ««""', 

dx  dm 


+  '^a-.-«(a-l).-  +  ....„. 


Ex.2.  TofiBdtherthderired-fimctbaof e'*'cosfurf*'. 
«  =:  «"  cos  n«,  »  =  »" ; 

*  On  thii  mode  of  induetiTdy  proving  the  above  theorem,  see  lome  n- 
inuki  in  s  "  Sjittm  of  Logic,"  bj  John  Stout  Mill,  book  III,  cb.  ii,  f  3, 
iiid  edition,  London,  1846. 
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tbereforebyEx.6,  Art.  54,iftan4i=",  aiid*=  {»»  +  fl»}*, 


dx 


:  jt  e**  COS  (lU!  +  ^), 


:  k'e''OM(nx+r4i)i 


+  y  k''^  COB  {»*+  (r— 1)  ^}  M**-' 

+  .    .' }• 

If  the  fiuiction  of  which  the  general,  aa.j  the  rth,  derived- 
function  is  to  be  fonnd,  is  the  quotient  of  one  fonction  otxhj 
another  fiinction  of  x,  so  that 

the  preceding  fbrmnbt  (5)  ia  applicable,  if  ve  take  «  to  be  one 

fkctor  and  -  to  be  the  other.   The  gaurtU  formnU  for  /'(x),  aa 

it  stands,  is  however  too  complicated  to  be  of  any  nse. 

And  the  formula  (6)  is  also  indirectly  applicable  to  the  dis- 
covery otf'{x),  even  when  the  primitive  function  is  not  the 
product  of  two  given  functions  of  the  variable  *.  The  mode  of 
its  application  will  be  beat  exhibited  by  examples. 

Ex,  1.  Xf  f{x)  =  sec  ^,  then  cos  «  /(«)  =  1 ;  and  &om  (5), 
COS */"(«)-■  sin  */"-'(*)- !^^J^  cos « /""V) 


*    1.3  ^   ^'> rasa       ^   (*)+■■•■ 
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which  gives  the  relation  bettreen  any  derived  fancUoQ  ftnd  Ha 

preceding  derived  ftiactions.    Thns  if 

i»  =  1,    fix)  =  9ec*tanjr, 

It  =  2,  /"(x)  =  2aecxttai*if+aecx, 


Ex.  2.  If /(x)  =  tan->*,  /'(*)  =  yt^' 
.-.     a  +  x^f{x)  =  li 
and  applying  to  this  the  formala  (5),  we  hare 

f*Hx)a  +  ^)+nf'(x)2x+^^^^^f~-Hx)2  =  0; 
.-.    /'*\x)=  -jJ-j{2«*/-(*)  +  n{«-l)/-i(*)}: 
whence  mnj  f{x),  /"(x),  ...  be  found. 

56.]  The  following  is  another  theorem  concerning  the  rela- 
tions between  functions  and  their  derived  fnnctions  which  holds 
good  when  the  subject  variablo  is  equicrescent. 
Since  by  (6),  Article  18, 

d.f{x)  =  /(*)  dx  =  fix  +  dx)  -fix), 
.-.     d*./(x)  =f"(x)dx*  =  fix  +  2dx)-2f(x+dx)  +/(x}, 
tP.f{x)=f"{x)d^  =  fix+Sdx)~a/(x+2dx)  +  Sfix+dx)-f(x}, 
and  so  on ;  wheace  by  an  inductive  proof  of  the  Bame  kind  as 
that  of  the  preceding  Article,  we  have 
d\/(x)=f-{x)dx- 
=:/{x+ndx}~l/{x  +  (n-l)dx}  +  ^^^^/{x+(n-2)dx} 

-...i~)'-i^f{x  +  dx)(-)'/[x}.  (6) 


Sbctiow  2. — Maclaurm'a  Tlteorffm  for  the  expantUm  of  an 

expUcit  function  qfone  variable. 
57.]  One  of  the  most  nsefol  applications  of  the  preceding 
theory  of  successive  differentiation  is  the  means  which  we  thence 
derive  of  expanding  explicit  functions  of  one  variable  in  ascend- 
ing powers  of  that  snt^ect  variable ;  at  least  when  such  an  ez- 
pannon  is  posnble.     And  although  at  the  present  stage  of  our 
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titifttiBe  we  are  not  able  to  iuvestigHte  all  the  conditions  <tf  noh 
a  poBsibilitj,  yet  doubtless  the  expansion  is  possible  under  the 
following  circum stances. 

Suppose  /(x)  to  be  a  function  of  x,  and  to  be  capable  of  ex- 
pansion io  a  aeries  of  ascending  powers  of  x,  of  the  form 

/{x)  =  Ao+AiX+Aiar»+  ...  +A«af"+  ...  (7) 

uid  suppose  the  series  to  be  subject  to  the  following  condifiooa : 

1st,  Ao,  Ab  Ai, ...  Ah,  ...  are  coostants,  and  to  be  determined. 

2nd,  Ao,  Ai,  Li, ...  A,» ...  do  not  become  infinite  for  any  value 
of  X  for  which  the  series  is  applied. 

3rd,  The  series  contains  no  terms  inTolring  negative  or  frac- 
tional powers  of  x. 

Then,  since 

f{x)  =  Ao  +  AiJF  +  Asit»+...  +A,ar"+  ... 

.-.    /'(«)  =  Ai  +  2Aaa:+3Asa*+... 
f"{x)  =  2a,  +  2.3a,*+... 
/"V)  =  2-3a»+... 


/»(«)  =  1JJ.3...  (n-l)nA,+  ... 
In  these  equations  let  £  =  0 ;  then,  since  by  the  second  and 
third  conditions  none  of  the  qnantitjes  assume  the  indeterminate 
form  S ,  or  become  infinite,  we  have 

/(0)  =  Ao,  .-.      A«=/(0), 


/'(0)  =  Ai,  .-.      A,='-f 

rm  =  1.2  a,, 
r'(0)=  1.2.8  A^ 


^»  =  T2-' 

_/"'(0) 


/"(O)  =  1.2.8... nA, 


/"(O) 


■    ""  ~  1.2.8.. 
Whence,  substitating  in  equation  (7),  we  have 

/W=/(0)+/-(0)|+/"(0)g  +  ...+/.(0)j^j|l^+., 

/(<'),/'(0,/"<0)... being  the  y«loe«of/(»), /'<«), /•'(»),  ...when 


(8) 
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This  aeries  was  discovered  by  Stirling,  tea  English  Mathe- 
matician of  the  early  part  of  the  last  century ;  but  having  been 
introduced  by  Maclaurin  into  his  Treatise  of  Fluxions,  has  been 
generally  called  by  his  name. 

58.]  For  certain  faactions  of  x,  such  as  those  of  the  form 
(a+d?)",  where  n  is  positive  and  integral,  the  derived-fiinctions 
will  vani^  after  a  certain  number  of  differentiations ;  and  tfaere- 
finre  the  number  of  terms  of  the  above  series  is  limited  in  SDch 
cases.  Generally  the  successively  derived>Amctions  are  fonc- 
tions  of  X,  and  the  series  is  continued  to  an  infinite  number  of 
terms ;  but  the  sum  of  alt  the  terms  after  the  nth  may  be  ex- 
1  as  follows,  by  an  algebraical  formula.     Since 


/W=/(0)+/-(0)^+/"(0)^  +  ,.,+/-.(0)j^53-^^-:j^ 
+-^'"<°'i.2/.'.T.+2)+-'°' 

the  sum  of  all  the  terms  after  the  nth 

=  ■^«"  ralb; +/"'<'"  i.i.s'Z+i)  *  - 
=  rob; '/"<»>+/""""  irfi 

-  {a  quantity  >/"{0)  and  </-(af)}  ;    (11) 


""  1JJ.3.. 

the  latter  factor  of  <10)  is,  I  say,  greater  than  /"(O),  because 
the  sum  of  the  series  is  algebraically  greater  than  its  first  term ; 
and  is  less  tlian/'>(d?),  because  by  reason  of  (9) 

/•(«)  =  /"(O)  +/-»'(0)  I  +/"*»(0)  ^  +  ... 

and  with  the  exception  of  the  first  term  of  this  series,  each 
term  of  it  is  greater  than  the  corresponding  term  of  the  series 
given  in  (10),  inasmuch  as  the  denominators  are  severally  less. 
Hence  representing  by  $  tome  positive  and  proper  fraction,  we 
may  symbolixe  (11)  by 
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for  the  latter  factor  is  too  small  when  0  =  0,  and  is  too  lai^ 
when  0  =  \. 

Hence  we  may  write  the  series  as  follows : 

f(x)  =  /(O)  +/;(0)  ~  +/"(0)  ^  + ...  +  i;2l!::i/"(''*)  i  (18) 

which  has  a  definite  nnmber  of  terms ;  and  therefore  the  only 
apparent  difference  in  the  absolnte  equality  of  the  two  sides  of 
the  equation  is  that  which  ariees  from  $  being  an  undetermined 
fraction  greater  than  lero  and  less  than  unity. 

As  this  series  however  is  of  great  importance  in  the  ^plica- 
tion of  the  Calculus,  the  proof  of  it  must  not  rest  ob  any  &lla- 
ciouB  assumption,  or  any  vague  limitations  which  may  be  too 
wide  or  too  narrow,  such  as  those  of  the  stated  conditions. 
Hence  arises  the  need  of  a  rigorous  and  exact  proof  of  it,  and 
of  one  which  will  limit  the  extent  of  its  applicability,  and  which 
will  be  given  hereafter;  and  therefore  the  explanation  of  the 
last  two  Articles  is  to  be  considered  only  as  yielding  a  presnmp- 
tiou  that  such  a  series  as  (13)  is  likely  to  be  true. 

59.J  Examples  of  Madaurin's  Theorem. 

Ex.  1.         Let 

fix)  =  ia  +  x)',  .-.   /(O)  =  a", 

f{x)  =  n(a+«)»-S  /(O)  =  na—\ 

/»  =  «(»-l)(a  +  «)-»,         /"(O)  =  »(»-l)a"-«, 

whence,  if  n  ia  positive  and  integral, 

/-(a:)  =  fi{f»-l)(n-2)...3JJ.l, /"(0)  =  n{n-l)(«-2)...S.2.1; 

+  ... +na«"~'  +  «";    (14) 
the  common  Binomial  Theorem,  which  is  therefore  a  particujar 
case  of  Madanrin's  Theorem. 
Ex.2. 

/W  =  '■,  ■■■   fm  =  1, 

/-(»)  =  f.  /-(O)  =  1, 

/■(»)  =  c.  /"(»»)  =  e"; 
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B%.S. 

/<0)  =  0, 

/■(»)  =  «.(»+5, 

/■(O)  =  1. 

/-W  =  m(«+2^), 

nO)  =  0, 

/•(X)  =  «n{x  +  ,l). 

/•(«.)  =  «■"  (»«+»!); 

«•             *■ 

•  •     "■"■  -  '      1.2.8  '  1.2.3.4.6 

-o£^,-^^^ 

i:^rM"^"l)-'''' 

El.4. 

/(,)  =  CO... 

:    /(0)  =  1. 

/•(,)  =  oo.(.+  |), 

/(O)  =  0, 

/•(«)  =  cue  l»+«5 


/"(»»)  = 


•  («*  + 


-oSrTi«»5^^nlb»'(--l)''^'> 


/(x)  =  Iog.(l+.),  .-.    /(0)  =  0, 

/'(»)  =  (1 +  .)-',  /'(0)  =  1, 

/"(*)  =  -(1 +  »)->,  ,/"(0)  =  -1, 

/•»  =  (-)•  1.2(1 +  »)-',       /'"(O)  =  1.2, 
/"(x)  =  (-)nj!.8(l  +  x)-<,     /"(O)  =  -1.2.3, 


/•(*)  =  (-)-"lJ!.3...<«-l)(l  +  «)-", 

/"(»«)  =  (-)-ilJ!.8...(n-l)(l+»»)-"i 


,.-.fri,_).-ii(_f_)".  (18) 
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El.  6. 
/(»)  =  till-'*,  /(O)  =  0, 

/"(»)  =  » (1  -  «•)- 1,  rm  =  0, 

/"'(«)  =  a-^-j-'+si-a-*-)-',       r'lO)  =  i, 

/"(»)  =  9»(l-«')-«  +  3.6»>(l-»')-*,     /™(0)  =  0, 
r(«)  =  9(l-»')-»  + /'(0)  =  9. 

The  general  derived-fimctioQ  19  of  too  complicated  a  form  to 

be  useful; 

•■•    •^"■'  =  '  +  03  +  1X03  + <•»> 

But  Bia-'ar  may  be  more  easily  expaaded  by  the  following 
artifice,  which  adapts  itself  to  those  fimctions  of  which  a  de< 
rived-fiiiiction  assames  an  algebraical  form. 

DifferentiatiDg  equation  (8),  Art.  57,  we  have 

/■(*)  =/'(O)+r(0)'+r'(0)^+/~(0)j^+ 

fl      M^      1.3.6    «• 
=  '+  2  +   i!>   1.2  +    2.    l.a.8+  ■•■■ 

I.3.».7...(2r-1)       a:'' 
■•"  2'  1.2.3.. 

whence,  equating  coefficients  of  the  same  power  of  «  in  the 
two  series,  we  bare 

/"(<))  =  1,  r(0)  =  o,  /-'(0)  =  ^,  fm  =  o, 

■^  '  '       2'      1.2    ■ 
,„.,,       _  1.8.5.7...  (2r-l)  1.2.3... (2r-l)2r 
J       ™  -  2'lJ8.3...(r-l)r 

whence  we  have 

_1:?_£L      1-8  1.2.8.4      »' 

^  2    1    1.2.8  ■•■  2"      1.2     ia.8.4.6  ■*■ 

1.8.5... (2r-l)  1.2.3.4... (2r-l)2r  »"■■>' 

2'  1.2.3... r  1.2.3. ..2i'(2i-+l)  "''■•• 


and  from  abore, 


;(31) 


=  ^+5 
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■•■    "'  =  '  +  ¥ +  13133  + 

1.8.5...(2r-l)«'"' 

+    2.4.6, ..2r(Sr+l)    + <^''' 

cos~^«,  tan~^a?,  log{l  +  jr),  are  other  fnnctionB  which  may  be 
conveniently  expaDded  by  this  method;  and  which  the  student 
is  recommended  to  apply  the  process  to. 

60.^  As  many  properties  of  some  series  which  have  been  er- 
panded  in  the  last  article  will  be  required  in  the  sequel  of  the 
Treatise,  it  is  moat  convenient  to  introduce  them  here,  though 
they  may  more  properly  he  coQBidered  to  belong  to  analytical 
trigonometry. 

By  an  imaginary  or  impossible  quantity  is  meant,  one  of  the 
^°™'  a  +  b./:^;  (28) 

a  and  b  being  symbols  of  positive  or  negative  possible  quanti- 
ties, and  the  symbol  •/^l  being  that,  which,  when  squared, 
is  equal  to  —1.  Two  such  expressioas,  which  differ  only  in  the 
sign  of  V  — 1,  are  said  to  be  eot^ugate  to  each  other ;  thus 

a  +  iV'— 1   and  a—bJ  —  X 
are  called  conjugate  imaginary  expressions ;  and  it  is  to  be  ob- 
served, that  the  product  of  two  aocfa  conjugate  expressions,  viz. 
(o+*  n/^)  {o-A  -Z^)  =  a»+fi'.  (24) 

Now  such  an  expression  as  (23)  may  always  be  put  under 
***^™  r(co8tf-hy^sin(l);  (25) 

in  which  case  r  is  called  the  moduiua  of  the  exiw^asion 
o+i-s/^.    For  let 

a  =  rcostf,"]  .■,    r*  =  o'+i',"] 

b  =  rm 

and  aa  a  and  b  are  possible  quantities,  a*  +£'  is  a  positive  quan- 
tity, and  therefore  r  is  possible ;  and  as  tan  0  passes  through  all 
values,  £rom  —  so  through  0  to  +  <» ,  as  0  increases  firom  —  ^ 
to  +  ^ ,  whatever  are  the  relative  signs  and  magnitudes  of  a 
and  b,  there  is  always  some  angle  between  —  g  and  ^  which 
will  satisfy  the  equation,  tan $=-',  ther^ore  the  sabstitatioiB 


a.9,\  tan  0  =  -;    f 
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made  for  a  &ad  b  are  possible,  and  therefore  a  +  b  V—l  11U17 
always  be  put  in  the  form  r  (cos  0  +  -J —  \  sin  6).    Also, 

sin  9  COB  B  1  <_      n     i>      ■  mi.  T 

—, —  =  = ,  by  Preliminary  Theorem  I. 

b  a         (a»  +  fi>}4'    ^ 

61.]  In  series  (15),  Art  69,  successirely  write  for  x,  x  -s/^ 
and  —X -/—%.',  then 


r-r  /—r^f,X*  X*  \ 

=  2co8*,  by  (17),  Art.  59;  (29) 

-«v:n'_e-.^=r  _  2  yHT  faf-    ^'    +  — ~ .  .  1 

c-  e  _*v      i^a:     i_2.3  +  IJJ.8.4.6  ' 

=  gy^sinjc,  by  (16),  Art.  59;  (80) 

.      e*-^-^  =  CO8JF+  v^^sina;  (31) 

e-*.^=  cosar-y^fflnar;  (82) 

whence,  by  division, 

,    >-r       cos»+\/— lain*       1+  -s/— 1  tan:p  . 

t         ^ , = 1      J      yp^i 

coax—  V— 1  wn «       1  —  ^—l  tan « 

and  taking  the  Napierian  logarithms  of  both  aides  of  the  equa^ 
tion,  we  have 

aafv'^  =  Iog(l  +  V^tan«)-l(^(l-y^tana:) 
(tanar)'        j — ^  (tana;)' 


I — =  ^  I  lan  X)-        J — 7 1 

4  5 


(t™»)'  /-T(tU.»)'  ) 


L-y=TSi 


the  series  being  expanded  by  equation  (18),  Art.  69;  whence, 
equating  impoarible  parts,  and  dividing  both  ndes  by  %•/—!, 
we  have 
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,=.to,-S5|^  +  ^'- ,  (34) 

vhicb  is  a  series  osefDl  for  the  calculation  of  t. 
Again,  hf  equation  <81), 

e"^-^ ^  eotx  +  \^— 1  sin*; 
.".    e''^-^  =  corny  +  -/—I  ainy; 
therefore  by  mnlliplication, 
j[*+ir>»Tr_  coaxcosy  — linaisiny 

+  \Arr  (cos  *  sin  y  +  cos  y  sin  a-),    (85) 
bat  g(**ti'/^  =  oo8{a;  +  y)  + y^8in(x+y);  (86) 

wherefore,  equating  the  posnble  and  impossible  parts  of  the 
equal  qnaatities  (85)  and  (86),  we  have  the  fandamental  trigo- 
nometrical formultt, 

cos(X'l-y)  =  cosjt cosy  — sin X  sin y,  (87) 

sin  (7  -I  y)  =  sin  X  eoi  y  +  cos  «  sin  y.  (88) 

Again, 
(co8xr+  •/— 1  siDx)(coay+  \/  —  1  sin  y)  (coa3'+  s/—l  sinz).., 

=  COS (ar  +  y  +  z+...)  +  -v/^ sin («+y  +  ^  +  . ..)".;  (89) 
whence,  ifjr  =  y  =  2=...  torn  quantities, 

(cos  X  +  V— 1  sin  *)■  =  cos  mx  +  -/— 1  sin  nt* ; 
in  a  similar  way  it  may  be  shewn  that 

(cos  *  —  -J—l  sin  «)"  =  cos  mx  —  •/'—X  sin  roar ; 
*  and  therefore  generally, 

(cos  X  +  -J—l  sin  x)"  =  cos  mx  +  ■/— 1  sin  mx ;         (40) 
which  is  De  Moine's  Theorem. 

By  these  processes  therefore  the  multiplication  of  a  series  of 
factors  of  the  form  cos  x  -f  v—l  sin  x,  and  therefore  of  all  iQi»- 
ginary  expressions,  is  reduced  to  the  addition  of  the  arcs  under 
the  circular  functions ;  and  the  involution  of  such  quantities  to 
the  mnltipHcation  of  the  area. 

62.]  Eqairalent  expresrion  of  (cos  x)*,  in  terms  of  the  cosines 
of  the  multiple  arcs. 
To  abbreviate  the  notation,  let  us  substitute  as  follows  : 
e'-/^  =  z,  ■]  c"'*'^  =  Z-, 
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.:.     2co8*  =  z+  -,               2  COS  mar  =  ^"+  — ,  (42) 

3  -/  — 1  anx  =  z ,       2  V— 1  sin  m*  =  j^ .  (48) 

Since  therefore  2  cosar  =  ^  +  -, 


2-(co8x)-  =  {z+^f 


«(«-l)     1       ,  „    I     ^   1 

"^         1.2         «"-*  "^"z-*  "^JT- 


;•.     (coaar)"  =  -^^^  <coena7  +  nco8(n— 2)d7 

+ ^TT^  ""'**"** '^+ ^  t*^> 

If  R  is  even,  say  =  2r,  there  are  2r  ■(- 1  terms  in  series  (44), 
ftr  of  which  will  give  rise  to  r  different  cosines,  viz.  cos  nx, , 
C03(fl— 2)J7, ...  cos  2^}  and  the  remaining  term,  which  is  the 
middle  one  of  the  series,  is  independent  of  x,  viz. 

,(«-l)(»-3)...(!  +  2)(|  +  l) 


But  if  n  is  odd,  say  =  2r  +  l,  the  series  will  have  2r  +  2  terms, 
which  may  be  combined  into  piurs ;  from  each  of  which  a  cosine 


cos(n~2)x, cosSar,  cos^. 

Two  examples  are  subjoined  to  iliustmte  the  method  of  ex- 
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Ex.  1.  To  expand  (cos  x)'  in  terms  of  tbe  cosines  of  tbe  mnl- 
tiple  arcs. 

•••     2coB;r  =  «+  -, 

.•,     (coBi)'  =  sj  {cofl6ar+6coa4a?  +  lBcoB2a?  +  10}, 

Ex.  2.   To  expand  (cob  x)*  in  terms  of  the  cosines  of  the  mol- 
tiple  arcs. 

•.-     2cosa:  =  z  +  -, 

2«(C08*)'=  (r«+i)  +  B(«>+l)+10(;r  +  i) 
=  2cos57+10cos8;r+20co8«, 

4< 

68.]  Equivalent  expresBion  of  (sin  x)*  in  terms  of  the  sines- 
and  cosines  of  tbe  multiple  arcs. 
By  (48),  Art.  62,  we  have 

2  V'— 1  sin«  =  z ; 

z 

.-.    2-(-l)B(sin*)-=  («-^)" 

,       b(«  — 1)         . 

=  »■->■»—+    '^^  '»-'- 

of  which  series  there  will  be  four  cases  according  as  n  ia  of  one 
or  other  of  the  fbrms  4r,  4r  +  l,  4r  +  2,  4r+8;  bat  it  is  not 
vorth  while  to  write  down  the  general  terms  of  the  series,  as 
particnlar  examples  will  be  better  solved  independently.    It  is 
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to  be  ob§nT«d  faovsvsr  tb«t,  if  n  ia  ev«n,.the  *mm  (46)  inwdves 

ooaines  ODiy;  wbereaa,  if  r  is  odd,  it  iarolvea  rioea  oaljr.    Two 

examples  are  lubjoined. 

Ex.  1.  To  expand  («ia  x)^  in  tenns  of  tbe  sines  of  the  mol- 

tiple  arcs. 

2^^^ainx  =  z--; 
e 

2»y^(sin*)«  =  z*-5z*  +  10z-10-  +  5\-^ 
^        '  e        z*      z* 

=  (.._^)-5(^-J,)+10(,-i) 

=  a^/3rBiB6*-10v'^8in8»  +  BO-/=l8inj^ 

.',    (sin^i?)'  =  -^  {BinSf  —  SsinSf  4-108inf}. 

Ex.  2.   To  expand  (sin  x)^  in  terms  of  tbe  couqes  of  tbe  mul- 
tiple area. 

-.■     2  -y  —  1  sin  a:  =  z 1 

z 

-2'(iiin^)<' =  (2r«  +  l)_6(^«  +  ;^)  +  15(z»  +  i)-20 

=  2cob6*  — 12co84«  +  80co8?a:— 20; 
.-.     (ainjr)'  =  ^-  {  — co3  6jr-|-6coa4dr  — 15cob2«4-10j. 

64.]  The  solution  of  tbe  equation  x"  —  1  =  0,  and  the  resolu- 
tion of  it  into  its  fitctors. 

B7  equation  (40),  Art.  61, 

(cos  X  +  */— T  sin  x)"  =  COB  mx  ±  -J —\  sin  19^ ;  (47) 
apd  this  equation  is  true,  whether  m  ia  positive  or  negative, 
integral  or  fractional.     For  tn  let  —  be  substituted,  and  for 

the  general  Bynbol  x,  let  x  +  ^kv  be  written,  it  Imng  a  whole 
manber,  so  that  (47)  becomes 

{cos  (j'  +  2*w)  + -/^  sin  (2f +  2*»)}» 

x+Zkv  ,     , — r-  .    j?  +  2*w     ,.-^ 


In  this  equation  let  2  =  0;   whereby,  as  co«2Air=:l  and 
.  Bin  2  Air  3=  0,  we  hare 
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(49) 


but  ifjr"~l  =  0,  jr  =  l*}  Bnd  therefore  the  sevend  valuea  of  x, 
or  Toota  of  the  equation  ^'—1  =  0,  nre  the  values  whii^  the 
right-hand  memher  of  (49)  admits  of.  Now  k  may  be  aojr 
whole  □umber ;  let  4hexefbre  succeMively 

*  =  0,      then     1"  =  CO80+  -J—l  siuO  =  1, 

*=I,       -    -    1"  =  cos —  +  v'— Ism  — , 

L       n  1^  4'         / — 1    -    4ir 

*=3,        -     -     I'^oot  —  +  •/— laiu  — , 


and  so  on,  until,  if  n  is  even, 
*=^       -     -     l' 


COS 5*±  v'— 1  sin w 

COB  v  +  'J-~\  sin  IT  =  —  1 ; 


(50) 


after  which  term  the  values  repar,  for  the  substitution  of  k  -f  1 
for  k  gives  the  same  values  of  1"  as  the  substitution  of  ^  —  1. 

And  if  n  is  odd,  the  substitutions  for  k  must  continue  until 
k  =  — K—  ;  in  which  case 

(I)"  =  cos w  +  v''  — 1  sin V,  (61) 

and  afterwards  the  values  recur;  and  thus  in  both  cases  we 
have  n,  and  only  n,  different  quantities  in  the  right-hand  mem- 
bers of  (50);  and  which  are  the  values  of  (1)",  and  are  the 
roots  of  the  equation  a?*  — 1  =  0.  Hence  idso  it  appears  that 
^r"—  1  =E  0  has  n,  and  only  n,  different  roots. 

A  complete  discussion  of  the  properties  of  these  roots  of  unity 
would  be  out  of  place  in  this  treatise ;  and  would  be  unoecea- 
aary,  inasmnch  as  more  than  we  could  insert  is  contained  in 
Peacock's  Algebra,  Vol.  II,  Chaptere  XXIII,  XXIV,  XXV,  and 
XLV,  Cambridge,  1845.  I  most  however  observe  on  the  foroi 
(tf  the  roots  given  in  (50). 

Since  by  (81)  and  (S2), 
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cos  x±  V*— 1  Bin  X  =  e±"'-^, 
the  roots  given  in  the  right-haad  memhen  of  (50)  are  eqnal  to 

g±oyri_      e='=T*'-',      e^T"^"', e±"^i, 

if  n  is  even  j  and  to 

^±0^1^     e*T-^S e^''-ir"^\ 

if  n  is  odd  ;  the  first  terms  of  these  series  are  evidently  nnity ; 
and  the  last  term  of  the  former  series  is  —1 ;  and  the  roots  in 
hoth  series  are  in  geometrical  progression ;  and  are  the  powers 
of  e*"    "' ;  the  roots  therefore  are  of  the  form 

a  heing  such  that,  if  »  is  even,  a"-'  =  —1. 
Let  us  take  one  or  two  examples. 
Ex.1.   To  find  the  roots  of  ar»-l  =  0. 
In  tills  case  r  =  3 ;  and  we  have  from  (50) 

(1)*  =  1 

Sit  ,      r—j    .    2» 
=  008-g-  +  V  — 1  wn-g-; 

and  if  the  roots  we  expressed  in  the  exponential  form 
(D*  =  e±«-^  =  1 

Er.  2.   Tofindtherootsof  *«— 1  =  0. 
In  this  case  we  have  n  =  6 ;  and 

(1)*  =  cosO±  ■/—itsaiQ       =  eiO'^  =  1 
=  cos^±^/3Trin^       =,±f^' 

=  coa-s-  +  V— lsin-5-  =  c*  s 
=  cos  w+  ■/— 1  tAa.1t      =  e^'-^-^  =  —1. 
Thus  we  may  resolve  ar"— 1  into  its  factors;  by  reason  of 
the  roots  in  group  (50),  corresponding  to  ^  =  0,  there  is  a  factor 
0—1;  corresponding  to  ;t  =  l,  there  are  two  factors,  vis. 

a?  — (cos L  V  —  1  sin  —  J,  and  a?— (cos V— 1  sin  —  1, 

\        n  n  '  'n  n' 

which  may  be  compounded  into  the  quadratic  factor, 

2ir 
dj^  — 2a:co8 hi  J 
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■unOarly  may  each  of  tlie  other  pairs  of  simple  Actors  be  com- 
pounded into  a  quadratic  factor ;  and  tbe  last  factor,  if  n  is 
eren,  is  «  + 1.     So  that,  if  n  is  even, 

f~l  =  («-l)  («»-2;rcOB— +  l)  (*»_2«co8  — +  l) 

"'"*  >t  +  l)[x  +  l).  (52) 


(jf*  — 2arco8  - 


And,  if  n  is  odd, 

*"-l  =  <jp-l)(«»-2«co8— +l)(«»-2jfcos~+l) 

(*»_2*co8^^w+l).  (58) 

*•-!  =  {«-l)(*«-2irc08|  +  l)(jJ-2^cos^  +  l)(x+I). 

66.3  The  Bolation  of  the  equation  «"+l  =  0,  aad  the  resoln- 
tion  of  it  into  its  factors. 

In  the  general  equation  (48),  let  x  =  v;  then,  since 
cos  (2i  +  l)ir  =  —1,  and  sin  (2it  +  l)gT  =  0, 


{-!)' 


(54) 


bat  if  j^'  +  lsO,  x=z(  —  l)';  and  therefore  the  several  valoes 
of  X,  or  roots  of  the  equation  d:"+ 1  =  0,  are  the  values  whidi 
the  right-hand  member  of  equation  (64)  admits  of.  Now  k  may 
be  any  integral  number ;  let  therefore 

i  =  0,    then     (-1)"  =  cos- ±  ^/^6in-, 
*=1,     -     -     (-l)==coB-  +  y^sin^, 


until,  if  n  is  even, 

k  =  ^—l,    -    (  — 1)"  =  cos ir+ V— lain 

after  which  the  values  recur,  for  the  substitution  of  ^  for  k 

-  n 

gives  the  same  values  of  (  —  1)"  as  the  subatitutioQ  of  ^—1} 
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and  the  anbititution  of  „  + 1  tor  k  gives  the  same  vhlaes  ot 
( — 1 ) "  as  tlie  substitution  of  =  —  2 ;  and  ao  on. 

And  if  n  ia  odd,  the  snbatitutioiM  for  k  nraat  contioue  until 
i—  —-J—,  then  (—1)"  =  cos ir+  \^  — 1  »in », 

it=^,   -    -  C-D- =  coaw  +  y-lainff  =  -1, 

after  which  the  values  recur ;  and  thus  in  both  cases  we  have  n, 

1^ 
And  only  n,  different  valuea  of  (  — I)";  and  therefore  £"4!  =0 
has  n,  and  only  n,  different  roots. 

These  roots  may  he  expreased  in  the  exponential  form,  in  tlie 
same  way  as  those  conaidered  in  the  preceding  Article;  hut  as 
the  results  are  similar  it  is  unnecessary  to  write  them  at  lengtb. 

Let  us  consider  one  or  two  examples. 
-  Ex.1.  Find  the  roots  of  «*  + 1=0. 

In  this  case  n  =  4,  and  from  (55)  we  have 

(—1)*  =  cos  2"  +  V—  1  s"i  T 

3ir         , — ^    .    3v 
I  =  coa  -T-  +  V  —  1  sin  -7- . 

4  —  4 

.   Ex.  2.    Find  the  roots  of  a^*  + 1  =  0. 

;   Id  this  caae  n  =  5]  and  from  (66)  we  have 

(—1)*  =  cos=  +  \/— 1  sittg 

Sir         ,—i    .    Sir 
=  Coa-=-+  V— lain-g- 

=;  COS  Tt  +  •/— 1  sin  IT  =   —  1 . 

r    ThuB  also  may  :r"  + 1  =  0  be  resolved  into  its  factors;  for 

by  reason  of  the  roots  tn  group  (55),  corresponding  to  i  =  0, 

there  are  two  fectora,   viz.   x  —  (cos  -  +  >/— 1  ain-).  and 

jf  —  f coa \^— 1  ain  -I,   which   may  be  compounded   into 

a  quadratic  factor  jt*  — 2ar  coa -  +  1.    Similarly  may  each  of 
the  other  pairs  of  factora  corresponding  to  A  =  I ,  k  =  2, 
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4  =  ^—1  be  compounded  into  a  quadratic  iactor ;  bo  that,  if 

n  is  even, 

x'  +  l  =  (*»-2*co8-  +  l)  («»-2*co«— +1) 

(x*-ixem'^v  +  l).  (57) 

Similarly,  if  n  is  odd,  there  are  qnadratic  fiicton  correspond- 
ing to  jt=0,  it  =1,  *=2, ...  jl=^~;  and  vlien;t=^^,aa 
appears  by  (56),  there  is  a  simple  &ctor  «  + 1 ;  so  that 
ar*  +  l  =  (^*— 2;F<!Oi-  +  l)  (a?*— 2*008  — +l) 

(*«_2»co«I^T  +  l)(«+l).   (58) 

Thin 
*•  +  !  =  (*»-3«cos^  +  l)  (x'~2a;cM~  +  l)  (x  +  l), 

*»  +  l  =  (»»-2*co8^  +  l)  {*»-2*co8^  +  l)  (flT'-3«co«^  +1). 

66.]  If  the  problem  is  to  resolve  x'—a*,  and  af"  +  a"  into 
their  fitctors,  then,  since 

a?»_o"  =  0,  ar  =  o(l)"; 

and        «"+o"  =  0,  ;r  =  a(— !)■; 

BO  that,  in  both  cases,  there  will  be  h  different  valnes  of  it, 

arising  from  the  n  different  values  of  (1)"  and  of  (—I)',  which 
have  been  fbnnd  above. 

67.]  On  the  imaginary  logarithma  of  positive  and  negative 
nnmbers. 

One  of  the  most  remarkable  results  of  oor  admission  into 
the  subjects  of  the  Calculus  of  such  quantities  and  symbols  as 
we  are  now  coDsidering,  is  the  extension  which  they  afford  to  the 
theory  of  logarithms.  In  ordinary  treatiaes  on  logarithms  it  is 
shewn  that  the  logarithm  of  0  is  —  co  ;  of  1  is  0 ;  and  of  +  «> 
is  +  Qo  ;  BO  that  the  whole  range  of  possible  number  from 
—  ao  to  +  ao  is  exhausted  in  the  logarithms  of  number  be- 
tween 0  and  +  00  ;  what  then  is  the  form  of  logarithm  of  nega< 
tive  numbers?  The  preceding  theory  enables  us  to  give  some 
answer  to  this  question. 
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Since,  by  equation  (31),  Art.  61, 

cos  a?  +  ^/— i  mux  =  e"^~^, 
for  a?  let  us  write  x  +  Zkn,  k  being  any  integer; 

,-.     cosix-\-2kT!)  +  V^smiie+ftkit)  =  eU+»»)^=r_     (59^ 
liCt        X  =  0,  .-.     1  =  ««*"^;  (60) 

a-  =  ■JT,  -1  =  «(»»+«»^=r;  (61) 

in  which  remarkable  results  it  must  be  remembered  that  e 
and  It  are  severally  the  symbols  of  the  arithmetical  numbers 
2.7182818  and  3.14159.  Therefore  from  (60)  it  follows,  that 
2*5rv'  — 1  is  the  general  Napierian  Ic^rithm  of  1,  and 
(2*  +  l)wy— i  of  —1;  and  therefore 

2*l^^/^  =  log,l,  (62) 

^2k  +  \)■n^/^-i  =  log.(-l).  (68) 

Id  (62),  if  A  =  0,  log,  1  =  0,  which  is  the  common  arithmetical 
logarithm  of  1 ;  but  as  k  may  be  any  lateral  number,  it  fol- 
lows that  + 1  has  au  infinite  number  of  Napierian  logarithms, 
all  of  which,  except  0,  are  affected  with  V— 1 ;  hence  also  it 
follows,  that  every  positive  number  has  an  infinite  number  of 
logarithms  to  the  same  base.  For  suppose  x  to  be  the  arith- 
metical Napierian  logarithm  of  y,  so  that 
y  =  «•; 
then     y  =  e'xl  =  e'xe""'^=  e('+"-''^';  (64) 

therefore  J!+  2Aw  ■J—\  is  the  general  Napierian  logarithm  of  y, 
which  we  will  represent  by  Log^y;  and  let  us  represent  the 
arithmetical  logarithm  by  log,  y ; 

.-.     Log,y  =  log,y-|-2*Jr^/^;  (65) 

hence  the  arithmetical  logarithm  is  the  particular  value  of  the 
general  logarithm  corresponding  to  k  =  (i. 


Log„y 


Log,  a ' 


.-.    Log.!,  =  '"§■?+ "]^^7'  ;  (««) 

and  therefore,  whatever  is  the  base,  every  number  has  an  infi- 
nite number  of  logarithms  to  that  base. 

Again,  in  equation  (63),  since  i  is  to  be  an  integer,  it  follows, 
that  log,(  — 1)  can  never  be  a  possible  quantity,  and  therefore 
—  1  has  no  arithmetical  logarithm;  yet,  since  k  may  be  any 
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integer,  every  Degative  number  has  an  infiDite  number  of  Na- 
]nerian  l(^:turithmB,  and  therefore  of  It^arithms  to  any  other 
base,  all  of  which  are  affected  with  v— 1. 
In  equation  (63),  let  k  =  0, 

.-.     ,ry^  =log,{-l);  (67) 

and  more  generally, 

1q&(-" 


two  of  the  moat  curious  results  in  Analysis ;  in  which  however, 
and  in  all  similar  expressions,  we  must  bear  in  mind  that  e  and 
a-  are  the  symbolical  representations  of  certain  series,  and  are 
therefore  to  be  interpreted  with  respect  to  them;  and  in  an 
algebraical  system  of  course,  which  admits  them  amongst  those 
quantitiea  whose  laws  and  combinatioiu  it  takes  cognisance  of. 


Sbctiok  3. — Theory  of  the  Equicrescent  Variable,  and 
Taylor's  8erie». 
68.}  In  the  two  preceding  Sections  of  this  Chapter  we  have 
considered  certain  theorems  which  arise  from  an  algebraical 
relation  between  /(x)  and  its  several  and  successive  derived- 
functions  ;  but  as  these  have  been  formed  on  an  unexplained 
hypothesis  of  x  increasing  by  equal  increments,  by  virtue  of 
which  X  has  been  called  the  eqmcregcenl  variable,  an  adequate 
conception  of  the  subject  requires  a  discussion  at  greater  length. 
We  shall  reserve  other  important  algebraical  relations  to  the 
succeeding  Chapter. 

Let  y  =  f{x)  be  an  explicit  function  of  x,  finite  and  con- 
tinuont  for  all  values  of  x  under  which  we  consider  it ;  whether 
any  other  values  may  make  it  infinite  or  discontinuous  is  what 
we  are  not  concerned  with. 

Let  X  receive  so  increment  dx,  so  that,  in  accordance  with 
Art.  17,  y  becomes  y-\-dy,  and  we  have 

y+dy=f{x  +  dx).  (69) 

And  let  x  receive  another  increment,  not  necessarily  equal  to 
dx;  and  let  it  be  dx  +  d.dx  =  dx  +  d'x;  so  that  we  have 
y  +  dy  +  d(s  +  dy)  =  f{x  +  dx+d(x  +  dx)], 

y  +  2dy  +  d*y  ^  f(x+2dx+d*x).  (70) 
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And  again,  let  x  receive  another  increment  not  eqaal  to  the 
former  ones;  and  so  on,  whereby  the  following  series  of  equa- 
tions will  he  formed ; 

y  =  /W, 

y  +  djf  =f(x+dx), 

y  +  2dy  +  d'y  = /(x+2dx+d*x), 

y  +  8dy+3rf»y  +  rf'y  =  /(x  +  5dx+Sd*x  +  d'x), 


«(n-l)(n-2)  „ 


(71) 


=  f{x+ndx  +  ^^^^j^d*x  + }; 

the  last  general  expression  in  which  group  may  be  shewn  to  be 
true  for  all  positive  and  integral  values  of  n,  by  a  method  simi- 
lar to  that  employed  in  Art.  55. 

Hereby  are  determined  the  several  and  saccessive  complete 
variations  of  an  explicit  function  of  x,  corresponding  to  the  suc- 
cessive valnes  of  the  variable ;  but  the  general  result  is  much 
shortened  by  making  x  equicrescent. 

69.3  Let  all  the  dx's  he  equal,  so  that  d'x,  which  is  the  in- 
crement of  one  dx  over  the  preceding  dx,  is  equal  to  zero ;  and 
simUarly         ^^^  ^  ^,^  ^         =  rf-x  =  ...  =  0; 

whereby  the  last  equation  of  (71)  becomes 

..           .  ,                I       n(n  — 1)  „       n(n  — l)(n— 2)  _  ,_„, 

fix+ndx)  =  y  +  ndy+    ^^^   'dh,+         ^£^ '-dh,+  ...  (72) 

Thus  the  distinguishing  character  of  an  equicrescent  variable 
is  that  all  its  differentials  alter  the  first  vanish.  And  as  this 
condition  is  of  the  greatest  importance  in  the  application  of  In- 
.  finitesimal  Calculus  to  questions  of  Geometry  and  Physics,  it 
is  good  to  illustrate  it  before  we  proceed  to  discuss  its  other 
properties. 

Suppose  that  we  are  considering  any  function  of  x  between 
the  values  x„  and  xo,  x„  being  the  greater  of  the  two,  and  the 
function  remaining  finite  and  continuous  for  all  values  of  x 
between  these  limits;  let  us  resolve  the  difference  x^—Xq  into 
small  elements,  the  number  of  them  being  of  course  infinite, 
when  each  element  is  infinitesimal;  let  dx  be  the  type  of  each 
element.    It  is  at  once  manifest  that  all  the  elements  need  not 
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be  eqnal;  that  is,  all  the  eU^s  are  not  Decesaarily  equal.  And  if 
they  are  notj  there  will  be  an  excess  of  one  over  another  \  that 
is,  there  will  be  a  d*x.  Neither  again  need  all  the  rfVs  be 
eqnal ;  that  is,  the  dj^i  need  not  be  eqnicrescent ;  but  if  they 
are  not,  there  will  be  an  increment  of  one  d^x  over  another 
d*x ;  that  is,  there  will  be  a  d.d*x  or  a  d*x.  And  similarly  with 
r^ard  to  the  other  differentials.  Bnt  if  we  once  introdace  the 
condition  that  a  differential  of  any  order  shall  be  resolved  into 
elements  which  are  all  equal  to  one  another,  then  all  the  sub- 
sequent differentials  vanish ;  and  thus,  if  all  the  fix's  are  equal, 

"  't""^  d:  =  d>x  =  ...  =  0. 

Or  again,  conceive  a  small  body,  as  a  billiard-ball,  to  move 
over  a  finite  distance  in  a  straight  line  in  a  finite  time ;  consider 
the  straight  line  to  be  the  axis  of  x,  and  a  certain  point  in  it  to 
be  taken  for  the  origin ;  let  the  body  at  the  beginning  of  a  cer- 
tain time  be  at  a  distance  ^0  from  the  origin,  and  at  the  end  of 
the  time  be  at  a  distance  t^,  and  conceive  the  time  of  its  pass- 
ing over  the  distance  x^—Xd  to  be  t;  resolve  this  time  into 
equal  elements  iU,  and  the  space  ^n  — ^0  into  corresponding 
elements,  of  each  of  which  the  type  is  dx.  If  the  body  moves 
tbroogh  the  whole  space  at  the  same  rate,  viz.  with  the  same 
Telocity,  then,  during  equal  times  dt,  equal  spaces  dx  will  be 
described ;  bat  if  the  velocity  varies,  equal  spaces  will  not  be 
passed  over  iu  equal  times.  On  the  first  supposition  all  the 
dir's  will  be  equal,  therefore  d*x  =  0,  and  7  is  an  eqnicrescent 
variable ;  on  the  second,  the  da^i  vary,  and  d*x,  which  is  the 
increment  of  one  dx  passed  over  in  a  time  dt,  over  another  dx 
passed  over  in  the  preceding  or  succeeding  time  dt,  as  the  case 
may  be,  is  the  measure  of  the  increase  of  the  rate  of  motion. 
If  then  all  the  d*xfn  are  equal,  we  say  that  the  velocity  of  mo- 
tion is  continually  increasing,  and  at  a  constant  rate;  bat  if 
d*x  is  not  constant,  then  the  rate  of  increase  of  the  velocity  of 
the  ball  is  no  longer  constant,  but  varies  according  to  some  law 
on  which  the  rate  of  increase  depends.  It  will  be  observed, 
however,  that  if  the  whole  time  of  motion  is  resblved  into  equal 
elements  dt,  the  supposition  of  x  being  equicrescent  is  incom- 
patible with  a  varying  velocity. 

Hence  too  it  is  clear,  that  generally  we  are  not  at  liberty  to 
assume  more  than  one  of  the  variables  to  increase  or  decrease 
by  equal  augments ;  for  in  the  case  above,  if  we  resolve  the 
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time  into  eqaal  elemenU,  then,  in  general,  nnequal  spaces  will 
be  passed  over  in  equal  times,  and  ve  caDUot  consider  all  the 
day's  to  be  equal,  and  therefore  we  cannot  make  d*x  =  0 ;  and 
if  we  resolve  the  distance  into  equal  partSj  then,  if  the  reloci^ 
varies,  these  equal  spaces  will  be  passed  over  in  unequal  times, 
and  therefore  all  the  dt'a  will  not  be  equal,  and  we  cannot  put 
d*i  =  0.  In  general,  however,  we  are  at  liberty  to  choose  for 
an  equicrescent  variable  whichever  is  most  convenient. 

70.]  Let  us  now  consider  in  what  manner  these  assumptions 
modify  the  equations  of  derived-functions  in  Art.  54.  In  the 
series  there  given  we  have 

y  =  /(*).  dy  =  f'{x)  dx. 

Now  considering  f'{x)  dx  to  be  the  product  of  two  variable 
quantities,  and  differentiating  it  as  such;  and,  in  accordance 
with  the  former  notation,  making  f"{x)  (£r  to  be  the  symbol  for 
d.f'{x)  and  f"'{x)  dx  for  d.f"(x),  and  so  on ;  we  have 
rfV  =  f"(x)  dx*-\.f{x)  d^x. 
d'tf  =  J"'(x)  da?  +  Zf'ix)  dx  d'x+f'(x)  rf»*, 
d*p  =  /"(jr)  dx* + 6f"\x)  dx*d*x+ 3/"(af )  {d^x)* 

+  4f"(x)dxd^x+/'(x)  d*x, 

Let  X  be  eqnierescent ;  that  is,  let  dar  be  constant ;  whence 

d*x=0,  d'x  =  0, J 

.-,     dy  =f'{x)dx, 
d*y  =  fix)  dx\ 
d^y  =  f"'(x)  dx^. 
d*x  =  /'"{x)  dx\ 


.■ .    fix),  or  its  equivalent  -~ ,  is  derived  from  f'(x),  on  the 

supposition  that  x  is  the  equicrescent  variable ; 

d'y 
f"\x),  or  its  equivalent  -j-f-,  is  derived  frojaf'(x),  on  the 

same  supposition; 

and/''(a:)  =  -j-^  is  derived  from /"-'(a:),  on  the  same  sup- 
position. 

Whenever  therefore  we  meet  with  these  or  similar  symbols, 
it  is  to  be  borne  in  mind  that  they  have  been  successively  de- 
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rived  OQ  the  auppoutioD  that  the  variable  ;r,  that  is  the  variable 
in  the  denominator,  is  equicrescent. 

71.]  To  retom  to  equation  (72),  Art.  69.  Let  the  whole 
qoaotity  by  which  x  is  increased  be  finite,  and  be  A ;  bo  tfaat 
ndx  =  h;  and  therefore  as  tfa  is  an  infinitesimal,  n  is  an  infinity 
of  the  same  order,  Art.  8 ;  whence  we  have 

»=A,  (73, 

and  by  sobstitntion  in  equation  (73), 

A(A_i) 

/(I+4)  =  y  +  ^iy+ j-j d'f 

dx^dx        I  \dx        I     . 

+ ^^^ i'y  + (M) 

,,       .  ,dy      h(h—dx)  d'y 

t(t-<fa)(4-2<fc)  d'g 

"^  1.2.8  (i»»  + '  ""' 

aod  as  dx  is  iafiDitesimal,  we  must  omit  in  tbe  several  nume- 
raton  the  infinitesimals  wliicb  are  subtracted  from  tbe  finite 

quantities;  and  if  we  replace  y,  -^,  -3^ ^7  fix),  f'{x), 

fXx) ,  we  have 

fix  +  *)  =  /(»)  +  hf(x)  +  ^/»  +  J^/'"  W  +  ■  ■  ■ 

a  series  known  by  the  name  of  Taylor's  Series,  having  been  dis- 
covered by  Dr.  Brook  Taj'lor,  and  first  given  in  his  "  Methodua 
Incrementorum"  in  the  year  1715.  It  is  however  of  the  utmost 
importance  that  the  conditions  and  extent  of  ita  applicability 
should  be  accurately  determined,  and  so  another  and  more 
exact  proof  will  be  given  hereafter;  and  the  above  may  be  con> 
sidered  in  the  light  of  a  presumption,  that  such  a  relation  as 
equation  (76)  is  likely  to  be  true. 

72.]  In  certain  cases  wherein  a  derived-function  becomes  a 
constant,  and  therefore  the  subsequent  derived-functions  vanish, 
the  number  of  terms  of  the  seizes  (76)  is  finite ;  but  generally 
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tbe  successively  deriTed-functioDs  are  functions  of  x,  and  the 
series  is  continued  to  an  infinite  number  of  terms ;  but  the  sum 
of  all  the  terms  alter  the  nth  may  be  expressed  aa  follows  by  an 
algebraical  formula,  and  thus  proved  to  have  a  value  contained 
within  certain  determinable  limits :  since 

/is  +  h)  =  fix)  +  \f'{x)  +  ^/"  (g)  +  -  +  i^.3*'^l_i)/'"'t^) 


"^  1.2.8. ..n-'  ■■  ''^1.2.3...{»+1)-' 
therefore  the  sum  of  all  the  terms  after  the  nth  is  equal  to 

/■W+m,     /■■.n/"'W  + 


1.2.8. ..!>■'  ^'^  1.2.3. ..(»  +  !)■ 
h' 


=rasb|-^<'>+^-^""<'>+(STi)(rf2j/-"<'>+---|<™' 

~lJW —  ^**"®  quantity  >/"{»)  and  </"(a:  +  A)} ;         (79) 

the  latter  &ctoi  of  {78)  is  I  say  greater  than/"(j)r),  because 
tiie  algebraical  sum  of  such  a  series  of  terms  is  greater  than 
its  first  term ;  and  it  is  less  than  /"  (x + A),  because  if  equation 
(77)  is  derivated  n  times,  there  results 

/-(*  +  A)  ^fix)  +  jf'*H'f)  +  ~f-*Hx)+^f'**(x)  +  ...  ; 

and  with  the  exception  of  the  first  term  of  this  series,  every 
term  is  greater  than  the  corresponding  term  of  the  series  in  tbe 
latter  factor  of  (78),  because,  the  numerator  of  tbe  fractions 
being  the  same,  the  denominators  are  severally  less.  Hence 
representing  by  0  gome  positive  and  proper  fraction,  that  is, 
some  number  greater  than  zero  and  less  than  unity,  we  may 
symbolize  (79)  by  ., 

for  (80)  is  too  small  when  0  =  0,  aod  is  too  large  when  d  =  1 ; 
hence  some  value  of  0  between  0  and  1  will  give  the  correct 
value.    Thus  Taylor's  Series  becomes 

fix  +  h)  =/{x)  +  ^r(.x)+~f"(x)  +  ... 

As  the  right-hand  member  of  tbe  equation  has  a  determinate 
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number  of  terms,  the  only  differeDce  Id  the  absolute  equality  of 
tix  two  sides  of  the  equation  is  that  which  arises  from  6  being 
so  ondetermined  fraction,  fMon  between  0  and  I.  The  last  tenn 
<^  (81)  is  called  the  Umit  of  Taylor's  Series. 

78.]  Examples  of  Taylor's  Series. 

Ex.1.  /(*)  =  Ic^x. 

fij;)  =  i  =  T-\ 
/"(#)  =  (-)*-», 


fix)  =  (-)->liJ.8...(»-l).t 
log,(^+A)  =  log,^  +  --^  +  3^- ... 


+  1.8*3'...>t'""  (*+^*  +  »i)-  (8!*) 


El.  8.  /(«)  =  tan-ijr. 

*-     w        I,        ^     .  1       *  2*       A* 

2(8g*-l)     A» 


^  <l+ar»)'  1.2.3  ^■■"  '  ' 
By  the  method  of  Ex.  5,  Art.  S4,  if  j?  =  cot  <t>,  the  nth  derived- 
fimction  of  tan~>  x  is  found  to  be 

(-)»-» 1.2.8  ...  («-l)  (sin^)"  Binni^ 
by  means  of  which  the  limit  of  (83)  may  be  determined. 

Ex.  4,  Given /(jr+y)=/(a?)+/(y),  where  x  and  y  are  in- 
dependent of  each  other ;  it  is  required  to  find  the  form  of  the 
function. 

Expanding /(«+sr)  by  Taylor's  Series,  we  have 
/W+/(y)  =/(a^  +  y) 

FBIC8.  VOL.  I.  R 
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■■■  /(y)  =/'<'>i+/"(»')rf +•'""<*'&  +  ■••' 

now  R8  X  and  y  are  independent  of  each  otlier,  the  form  <^  the 
fuDction  of  y  does  not  depend  on  x;  therefcffe  s  and  all  func- 
tions of  X  are  constant  with  respect  to  y.    Hence  we  may  put 
fix)  =  B.  constant  =  a ; 
.-.     f"(x)  =f"\x)  =  =0; 

.'.  f{y)  =  «y; 

whence  also      f{x)  =  ax,    and    /(x+y)  =  a(a!  +  y); 
a  resnlt  which  palpably  aatiafies  the  required  conditions. 

Ex.  5.  f{x-\-y)  =/(«)x/(y),  where  x  and  y  are  independ- 
ent ;  to  determine  the  form  of  the  function. 

Expanding  as  before,  we  have 

fix)  x/Cy)  =  fix)+f'(x)\  +r(*)  ^  +/'»l£  +  -  ' 

ny)  -'  +  /(,)  1  +  /(J.)  1.2  +  /(a:)  1.2.8  ^  - ' 

for  the  same  reason  as  in  the  last  example,  let 


.ay      a'«*       fl'ff* 


1.2.8^ 

=  e*; 
.-.     alao  /(*)  =  e",     and    f{x+y)  =  e"f+*>; 
.-.    /(!+»)  =  e"  X  e"  =  /(»)  x/W, 
which  satiafiea  the  reqoired  condition. 

By  a  simihir  process  let  the  student  prove  that,  if 
/<»  +  »)+/(»-!f)  =  2/(»)x/(!f),        /(»)  =  co.o». 
And  if  fixy)  =  /(»)  +/(y),  /(»)  =  log.  a; ; 

in  the  last  example  he  will  find  it  convenient  to  assume  y  =  1  +  -, 
where  h  is  undetermined. 
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74.]   Also  (81)  may  take  another  form.     For  k  let  a—x  be 
sabstitQted ;  then  we  have 

/(.)  =/(»)+/■(,)  ?=^+/"(x)"-^'  +  ... 

and  let  a  aad  x  be  mutually  interchanged ;  tUen 
/(»)  =/(..) +/•(«)  i^  +/»  !i=^'  +  ... 

...+/■(«  +  «(*-«))  j'^^,  (84) 

whereby  any  function  of  x,  which  ia  capable  of  expaosion  in 
the  form,  is  expanded  in  aacending  powers  of  ;r~a. 
Ai  an  example,  let /(j?)  =  logo:;  then 

I  IX— a\^      1  /x—a\^ 
^-2(-l-)-^3(-5-)--- 

'      n-iv    a    '      ^     '       n\a  +  e(x~ay 


Sbction  4. — Chanffe  of  the  eqmcretcent  variable,  and  tram- 
formation  of  differential  expresriona. 

75.]  From  the  snpposition  which  we  are  at  liberty  to  make 
that  one  of  the  variablea  involved  In  an  equation  ihould  increase 
by  equal  increments,  and  therefore  that  the  several  difTerentials 
of  it,  after  the  first,  should  vanish,  problems  such  as  the  follow- 
ing arise : 

(1)  Suppose  y  =f(x),  and  that  an  expression  is  given  involv- 
ing X,  y,  and  some  of  the  derived-functions  or  differential  coeffi- 
cients which  have  been  calculated  on  the  sappositioa  that  one 
of  the  variables  is  equicrescent ;  to  change  the  equation  into  its 
equivalent,  when  neither  of  the  variables  is  equicrescent.    Or 

(2)  To  transform  it  into  its  equivalent,  when  the  other  vari- 
able is  equicrescent.     Or 

(3)  An  expression  being  given  involving  a  variable,  which 
is  either  equicrescent  or  not,  and  its  difiTerentials,  and  also  an 
eqnation  being  given  connecting  this  variable  with  some  other 
new  variable ;  to  eliminate  the  old  variable  and  its  differentials 
by  means  of  these  two  equations,  and  to  replace  them  in  the 
original  equation  by  their  equivalents  in  terms  of  the  new  vari- 
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able :  the  new  variable  being  equicrescent  or  not,  a«  tbe  case 
may  be.     Or 

(4)  It  mav  be  required  to  replace  the  variables  and  thdr 
differentials  in  a  given  differential  expression,  by  their  equiva- 
lents in  terms  of  new  variables,  which  are  connected  with  the 
old  variables  by  means  of  a  sufficient  number  of  given  equa- 
tions :  the  old  and  the  new  variables  being  equicrescent  or  not, 
as  the  case  may  be. 

AH  these  several  processes  involve  transformations  of  differ- 
ential expressions,  and  because  such  expressions  commonly  in- 
volve second  and  higher  differentials,  and  one  of  the  variables 
has  been  assumed  to  be  equicrescent,  they  are  called  changes  of 
the  equicrescent  variable.  The  method  of  effecting  them  is  the 
same  in  all  cases,  viz. 

To  replace  the  expression,  which  has  been  simplified  by  the 
condition  of  a  variable  being  eqnicrescent,  by  its  complete  valae 
when  no  such  modification  has  been  made,  and  then  to  intro- 
dnce  the  other  conditions  which  the  problem  requires. 

76.3  Thus  to  solve  the  first  two  of  the  fonr  cases  above. 

Let  tbe  given  expression  involve  x,  y,  -^,  7-f  > ;  tbe 

differential  coefficients,  as  thdr  form  indicates,  having  been 
calculated  on  the  supposition  that  x  is  equicrescent ;  it  is  re- 
quired to  replace  these  several  differential  coefficients  by  their 
equivalents,  when  x  is  not  equicrescent. 
Since  by  equations  (2)  and  (S),  Art.  54, 

therefore  if  ji;  is  not  equicrescent. 


<i) 


dx'        dh/dx  —  d*xdy 


rf^^ ^ 

diir*         dx  dx* 

and  similarly  the  equivalents  of  the  other  differential  coeffi- 
<neats  may  be  determined ;  the  second  members  of  the  equa- 
tions {85)  and  (86)  being  the  complete  values  when  ncdther  x 
nor  y  is  equicrescent. 
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If  X  ia  eqnicretcent,  tbe  equations  nre  identical. 
If  y  is  eqnicrescent,  then  dhf  =  dhf  =  . . ,  =  0 ;  and  the  ori- 
giniU  qoaotitiea  must  be  replaced  by  their  equivalents,  viz. 

^  must  be  replaced  by  -^-y^>  <87) 

d»y                                   Z{c^x)*dy-d*xdydx  ,„-^ 

d^ d^i '  ^^f 

i*y  \QcPxd*xdx-ldx)*d*x-\h{d*x)* 

d^-       -    •   ■    a*^ fly; (89) 


The  form  howeTer  of  the  nth  equivalent  ts  too  complicated  to 
be  of  any  use  in  the  solution  of  a  given  example. 

Ex.  1.  To  transform  ^  j^  +  (^)  ~  ^  =  **'  ™*°  ^^  ^l""" 
valents,  (a)  when  neither  x  nor  y  is  eqnicrescent,  (fi)  when  y  is 
eqnicrescent. 

(a)  Beplace  -~  by  its  value  as  given  in  equation  <85),  and 
mnltiply  by  ((£r)*; 

x(d*ydx-d'xdy)+^'-dtfdx'  =  0. 
09)  Let  d*y  =  0,  and  we  have 

Ex.  2.    To  transform  (dy^  +  dx*)i  +  adxd*y  =  0,  when  x  is 

eqnicrescent,  into  its  equivalents,  (a)  when  neither  x  nor  y  is 

eqoicreacent,  (|3)  when  y  is  equicrescent. 

(/*■/  dx  —  d^xdy 
(a)  Bqilace  dy  by  — ^ — -j-  — -  ,  and  we  have 

{dy'  +  dx')i  +  a(d*ydx-d*xdy)  =  0. 
O)  And  if  y  ia  eqnicrescent,  d*y  =  0,  and  we  have 
{dy*+dx*)i-ad'xdy  =  0, 
(,      dx*)i       d*x 

77.]  In  (3)  and  (4)  of  the  cases  of  Art.  76,  suppose  the  given 
expression  to  involve  y,  x,  —-,  ■—, wherein  ;r  is  the  equi- 
crescent variable,  and  suppose  the  new  equation  to  be  of  the 
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form  X  =/(0),  and  the  problem  to  be  the  elimmRtioD  of  ar  and 
its  differentials  between  these  two  equations;   we  must  firat 

replace  -r-^ , by  tlieir  complete  values,  and  calculate  dsi, 

(Px,  d*x in  terms  of  (W,  rf*d,  rf'd, ,  and  then  we  are 

at  liberty  to  make  any  supposition  that  may  be  convenient  as  to 
y  or  0  being  equicrescent.  And  a  similar  method,  as  is  shewn 
in  Ex.  8, 4, 5  below,  must  be  adopted  when  two  equations  arc 
given  connecting  x  and  y  with  two  new  variables. 

Es.  1.    Eliminate  x  between 

p.^'/A  +  ^0.      and      «=co,«, 
dx*      \—x*  dx      1  — af* 

and  simplify  the  result  by  making  $  the  equicrescent  variable. 

Or  the  question  may  be  pat  thus, 

_  _         rf*tf  X      dy  y 

To  transform  -7-%  —  ■! s  -r-  +  .        .  =  0  mto  its  equiva- 

dx*      \  —  x*dxX—x*  ^ 

lent,  when  tf  (=  eos-'a:)  is  the  equicrescent  variable. 
The  above  equation  when  complete  is 

d'ydx—d'xdy  _     x     dy         V      _  n 

dx^  ~  np  di  "*'  r^  ~    ' 

X  =  cosff; 

.■.     dx  =  —Bm$d$,  d*x  =  —  cm  0  {d$)*  —  ma  e  d*0. 

But  since  0  is  equicrescent,  d'0  =  0 ;  whence,  substituting,  wc 

have 

—d*ym:a8d0  +  coa0(d0)*dy        cosfl        dy  y       _ 

'  -  (sin  fl)»  rffl*  "  ''"  (sin^*  MnTdff"'   (sin  0)*  ~     ' 

■■■  »--«■ 

Ex.  2.    Eliminate  x  between 

g  +  l^  +  ,  =  0,      and      ^.  =  40; 
dx'      X  dx     ' 

and  express  the  result,  (a)  when  neither  y  nor  0  is  equicrescent ; 

O)  when  0  is  equicrescent;  (y)  when  y  is  equicrescent. 

The  complete  expression  of  the  above  equation  is 


d'ydx—d'xdy       1  dy 


dx'  X  dx 


¥,  +  >'<>■■ 


=  2(fl)*;  .-.    dx  =  e-ide, 
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d'x  =  —  - — ^  +  — ;- ; 
whence,  by  sabstitutioD, 

O)      And  if  0  is  eqnicreflcent,  d'S^O;  whereby  we  have 
y^ck'  +  dyt.dSf  +  ed'yde  =  0; 


(y)       And  if  y  is  equicrescent,  d*y  =  0;  whereby  we  have 
.<(■«      ids'?       ide\'     „ 

Ex.  S.    Eliminate  x,  y,  dx  and  A/  between 


dx  =  dreoae-rsm9de, 

dy  =  (freintf  +  rcoBflrffl; 

dy- 

-ydx  =  r»dtf,             xdx  +  ydy  =  rdr; 

XPM 

S8  in  terms  of  r  and  fl.  p  =  -^ -— ^  :  I 

given  jr  =  r  om  &,  and  y  =  r  sin  d ;  and  state  the  result,  (a)  in 
the  most  general  (ona ;  O)  when  9  is  eqaicrescent ;  (y)  when  r 
is  equicrescent, 
lie  complete  ralae  of  p  is 

_     (fto'  +  rfy')! 
''  ~  d*xdy-d^dx' 
dx  =  drcm$—ran&d0, 
dy  =  dran6  +  r cos  B dO ; 
.-.     d^x  =  rf*rco8fl-28infldrrffl-rco8tf(rftf)'— rsintfrfifl, 
dhf  =.  rf*raintf  +  2cosfl(fr(W— rBintf((W)*4-rco8tfrf*fl; 
.-.     (d:r)'  +  (rfy)»=  (rfr)»+)-»(rf(J)^ 
(Parfl^^rfViP  =  rd*rde-%{drfd0-r^(i^f-rdrd*9. 
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Ex.  K.   Tranifbrm  into  its  eqaivalent,  when  z  is  equicrescent, 
the  expresrion  ^,  ^  . 

dx*  ax     '  ax 

\i  x  =  e',  y  =  «'(»  + 2). 

The  complete  expressioD  for  f  is 

_,  d*ydx-d*xdy  dy  _ 

'  =  "  dx'  ~  ^^'~^^  di ' 

and     dx  =  e'dz,  dy  =  e'iv  +  2)dz+e'(b>, 

d'x  =  e'dz',        d*if  =  e'(v+ft)de'+%e'  dzdv  +  e'  d*vi 
...    ,  =  ..|g  +  (.  +  „*+.(.  +  2,J. 


SccTioM  5. — Sttccettive  differentiation  ofjmctioni  of  two  or 
more  independent  variablee. 

78.3  Thus  &T  we  have  considered  the  succesaive  differentials 
of  explicit  fiinctioDS  of  the  form  y  =f{x).  Let  us  now  inquire 
into  the  form  and  the  members  of  the  several  saccessive  differ- 
entials of  a  fDDction  of  man;  variables,  all  of  which  we  will  at 
first  assume  to  be  independent  of  each  other :  becaose  we  shall 
hereby  treat  of  the  most  general  case ;  and  the  parttcoUr  one, 
when  two  or  more  of  the  variables  are  connected  by  an  equa- 
tion, will  be  included  under  it. 

Let,  as  in  Art.  49,  the  general  form  of  the  function  be 

H  =  r{x,y,z,...),  (90) 

where  r,  y,  2, ...  are  independent  of  each  other  i  and  are  there- 
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fore  such  that  a  vanation  of  one  does  not  necessitate  a  variation 
of  another.  The  symbols  which  we  shall  here  adopt  will  be  in 
principle  the  same  as  those  which  hare  heretofore  been  used  in 
this  Chapter;  and  thef  will  be  extended  uialt^usly  to  the 
peculiar  drcumstances  of  the  present  inquiry. 

Now  on  referring  to  Article  46,  it  appears  that  a  function  of 
many  independent  variables  is  susceptibte  of  variations  of  many 
kinds ;  thos  only  one  of  the  variables  may  undergo  a  change  ; 
or  two  or  more,  or  even  all,  may  simultaneously  change  value ; 
and  consequently  there  may  be  either  partial  changes  or  a 
total  change  of  the  function.  Hence  have  arisen  partial  and 
total  variations.  Similar  changes  take  place  in  the  sncces- 
Btve  variations  of  such  a  function,  according  as  such  changes 
are  due  to  the  variation  of  one,  or  more,  or  even  all,  of  the 
variables ;  and,  if  the  notation  is  adequate,  it  will  indicate  the 
particular  kind  of  change  which  has  taken  place.  To  fix  our 
thoogfats,  let  us  first  take  a  function  uf  two  variables,  and  of 

"■^f"""  .=  .(«,,).  (91) 

Thai,  by  Art.  46,  if  ou  represents  the  total  change  of  «  when 
X  and  y  have  both  received  infinitesimal  increments  dx  and  dy, 

and  if  \-/-)dx  and  l-r-Jrfy  represent  the  changes  of  w  when  x 

and  jf  have  each  singly  and  separately  received  infinitesimal  in- 
crements ds  and  dy,  then 


■'«  =  (e)'^+(S)* 


It  is  evident  that  generally  (^)  and  l-j-j  are  functions  of 

both  X  and  yj  and  that  they,  as  well  as  du,  admit  of  being  dif- 
ferentiated again ;  and  that  of  them  there  will  be  partial  as  well 
as  total  differentials.  These  several  differentials  must  have 
distinctive  symbols,  and  the  distinction  must  be  shewn  in  the 
symbols :  if  this  object  can  be  accomplished  much  confusion 
irill  be  avoided. 

Let  the  sevend  successive  and  total  differentials  of  du  be  ex- 
pressed by  D^u,  v^Uf-Vu,....    Then  since  the^-  and  ^-partial 

differentials  of  a  have  been  represented  by  (tr)<^  *^^  iir)^^' 
it  follows  that  the  ^ 

PBICE,  TOL.  I.  8 
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^p.rti.1  diff,r»t«.  of  (g)  =  ^Q^  =  (g)^. 

S-paiM  differentia  of  (g)  =  i  {g)rf»  =  (^)  * ; 

and  tbat  the 

^partiM  differaitid  of  (^)  =  ^  (|)<te  =  (^)rf., 

!,-p«ti,l  diffMrentid  of  (J)  =  i  (g)rf,  =  (^)  * ; 

tbe  bracketB  beiog  throoghout  employed  to  signify  that  the 
differentiations  are  partial.    Similarly  the 

^-partial  differential  of  {^)     =  ■J^i^)'''     =  (^)<^. 
j,-partial  differential  of  (g)     =|(g)<»!-     =  (^s)*. 
^partial  differential  of  (j^)  =  ^(^)i&  =  {^)<^: 
and  30  OQ  for  the  others.     In  accordance  therefore  with  the 
principles  and  notation  of  Art.  54,  (5-5),  (3-5)  '"'1  severally 

represeut  the  second  differential  coefficients  or  derired  func- 
tions of  u,  formed  by  separately  making  x  and  y  to  vary  twice 

succesBivdy  and  by  equal  increments.    And  ^  j  will  repre- 

sent the  second  derived-fonctton  of  ti,  formed  by  making  first  y, 
and  subsequently  x,  to  vary  by  infinitesimal  increments  dy  and 
dx.    An  analogous  meaning  belongs  to  symbols  such  as  {-j — j, 

(^)  •  (c^)  ■  ••  ■  • "'°''  '■"'  '"'""=•  ^'  (^^) "  °'*°' 

the  fourth  derived-function  of  »,  which  is  calculated  by  making 
y  first  to  vary  twice  and  by  equal  increments  dy,  and  subse- 
quently a?  to  vary  twice  by  equal  increments  dor.  The  order  of 
factors  in  the  denominator  indicates  the  order  in  which  the  dif- 
ferentiations are  performed :  and  in  the  next  Article  it  will  be 
proved  tbat  this  order  is  indifferent.    Hence  also  it  follows  that 

f  ^-^  J  dx"  represeuts  the  nth  differential  of  it,  formed  by  making 
a;  to  vary  n  times  successively,  the  successive  increments  of  x 
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heang  equal;  uid  aimilar]y  ( 3-^;) ''y"  represents  the  mth  dif- 
ferential of  u,  formed  by  making  y  to  increase  m  times  sncces- 
aively  by  eqnal  increments  rfy;  and  !■  ^  .  ^_Jj da;" dy'^-*  indi- 
cates tlie  rtb  differential  of  u,  formed  by  making  x  to  increase 
in  timea  anccessively  by  equal  increments  t&r,  and  y  to  increase 
(r— tn)  times  sDCCessively  by  equal  incremeats  dy. 

The  principles  on  whicb  this  notation  is  constructed  are  so 
immediately  applicable  to  functions  of  more  than  two  variables, 
that  it  is  nnnecessary  to  do  more  than  state  the  results  as  they 
occur  in  the  foUowing  Articles. 

Here  however  I  must  remark  on  a  defect  in  the  notation.  If 
u  =  r{x,  y),  for  instance,  the  same  symbol  d'u  in  the  nnmera- 

**^  *^  /^\       /_^^       (^\ 

\da:'''  \dBdy''  \rfy*/' 
means  processes  which,  althoogh  of  the  same  kind,  may  lead  to 
results  altogether  different.  In  the  first  it  means  the  second 
differential  of  u  springing  from  two  snccessive  variations  of  x; 
in  the  second  it  represents  d'u  springing  from  a  variation  of  x, 
taking  place  on  the  back  of  a  previous  variation  of  y ;  and  in 
the  third,  d'u  as  originating  in  two  successive  variations  of  y. 
The  brackets  therefore  are  used  in  conjunction  with  the  dif- 
ferent denominators  to  indicate  these  variations  of  the  same 
symbol,  and  are  marks  sufficiently  distinctive  to  prevent  con- 
fusion. But  before  we  proceed  further,  we  must  prove  the  fol- 
lowing proposition. 

79.]  If  a  function  is  differentiated  many  times  in  respect  of 
independent  variables  which  it  contains,  the  result  is  the  same, 
whatever  is  the  order  of  the  variables  with  respect  to  which  it 
is  differentiated :  provided  that  it  is  differentiated  the  same  num- 
b^  of  times  and  with  respect  to  the  same  variables. 
Let  u  =  r{x,y,z, ) ; 

^dxdy'      ^dydx'' 
For  the  sake  of  convenience,  using  symbols  of  differentiation, 
d,r(x,y,z,...)  =  r(x+dx,y,2,...)-r(x,s,z,...),        (93) 
d,rix,jf,z,...)  =  vix,y  +  dy,z,...)-r{x,y,z,...)i       (94> 
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therefore  from  (93), 

d^dj^v(x,t/,z,...)  =  v(,x  +  dx,y  +  dy,z,,..)  —  r(x+dj!,tf,z,...) 

-r{x,if+dy,z,...)  +  r(x,y,z,...)  ; 
and  from  (91), 
dtd^r(x,y,z,...)  =  r(x  +  dx,y  +  dy,z,...)  —  t(x,y+dy,z,...) 

-r(x+dx,y,z,...)  +  r(x,i/,z,...)  ; 
and  as  the  two  results  are  identical,  it  is  manifest  that 

dtd,T{x,y,z,...)  =  d,d^,r(x,y,z,...)i  (95) 

or,  writing  the  result  according  to  the  notation  of  Art.  46, 

and  dividing  through  by  dydx,  we  bare 
_l  dH\ 
^dxdyf 

As  the  proof  here  given  does  not  depend  on  the  difTerentia- 
tions  having  been  performed  with  respect  to  two  variables  only, 
it  is  plain  that  an  analogous  theorem  is  true  for  differentia- 
tions with  respect  to  any  number  of  variables ;  so  that  we  may 
always  interchange,  in  whatever  manner  it  is  convenient,  the 
order  in  which  the  several  differentiations  are  performed;  aa, 
for  instance, 

d,d,d,u  =  d,d,d,K  =  d,d,d,u;  (97) 

*""       \dxdydz'  "^  \dydzdJ  ^  ^dzdxdyl '  ^^^^ 

Hence  also  it  follows,  that  if  successive  partial  differentiations 
are  performed  on  a  function  of  many  independent  variables, 
by  making  x,  y,  and  z  to  vary  severally  r  times,  s  times,  and 
t  times,  the  order  of  these  variations  may  be  interohanged  in 
any  permutation,  and  the  result  is  the  same ;  thus  if 
u  =  v{x,y,z,...), 
d'*'*'u     _     d'***^u     _     d'*'-+'u 
dx'dy'dz^  "  dy'dz'dx"  ~  dz'dx'dy' 

d'+'+'a 

^  dydx'-^dz'dxdy-^  ~ *^* 

Of  tiiis  property,  thus  proved  in  the  general  case,  some  par- 
ticular examples  are  subjoined. 
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Ei.  1.       <•  = 


«■->■. 


^  It'll  \  _  8jy(j'-y'|  /  IJ-II  \  _  8jry(»'-i,') 

\dtftta;'  {.i^  +  y*)'    '       ^dxdy'  (^  +  y*)*    ' 


/A(\  _     y'  /rfii\  _    2gy  /rfiiv  _  — 2*y'g 

W~  «■-<■"       Vy'      »"-o''       W~(s'-o")'' 
/    ifw    \  _  /    (fw    \  _  /    rf»ii    \  _     —  4yz 
\dxdsdi'  ~  ^dydxizl  ~  ^ikdyib'  "  (I'-a')"' 

80.]  Diflerentiation  of  a  fanction  of  two  independent  variables. 
Let  u  =  r(x,y); 

then,  by  Apt.  47,     d«  =  (^)  ic  +  (^)  <iy ; 

Kow  iQ  general,  1^)  and  (-^-1  are  functions  of  ji^nnd  j^;  bd 
that  by  reason  of  (41),  Art.  47, 

,^    ^  /  d'u 


whence,  taking  the  moat  general  case,  in  which  neither  x  nor 
y  is  eguicrescent,  we  have 
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the  brackets  indicating  that  the  derived-functioDB  within  them 
are  partial.     Similarly, 

Similarly  may  other  total  differentials  be  found ;  but  the  gene- 
ral term  is  too  complicated  to  be  of  any  practical  use. 

Now  let  the  results  be  simplified  by  making  x  and  y  eqai- 
crescent,  neither  of  which  assumptions  is  inconsistent  with  the 
given  equation ;  then 

d*x  =  d'x  =  ...  =0;  dhf  =  d't/  =  ...  =  Oj 

and  we  have  the  following  series  of  equations, 

u  =  r{x,y), 

and  so  on ;  the  law  of  the  coefficients  being  the  same  aa  that 
of  (1  +  a^)" ;  which  may  be  proved  to  be  true  for  positive  integral 
values  of  the  exponent,  by  a  train  of  reasoning  similar  to  that 
in  Art.  55 ;  whence  the  nth  differential  is 


»■»  =  (5:°)'^-+"(sS35) '«'-'* 
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Bx.  1.  K  =  («»+y»)*; 

/(Tux  J*  /  d'w  \      g(2y'— g*) 

fd>u\  _    —  8yjr' 

Ex.  2.         w  =  «"*•»; 


©  =  —*•••       ©  =  «■'-*"■ 

dxdy' 


(1)="--.  (^v)  =  -' 


=  ((«ir+*rfy)*e«+'». 

81.]  Bj  a  similar  process,  if  u  is  a  function  of  many  inde- 
pendent variables,  *,  y,  z,  ...  all  of  which  are  equicrescent,  we 
have  the  following  series  of  equations : 

»  =  r(x,y,z,...), 

°"  =  (£)*+(|)*+(£)*+ <!<«) 


If  x,  y,  z, are  not  equicrescent,  terms  will  have  to  be 

added  analogous  to  those  which,  by  reason  of  x  and  y  being 
equicrescent,  vanished  from  equations  (100)  and  (101). 
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Also,  uung.  the  notation  of  partial  differentials,  the  above 
equations  become 
n«=rf,u+rf,«+rf.«+ ■     .     .1 

Ex.1.        u  =  aniax  +  bff+cx); 

(^)  =  aix»i(ax+by-\-cs),      (^)  =  —  a' aa  {ax  +  by  +  cz). 

It-)  =  bcoa(aj;  +  bt/  +  cz),      (j-j)  =  —  **  sin  (or  +  iy  +  ex), 

(^)  =  c  eoii  {ax +i^  +  cz},       (■^)  =  -c»mn{ax  +  by+cz), 

+  2ca<i!;d,r  +  2aidir(]Fi/}  sin  (tur+A^-i-cs). 

In  the  preceding  inquiry  all  the  subject- variables  of  the  func- 
tion have  been  assumed  to  be  independent,  and  thus  the  results 
are  general.  It  however  frequently  happens  that  some  of  them 
are  dependent  on  others ;  and  although  it  is  unnecessary  to  con- 
sider generally  the  niodificatiouB  which  the  results  undei^  in 
auch  cases,  yet  it  is  expedient  to  give  an  example,  so  that  the 
student  may  perceive  the  kind  of  results  which  such  problems 
present 

Ex.1.         B=tan-i-,  y*  +  x^  =  <fi; 

(^\  -      y  /ff«\  _    -2ay 

^*?\  —  g  /  dht  \  _    J*— 


Therefore  from  (100),  Art.  80, 

yd'x—sd>y 
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Let  X  be  eqaicrescent ;  so  that  d'^x  =  0 ;  and  irom  the  relation 
giren  between  x  and  y  in  the  preceding  equation  of  condition, 
dy  _       X  tPy  _       a* 

rfr "~       jf '  dia*  ~       y* ' 


w  that 


»*«  =  ^*te»: 


and  if  we  expres§  it  in  terms  of  x  only, 
ihi  X 

d^  ~  {a*-x*)^' 

83J  As  one  of  the  first  and  most  nsefol  applications  of  the 
general  resolts  of  the  last  Article,  let  ns  prove  certain  properties 
of  faonu^eneous  functions,  which  are  dne  to  Ealer,  and  are 
generaUy  known  by  the  name  of  Siller's  Theorems  of  Homo- 
geneona  Fonctions. 

Dep.  a  homogeneous  function  of  many  variables  is  one  which 
has  the  sum  of  the  indices  of  the  variables  in  every  term  the 
same ;  and  if  the  sum  of  the  indices  in  each  term  =  n,  the  func- 
tion is  said  to  be  homogeneous  of  fi  dimensions.     Thus 

a^  +  bx^y  -\-  csfl  ■\-  exyz  +  gx^z  =  0 
is  a  homc^eneous  function  of  three  dimensions. 

Let  u  =  i(x,yyZ,...)  be  a  homogeneous  function  of  n  dimen- 
sicHia  and  r  variables ;  for  x,yyZ,  ...  let  tx,  ty,tz, ...  be  written, 
and  suppose  the  fonction  to  beoome  w*  when  these  sabstitutions 
are  made ;  then,  by  the  definition  of  homog^ieons  functions, 

(108) 


(109) 


«'=  r((»,(j,(«,  . 

.  =  fHx,y,z, 

■■) 

(1  =  i/. 

'»  =  /, 

f- 

k  =  y, 

dz' 

.-.  »-=ni 

■.!/■.'', )i 

and  therefore  by  (46),  Art.  49, 

—  _  /rf«'\dir'      /^'Wy'      ldii\d/ 
W  ~  \d^l  df  "•"  ^^'>  dt  ^  W '  dt  "*"  ■ 
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=  '(£)+^(|) +'(£)  +  ■-       <"») 

now  the  ^differentiid  of  (108)  i§ 

-^  =  nt'-^r{x.y,z,..,);  (Ill) 

equating  this  to  (110),  becanse  they  are  equal,  ve  have 

»(—,(»,»,»,...)  =  »(g)+y(^)+r(g)+...; 

let  (  =  1,  ^en  3f  =  x,  }/=y,  ^  =  z,  ... ; 

...    »,(.„,.,...,  =  ».  =  .{|)+,(|)+.(g)  +  ...    (U.) 

Again,  taking  the  second  total  differential  of  t(',  and  dividing 
by  (<fl)*,  we  have 

and  anbstitating  from  (109),  we  have 

also  the  /-differential  of  (111)  is 

^  =  n(«-l)/-»»(ar,y,z,...);  (114) 

whence,  equating  (113)  and  (114),  and  making  /  =  1,  we  hare 

Similarly  it  may  be  shewn  that 
.(»-l)(.-2).  =  ^(g)+8..,(3^) 

and  similar  theorems  are  true  for  every  other  order  of  differen- 
tials. One  or  two  examples  are  subjoined,  in  which  the  theorems 
are  shewn  to  be  true. 

Ex.1.     F(«,y,«)  =  K  =  A**  +  Bjf*  +  cr*-|-Byr  +  Gza!  +  Hir's, 
which  is  an  homogeneous  function  of  two  dimenuona  and  three 
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(g)  =  ..,+».+.,,      ©  =  «..      (^)  =  ., 


O  =  .„+.,  +  ,.,  {g)  =  .c,  (^)  = 


therefore  by  equations  (112)  and  (115), 

2{AX*  +  By*  +  cz*+syz  +  azx  +  Bxi/}  =  2ti. 

Ex.  2.  B  =  '(-))  which  is  a  homogeneoiu  function  of  0 
dimenaona. 

Of  p(z)  let  /(z)  be  the  deriTed-Amction,  that  ia,  be  that  quan* 
titjr  which  moJtiplied  by  dz  n  the  r-differeDtial  of  f(2)  ;  then 

■■•'{S)+v(|)  =  (M) -■©=»• 

Article  53,  Ex.  4,  ia  another  caae  in  which  the  preceding 
theorem  is  exhibited. 

83.]  As  another  apphcation  of  the  results  of  Article  81,  let 
ns  iureatigate  the  eqniyalentB  of  the  second  derived-functions 
of  a  fnnctios  of  three  rariables,  when  one,  asy  z,  is  an  explicit 
fanctioo  of  the  other  two,  in  terms  of  the  derived-functions, 
when  all  are  implicitly  involved  in  an  eqoation.  That  is,  if 
z  =f(af,  y)  and  ip{x,  y,z)  =  Q  are  equivalent  equations,  it  is  re~ 

quired  to  express  (g),  (^),  (^)  in  terms  of  (g),  ... 

/rfV\         (£±_\ 
Kds*''  '"  ^dydz''  '" 
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Since  ^  («,  y,  2)  =  0, 

therefore  if  ve  estimate  the  simoltaiieous  variations  of  x  and  z, 
as  in  Art.  50,  ., ,  ,  . . , 

let  the  X-  and  z-difierential  of  this  be  taken,  and  let  «  be  equi- 
creacent ;  then  ire  hare 

therefore  dividing  through  by  dx',  and  replacing  [-j-j  by  its 
value  from  (118),  we  have 

O  i£)"-  '(H)  (2)  (S) + (S)  (£)■+ (g)'(S) = 0^ 

whence  (-^)  is  expressed  in  terms  of  the  partial  derived  of 

^  (X,  y,  z)  =  0.    Similarly  for  the  y-  and  i^-partial  differential 
we  have 

Also  taking  the  y-  and  z-partial  differential  of  (118),  and  sab- 

stitDting  for  (^)j  "id  (j-),  as  they  are  given  in  Art.  60,  we 

have 

(J*±.\  (^\'-  (^\  (^\  ('^\  _/'*'*  \  {'^\  i'^\ 
\dxdy'\dzi      ^dxdx'\dy'\dz'     ^dyds' ^^' ^dx' 

-(S)(S)(|)+(^)(S)'=«^ 

which  gives  us  (j^-j-)  ii^  terms  of  the  partial  deiived^fiuictions 

of  ^  (*,  y,  z)  =  0. 

We  proceed  now  to  consider  the  theory  of  successive  deri- 
vation  of  an  implicit  fanction  in  its  application  to  many  and 
important  theorems. 
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SicnoN  6. — Successive  d^eretUiaiion  qf  inqtUtit  functions. 

SI.]  Firstly,  let  ub  consider  a  fnnctioii  of  two  variables  x  sod 
y,  and  of  the  form, 

u  =  r  (x,y)  =  c, 

c  being  a  constant  or  being  lero ;  then 

..  =  o  =  (£)^+(|)*, 
■'«  =  o  =  (S)'^  + • 

then  if  «  it  eqnicrescent,  we  have 

01  +  0  =  »^  <"») 

whence  we  have  tiie  foUowiiw  values  of  -r- ,  and  of  tK  , 
^  dx'  dx* ' 

dv  ^dx' 

o*         (du\ 

^dyf 

5?  = 7*17 ^*^^^ 

The  latter  may  be  deduced  from  (121)  by  differentiatiDg  with 
respect  to  the  equicrescent  variable  ;r,  as  well  as  from  (120), 
whence  we  have  deduced  it. 

d*v 
Similarly  from  d*u=  0  may  be  deduced  -— ;  and  from  sub- 
sequent total  differentiala  the  other  derived-foactions  of  y  may 
be  formed. 
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5.]  Ex.  1.  GiTCn  y>-2j»*+o»  =  ii  =  0,  to  find  ^  and  ^. 


(S)  =  -- 

o 

=  0, 

0 =»»-*'. 

( 

.diTyl 

=  -a. 

theiefoie  b;  (121), 

% 

y-± 

:: 

aid 

by  (128), 

0 

(»- 

-2«) 
-.)■    ■ 

Instead  however  of  iutrodncing />rma//y  the  general  valnes  of 
-—  and  -73  given  in  equationa  (121)  and  (IS2),  it  is  m<H«  con- 
venient to  diflferentiate  the  given  fdnction  irmaediat^  according 
to  the  prindplea  contuned  in  Art.  48,  and  illnstrated  in  the  last 
three  examples  of  that  Article;  the  two  following  examples 
iUastrate  the  process. 

" '  ■"  """  dx  "" 
Differentiating,  we  have 

(a^+o»)<ir  +  {y«+ifcr)<fy  =  0;  (128] 

dy  _       Jc'  +  ay 
dx  ~        y*  +  «w' 

^  _  _  (»'+°|)  (y-+««)-(8iig  +  °)(«'+«?) 

d^  (y*  +  ax)* 

~  (y»+a*)»' 

Ex.  3.   If  «»+s«  =  a»;  tofindj^and^^. 
'  dx         dx* 

xdx  +  ydjf  =  0;  ,-.     y^  +  x  =  0, 
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86.]  Hence  kIbo,  if  an  implicit  fonetjon  is  given  involving 
X  and  y,  ve  may  calculate  the  KTeral  coeffidenta  of  the  powers 
of  X  in  Madanrin's  Theorem,  see  Art.  57,  and  tbns  expand  y  in 
s  wries  of  terms  of  ascending  powers  of  x. 

Let  the  given  implicit  function  be  u  =  t(x,y)  =  c;  then, 
dnce  in  the  series  (8),  Art.  67,  /(O),  /'(O),  /"(O),  ...  are  seve- 


«lly  the  valoes  of  y.  %  g. 
equations  (131)  and  (122), 


.  when  3f  =  0,  ve  have  hj 


?=/(j')=|>]o+ 


W 
(dw 


'^(iiH'  \fl^'  "*"    \<iF(fy'  \<ir'  \(fy'      \<^»'  \(ir' 


O' 


(124) 


l^e  notation  lignifying  that  paiticnlar  ralnes  of  the  coefficients 
ue  taken,  viz.  when  x  =  Q,  In  applications  however  of  this 
theorem  it  is  much  leas  lahorions  to  calculate  the  snccessive 
ralnea  directly  from  the  given  equation  than  to  substitute  in 
the  preceding  formulle. 

El.  1.         oy«- 


-«y  =  I 


Let 


.-.    /(0)  =  l! 
g(8.^_.,  +  |(6a,|-l)-|  =  0,   r(0)  =  0, 
.......     ^g)_^^„. 


"S\5Ji^ 


,  /'"(O)  = 


27o'' 


.  .  1  »      a     »' 

■     i'-'  +  8«l      27o>  1.2.8  ■•■ 

vhich  is  one  of  the  values  of  y  in  terms  of  x  deduced  from  the 
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^en  aabic  equation ;  tlie  other  two  values  may  be  found  by 
tskiog  the  other  two  impoanbie  cube  roota  of  onity  in  the 
Tslue  of /(O). 


Ex.2.      y»-3y  +  a;  =  0; 

.-.    /(0)  =  0,  and  =  +,/8; 

g(3,'-8)  +  l  =  0. 

/•(0)  =  i,-J=-5i 

g(»'-l)  +  3,g=0, 

/"{0)  =  0,  .nd  =  +^; 

/•"<0)  = 


■^  27  1.2.8 


+  ■", 


..d     i,=  +,/8-^  +  ^^-jjj3;j+...; 

and  the  three  leries  give  three  differeot  Tallies  of  y,  which  are 
the  three  roots  of  the  given  cubic  equation  in  terms  of  x. 

An  equation  also  may  often  be  put  in  other  algebraic  forms, 
and  then  expanded  by  Maclaurin's  Theorem  in  a  different  form 
of  developement,  and  sometimes  in  a  series  of  descending  powers 
of  X.    As,  for  instance,  consider  the  laat  example, 

y»-3y+ar  =  0. 
Divide  by  ;r,  and  we  have, 

X        xi  jp* 

for  ^  write  y,  and  for  — j  write  x;  whereby  we  have, 
X*  x* 

y'— 8ffiP  +  l  =  0. 

Expanding  which,  as  in  the  last  two  examples,  and  taking  only 

the  possible  cube  root,  we  hare 

,      X      x> 
j,=  _l__  +  -__ 

and  replacing  y  and  x  by  their  values,  and  multiplying  through 

by  **,  we  have 

y-  -a:*-  — +—;+ 

X*      Sx* 
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87.]  The  kbore  theory  ii  alio  ^iplieable  to  the  expanmon  of 
a  fimction  which  is  of  great  importance  in  the  calculation  of 
many  aeriea ;  and  gives  some  numerical  coefficicnta  known  by 
the  name  of  BemoalU'M  NumberM. 


It  ia  reqoired  to  raqwnd  y  =  ■  ■  -^-^  =f(x). 
1^7 


We  may  obserre  that  /( — «)  =  -^ — 


and  as  every  odd  power  of  x,  which  entered  into  the  expaDBion 
of /(*).  wonld  also  enter  into  that  otfix)  — /{— ar),  it  follows 
that  no  odd  power  of  «  enters  into  /(«)  except  the  fint. 

Now  from  above         ye*  ^y  +  x;  (126) 


the  last  term  being  the  nth  derived-function  of  (125),  and  being 
calculated  by  the  method  of  Art.  66.  Let «  =  0  in  these  several 
eqnationa,  and  we  have 

/(0>  =  /(O),  which  is  an  identity ; 

/(0)  =  1.  .-.    /(0)  =  1; 

3/'(0)+/(0)  =  0,  /'(0)  =  -|; 

8/"(0)  +8/'(0)  +/(0)  =  0,  r(0)  -  \i 

4/"'(0)+6/"(0)+4/'(0)+/(0)  =  0,  /"(O)  =  0; 

5/^(0)  + 10/"{0)  +  lOr (0)  +  6/(0) 4-/(0)  =  0,  /'^(O)  =-~, 


i/"-'(0)  +  "^"g^V-'W  + +  '•/(0)+/(0)  =  0.   (126) 

may 
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The  last  is  the  generaleqnation,  by  means  of  which /"-^tO)  may 
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be  determined  in  terms  of  the  preceding  coefficientB.  Bat  the 
labour  of  calculation  from  this  expreaaion  may  be  diminished 
hj  observing  that,  as  f{x)  inTolres  no  odd  powers  of  x  except 
tbe  first, 

/"'(0)  = =/>'->(0)  =  0. 

Hence  in  (126),  if  r  is  of  tbe  form  2r+l,  we  have 

...  +  (2r+l)/'(0)+/(0)  =  0,  (127) 
by  means  of  which  any  coefficient  may  be  found ;  and  we  have 

_* 1 «     1  g*       1      X*         1         g"  ^ 

e'-l  ~  2  1  "^  6  1.2  30  1.2.3.4  "*"  42  1.2.3.4.5.6  "*"  ""■  ^  ' 
The  valnea  of /(O),  f(0),  /"(O), ...  are  commonly  called  the 
numbers  of  Bernoulli ;  and  though  they  do  not  aepUcitly  follow 
any  palpably  regular  law,  yet  they  nre  impbcitly  counected  with 
each  other  by  the  formula  (127).  It  is  ccmvenient  to  represent 
them  by  distinctive  symbols;  we  will  therefore  substitute  as 
follows : 

lift  1 

Bo=l,        B,=  -^,        B,  =  g,        B,  =  0.        B,=   -gg....... 

SO  that  we  have       ''-y'-'^"*.     '^  /*  '  *'c%  ;,,  .     .•\.  ■  ■.    ^ 

pzn  =  •^+">i  +  "'ij  +  ^*r&4  +  -      *^^> 

88.3  Of  this  theorem,  it  is  expedient  to  give  some  examples. 

Ex.  1,  It  is^^qnired  to  develope  — — ^  in  terms  of  Bernoulli's 
numbers. 

;r  X  %x 

'      e'—\  ~  «'  +  l  ~  e"— 1' 


e'+l  ~  e'-l       e»'-l 

=  Bo  +  Biaf+Bjy-^  +  ...  — ^Bo  +  Bi2j?  +  B, 


j-g  t- ...  -  ^  Bo  +  i«i**  +  Bi  ^  +  ...  j  ; 


-<^'-iJ"T2li:5:6"<'^> 

the  law  of  which  is  sufficiently  obvious. 


,,GoogIc 


88.]  BBRNOULLrS  KUUBERS.  147 

Ex.  2.  It  is  required  to  expand  tanir  by  means  of  Bernoulli'B 
oomben. 

By  eqoation  (38),  Art.  61, 

1      t'-^^-e-'-f^^ 
tan  J?  : 


the  second  term  of  which  is  of  the  form  expanded  in  equation 
(180);  BO  that 

tanx  =  -^Jl+3B,  +  3y^(2«-l)B,^ 


=  2".(2'-l)|5-2B.(2*_l)^ 


'1.2...5.6 
which,  being  written  at  ]ei^th,  becomes 


...  (131) 


and  the  law  of  the  series  is  snfficiently  obvious  in  equation 
(131).  Also,  differentiating  the  above,  we  can  find  the  expan- 
sion of  (tan  x^. 

Ex.  8.  By  a  similar  process  of  devdopment,  it  may  be  shewn 
**'*^  1  2»af  3*ir* 

and  hence  by  differentiation  may  (cosec  x)*  and  (cot  x)"^  be 
found, 

Ex.4.    Also  since  cosec «=  cot tr  +  tan ^ ,  from  (131)  and 
(132),  we  have 

»o,««,  =  i  +  2,.C8--l)^-2..(2»-l)^ 

+  aB'(2'-l), /',-...   (133) 
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89.]  The  aumi  of  the  potren  of  the  recdprocals  of  the  natnral 
nambers  may  also  be  expressed  aa  follows  in  terms  of  BemooUi's 
numbers. 

Since  sinz^O,  when  «  =  0,  =  +t,  =  +  2ir,  =  ±Sv,  =  ... ; 
therefore  sin  2  must  be  composed  of  factors  of  the  form 

z  (z-it)  (z+'s)  (a-2w)  iz+Zn) ... ; 
and  therefore  a  relation  of  the  following  form  must  exist ; 

■i»'  =  *^(l-$)(l-2^)(l-3^)-.      (IW) 

where  Jt  is  an  andetermined  constant.  Bat  since  by  Ijemma  II, 
Art.  22,  sin  z  =  «,  when  2  is  an  infinitesimal,  therefbre  k  =  l;  and 

.in»  =  .{l-$)(l-^)(l-^) 

For  z  let  ns  substitute  ir«;  then 

sin,.  =  ,.(l-$)(l-g)(l-g) (185) 

Of  this  equation  let  us  take  the  logarithmic  differential,  and  we 


nave 

IT  cot «« 

1          Zx 

Si 

It 

...  (186) 

and  developing 
have 

the  several  terms  in  the  rig^t-hand  member,  we 

w  cot  war  = 

i--|^-i    " 

.±.. 

■1 

--li-F 

1 
+  5J+. 

■■\ 

--{^-A 

^i- 

■■] 

-2'-'|ii:  +  2W+35.  +  -f-     els'-) 

Id  (132)  let  ^  be  replaced  hj  vx;  so  that 

1         8'i'»         2'.<»»  2V»'  „.„, 

"»*'"  =  j---rr+"*i:£M— ozra  +  - <i'^> 

and  equating  coefficients  of  the  same  powers  of  dr  in  (1S7)  and 
(138), 
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]       1       1 

1  (a.)' 

1        1        1 

l3-  +  -2r  +  -5r+" 

1  (8.)' 

2  1.2.8.4,  " 

T"  +  ^  +  "jr  +  •■ 

1     (2.)' 
-   2  1.2...5.6- 

111 

=  2  1.2...2ii™ 

the  +  or  —  si^  being  taken  according  aa  2n  is  par  impar  or 
{tar  par. 

Another  development  is  consequent  npon  the  preceding  in- 
restigations.     In  (136)  for  x  snbstitute  *■%/  — 1,  then 

1  »_/-t(      1       .       1       .      ) 


but  cot  vx  V— 1  =  V— 1  -— 


1  1 

l«+«''''2'+«"^ 


1 


-s^-d*") 


Other  theoremB  may  be  obtained  by  a  similar  procesSj  if  we 
take  as  the  fundamental  theorem  the  eqaatioa  for  the  cosine 
vhidb  is  nnalc^as  to  that  for  the  sine  given  in  (136). 

90.]  It  ia  minecessary  to  enter  at  any  length  on  the  gmeral 
snl^ect  of  impliint  functions  of  more  than  two  variables,  as  the 
principles  above  explained  and  illnstrated  are  applicable  to  all 
such  cases.  Bat  as  particular  forma  occur,  and  particular  ex- 
amples have  to  be  solved  in  the  sequel  of  our  work,  it  is  con- 
venient to  consider  them  at  this  point  of  the  Treatise  where 
they  naturally  occur;  and  I  proceed  to  consider  Lagrange's 
Theorem  for  the  development  of  an  implicit  function  of  three 
variables,  of  the  form  y  =  z-i-ieipiy),  in  ascending  powers  of  jr. 

Given  that  y  =  g -i- x <l>(y),  in  which  equation  y  is  an  Im- 
pli<nt  function  of  two  variables  z  and  x,  which  are  supposed  to 
have  no  other  relation  to  each  other  besides  that  given  by  this 
equation,  so  that  they  may  vary  independently  of  each  other ; 
it  is  required  to  determine /(y),  another  iimction  of  y,  in  ascend- 
ing powers  of  x. 
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Let  u  :=  f(y),  and  therefore  ti  is  a  fimctioQ  of  x ;  whence,  by 
Maclaurin'a  Series, 

« =  w« + liJ.  1  +  LsfJ.  Ls  +  LsiJ.  03  +  -  ■  <'"> 

using  the  notation  of  Art.  86  to  indicate  that  particular  valaes 
of  the  coefBcienta  are  to  be  taken,  viz.  when  x  =  0;  that  is,  if 

u  =  9{x),   [i*]o=»(0),   jj-J   =  f'(0),  and  so  on.     Hence  we 
have  the  fudlowing  data: 

u=f(tf),  p  =  z  +  x<t>(3/)i  (!«) 

therefore  when    *  =  0,    y  =  g,    and     [«]«  =/{«) ; 
now  OUT  first  object  ia  to  determine  the  values  of  the  quantities 
within  the  square  brackets. 

Calculating  the  partial  derived-functions  of  (142),  by  con- 
ndering  y  to  vary  in  consequence  of  changes  separately  of  x 

and  of  2,  that  is,  cslculatiag  \^-j-j  and  {-^j ,  we  have 

(I) ='-*■*)©■     ■■■ii)=T=^> 

...    (I)  =  *«(!).  (i«, 

\(te'  ~  dp  da' 
iriience,  by  reason  of  (143), 

Let  jr  =  0,  then  y=z;     .',    dy  =  dz,  and  w=  [«]i)=/(^) ; 


T-l  =- 

LifcJ, 


Again,  n  jj  = 


they  are  also  functioQa  of  x  and  z  implicitly  by  virtue  of  equa- 
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tion  (142),  and  as  ^  ifl  explicitly  a  function  of  x  and  x,  it  is 
convenient  for  tbe  purposes  of  diSerentiation  to  consider  -t~  the 

product  of  two  functions,  viz.  of  j-<^(y)  and  of  ^;  whence, 
differentiating,  we  liave 

d»t(         d  (d«^^  ^dy\ 


dy  dx  dz      dy^  '  dxdz 

^         it  di^  dy^^'dxdx 

d  (in  ,,  ^dy\ 

And  substituting  for  ~-  from  equation  (143), 

let  J7=0,  in  which  case,  as  before,  y~z,  dif=dz,  and  u=/(z); 

Again,  considering  -j-j  to  involve  a  product  of  two  functions, 

vis.  J- {^(y)}*  and  -p,  the  former  of  which  is  explicitly  a 

function  of  y  only,  and  the  latter  ia  an  explicit  fonction  of  both 
X  and  z,  and  dtfferentiatiDg  and  substituting  from  (143), 

dhi 

dx>  ' 


[Si=£{^«<*; 


lict  US  assume  that  the  form  is  true  for  ~, — 
ax"- 

d'-^u        rf"-»    U«,^,  ,,„  ,dyi 
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rf"t(        d    d'-'  idu  .    ,  ^.     ,  dy) 

and  sioce  the  order  of  differentiation  may  be  reversed  by  virtne 

of  Art  79, 

d"w        rf"~'    rf  ( rf«  , . ,  , ,     ,  dy) 

_  .-.  ("{Iw^'-Lmv,^.., ,,,,■■  ^H-) 
-E=i1  ^ &E  +  ^'*<*>'      SEP 

-;5; EE+%(*'»>'-'3s|' 


*:iiSS(*r„M.-.S 


'  dz'-*  dz  (dy 


{**))■■ 


If  therefore  the  formnlie  are  tme  for  o  —  1,  they  are  tme  for 
n ;  they  are  tme  when  n  =  8,  therefore  they  are  true  when 
n  =  4,  and  therefore  are  tme  for  all  positive  integral  valuea 
of  tt,  vhich  are  the  only  caseB  in  which  it  is  necessary  for  ns 
to  find  them.  Subatituting  then,  in  equation  (141),  the  values 
above  determined,  we  have 


^m 


d'  jd-Ai)  ,.,.,,1    «•     , 

d-f(') , 


If,  having  given  y  =  s  +  x<p{y),  the  problem  is  to  determine 
y,  then  /(y)  =  y,  and  /(?)  =  z ;  and  the  above  formula  becomes 

y  =  »+*(«>!  +  £'*<">' ra  +  3? '*<'"* ras  +  -  '"" 

In  applying  the  above  theorems  to  particular  examples,  it  is 
most  convenient  first  to  substitute  the  specific  forms  of  the 
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bmctioiu,  and  rabaeqaeatly  to  replace  the  niiables  by  their 
specific  ralnea. 

91.]   Ex.1.   Oiren  a— Ay  +  ey*  =  0;  to  find  y. 

On  comparing  the  given  equation  y  =  j  +  t  tf*  *ith  the  typi- 
cal fonn  y  =  z+x^(y),  we  have 

/(y)  =  y"l  *(y)  =  y' 

.-.  m  =  »]  *{»)  =  «•  J  -- J 

whence  ve  hare 


_  a      a'  c      A  "'  *'  _1_     ft  K  "*  *''     1 

~  *  "*"  *y  4  "*"    F  ^  1.3  '•■       A*  A«  1  JJ.8  "•"  "■ 

_a{,      ae        4     a'e*        6.S    a*c'  1 

"  A  r  "•"  A»  ^  ra     A*    "'"1.2.8    *•    +--fJ 

&  leriea  which  is  identical  with  that  arising  &om  the  develop- 

j       Cji 4ac)^ 

ment  oi  ■= ^^ = — ,  which  ia  the  least  of  the  two  roots 

Zc  2c 

of  the  given  equation. 

Ex.  2.    Given  y*— ay+A  =  0;  to  find  y\ 


cal  form,  we  have 

/(»)  =  rl 

♦  W  =  »' 

.-.  /«  =  •■/' 

*W  =  '' 

TKICK,  VOL.  1. 
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Ex.  3.    Given  y  =  a  +  &«' ;  to  And  log,  y. 

/(y)  =  log.y)       *(y)  =  e')       ^  =  «). 

/(.)  =  log,sS'        *(j)  =  e'('        jr  =  *S' 

log.s  =  log.»+-j  +  3j|-5j^  +  3j,|-;j^+... 

~   "■"+«■*     1.2               «•          "     1.2.3  "*"  ■■• 
e"  4     20-1   ,    »■      9<i«-6o  +  2  ,.   4" 
=  l<>&«+  TI  +  -?-''    L2  + H5 «"os+  - 

Ex.  4<.    Given  y  =  a  +  eaiay;  to  find  coa  jf  and  sinZy. 
(a)    To  find  coey. 
/(y)  =  COB  y  1  i^(s»)  =  8myi  x  =  e\ 

C08y  =  C082-(8m2)*Y-^{(™«r}-j^-^{('>"»«)*}j-g^+  . 

X*  x' 

= 8(8mz)«cofl«y2+4{4(Mn«)*-8(aini')»}y-g^  + . 

coa  y  =  cog  a  —  (rin  a)*  |-  —  8  (sin  a)*  cob  a  y-^ 

+  4(8ina)»{4(Bino)»-S}jyg+  . 
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(ff)    To  find  flinSy. 

/(y)  =  9m2yi  0(y)  =  smyi  '  =  «) 

/(*)  =  Bm22r  *(2)  =  8in«r  £:=:«(' 

X      d  X* 

tinZy  =  sinS2  +  2coB2zainjr^  +  ^{2co8  3:Z(nii2)*}-f-^  +... 

= +4C083^MI12'-r-S  +  ... 

=  mn2a+2eoaZataaarr  +  4icoa  3 a  sin  a  y-^  +  ... 

92.3  By  the  preceding  theorem  of  Lagrange  any  function  of 
X,  ta.y/(x),  may  be  expanded,  when  certain  conditions  arc  ful- 
filled, in  ascending  powers  of  any  other  function  <l>(x) ;  so  that, 
as  by  Maclaurin's  Theorem  a  Unction  is  expanded  in  ascending 
powers  of  x,  by  this  Theorem  it  is  expanded  in  ascending  powers 
of  another  function  of  x. 

Let  the  form  of  the  required  series  be 

our  object  is  to  determine  the  coefficients  ao,  Ai,  Ag,  ...  which 
are  independent  of  x. 

Let  x—a  be  a  fiictor  of  if>{x) ;  that  is,  let  a  be  a  value  of  x 
which  renders  1^  (ic)  =  0 ;  and  let  -7-r-r  be  the  product  of  all  the 
other  factors  ;  so  that 

♦*"  =  'iir  <■«" 

.-.     x=:a  +  4,{x)xyit{x).  (150) 

It  will  be  convenient  to  replace  <^(x)  by  t ;  and  thus  (150)  becomes 

X  =  a+t  +(a;). 
Now  this  form  is  clearly  the  same  as  (1^) ;  and  when  f  =  0, 
x=tt;  and  our  object  is  to  expand  f{x)  in  ascending  powers  of 
t;  therefore  replacing  yhj  x  and  z  by  a  in  (146),  we  have 

wherein  the  square  brackets  indicate  that  particular  values  of  the 
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quantitiea  within  them  are  to  be  taken,  viz.  when  x=a.   And  re- 
pladng  t  bf  <p(w)  and  ^(jt)  by  its  value  given  iu  (149),  ire  hare 

+  Ldff»(    dx    W(*)MJ    1.2.8    +-t*''*^ 
where  the  aquare  brackets  indicate  particular  valaes  of  the  quan- 
titiea within  them,  viz.  thoae  which  correspond  to  «  =  a. 

If  <^{x)  =  g—a  =  h,  (151)  becomes  Taylor's  series. 

As  an  example  of  (151),  let  /{x)  =  e',  <f,(x}  =  («-l)  (ar-2), 
and  let  a  =  2 ;  then 

..=,.+a.(,-i,<«-.,-..eri^;^v... 

which   gives   the  expansion   of  e'  in   ascending  powers   of 
(ar  — l)(af— 2).    Also  if  a  =  1,  we  have 

..=.-.(»-i)(.-2)+8.<tii^;^+..., 

which  gives  another  expansion  of  e"  in  powers  of  (x— l)(ar— 2). 

93.]  A  still  more  general  form  of  expansion  than  that  of 
Lagrange  was  discovered  by  Laplace,  and  is  known  by  the 
name  of  Laplace's  Theorem. 

Given  y  =  p{«+*<^(y)} ;  it  is  required  to  find/(y). 

Using  the  same  notation  of  Maclaurin's  Theorem  as  here- 
tofore, we  have 

rdul   X      rdhtl    x'        rrf»tt"l     x* 

Let        u=f(y);  .-.     [k]o=/{f(z)). 

And  by  reason  of  Ex.  1,  Art.  58, 

du  _dv  dy  _  du  ..  .dy 
•'■    dx~dy'Sx~'^'^^'di' 
Let  «  =  0,        then  y  =  i{z),        «  =/{?(«)}  ; 

■    LffeJo 

And  by  a  process  similar  to  that  employed  in  the  proof  of 
Lagrange's  Theorem,  it  may  be  shewn  that 
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and  BO  on  for  other  and  for  the  nth  tenna ;  whence  - 


i(*{»(»)})'^^+-(162) 


-£|^^^' 
As  im  example  of  this  Theorem,  let  it  be  reqnired  to  find  e", 
if  y  =  l(^{«+*mny} ; 

/(y)  =  «»,  r{£)  =  logz,  ^(y)  =  siny, 

/(i}=e';  ,-.  f.jf{z)  =  z;  .-.    ^{f^}  =  sin logx; 

wfaence,  sabstitating  in  the  formula  (163),  we  have 
tf"  =  «  +  ain  log^y  +  ^{(sinlog*)"}  Y^ 

+  ~{(«nlog^)'}j^+... 
2  sin  log  7  cos  log  2  x* 

~-  -  -  -  -+         ^         ra ■•■ - 

.    ,        «      sinfSlog?)   x* 
.    ,        X      sin(](»rz*)   x* 

=  *+Mniog^^  +  — 'J^     Ta '*'••• 

IJaplace's  Theorem,  it  will  be  observed,  becomes  Lagrange's, 
when  7  =  1;  and  Taylor's  Series  is  also  a  particular  case  of 
Laplace's;  for  as 

y  =  t{z+xil>(s}}i       let  <i>{y)  =  o,        and/(y)  =  y; 

and  writing  h  for  ojr,  we  have 

94.]  Another  form  of  function  which  it  is  often  necessary  to 
expand  by  Madanrin's  Theorem  ia  that  in  which  a  Buhridiaiy 
variable  z  is  introduced ;  and  where  we  have  two  equations  of 
the  form  y=/(z),         and  ^  =*(*);  (153) 

^nd  whereia  it  is  required  to  expand  y  in  ascending  powers  of  x. 
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Usiag  Lagrange's  aotation  of  derived-functioaB,  we  have 

.-.    g  =  /'(2)^».  (155) 

0  =  /"(^)  {*'(*)}*  +f\^)  *"(*).  (156) 

0  =  /"'(2)  {*'(«)}»  +  8/"(«)  *'(«)  *"(«)  +/'(«)  4>"'{3!),    (157) 

^=/-'(^){.^»}*+6/"»{*'(ar)}»*"(a.)+3/"W{0»}» 
+  4/"(^)  *'{ar)  0"'(»)  +/(^)  f  (ar) ;  (158) 
and  BO  on.     Now  substituting  these  quantities  in  the  sereial 
terms  of  Maclaurin's  Series,  (13),  Art.  58,  and  putting  x  =  Q, 
and  introducing  the  corresponding  valae  of  z,  we  shall  have  the 
required  series.     To  take  a  simple  case,  let 
y  =  e',  where  z  =  wax; 
dy  _    ^dz  dz  _ 

dx  dx  dx  ' 

dy 
.-,    -J-  =  e'sxax. 


dh/ 

^  =  e'(cosj:)»-c'8m 

0  =  c'(cos«)«-8e' 


co»setanx—e'  I 


and  so  on ;  but  when  x=0,  7  =  0;  therefore  using  the  square 
brackets  in  the  same  signification  as  heretofore, 

*.«  _  1      *       ^*         8jf* 
•*•     *        ~  '  +  T''"  1.2       1.2.8.4"*"  ■■■ 

95.]  But  in  the  case  wherein  z  is  a  series  of  terms  in  ascend- 
ing  powers  of  x,  the  preceding  expansion  takes  a  particular  form 
which  deserves  much  attention  j  and  gives  rise  to  a  process 
which  has  been  called  Derivation  *i   and  on  which  Arbogast 

.  *  This  procesa,  though  called  by  the  rarae  name,  ia  eMuttiaUy  ffiflerent 
from  that  explained  in  Art.  18.  He  title  of  Arbo((aat's  woric  ib.  Do  Calcul 
dc«  Derivations;  it  was  pubUshed  at  Straabourg,  An  Vlll.  (1800.) 
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has  coastmcted  fais  Cftlcnl  des  D^rivatiotu.  It  will  be  ooDve- 
Dieat  to  take  the  exponential  aeries  for  the  base-form  of  the 
series,  and  I  shall  acixirdiagl;  asBame 

z  =  o^j.a^'^^at^^aiY^-^  —%  (159) 

so  that  the  problem  iSj  the  expaiuton  in  ascending  powers  of 


.of/(, 


/V«.+«.j  +  <*i;j+«.l^+-;. 

Let        !f  =  /W, 

(160) 

"«•      "  =  *'  +  '"l  +  «'T5  +  »»ra3+- 

(161) 

In  all  these  equations  let  jr  =  0 ;  then  z  =  a^,-^=ai,  -j-j  =  Oj, 
-T-j  =  ai,...;  andy=/(ao);  in  whatever  manner  therefore  the 
Tsloes  of  ^,  ^.  —  given  in  (155),  (156),  (167), ...  are  com- 
Voted  oif(z),r(z),f\z), ...  combined  with  g,  g,  g , ... ; 
in  the  same  manner  will  these  valaes,  when  ;r  =  0,  be  composed 

off(ao),f(ao\f"lao),  •■■  combined  with  01,01,03 From  this 

peculiarity  we  may  deduce  the  following  process ;  I  -^  j  ia  the 

differential  of /(Oo)  on  the  supposition  that  doo  =  ai;  \  -j^    is 

the  second  differential  of /(oo)  on  the  supposition  that  dof,  =  at, 

and  dai  =  at;  and    -~  j  is  the  »tb  differentia]  of/(ao)  on  the 

supposition  that  dao=  Oi,  dai  =  at,  dat  =  aa, ...  da„_i  =  a^     In 
this  power  of  suhstitnting  new  constants  for  the  differentials  of 
other  constants  does  Arbogast's  method  of  deriration  consiBt. 
If  therefore  we  replace  the  succesrive  coefficients  of  the  powers 
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of  « in  MadMirin's  Series,  equation  (IS),  Art.  68,  by  their  valneB 
detenoined  as  abore,  we  have 

V  =  /(«.)  +  WW]  f  +  [<*V(«o>]  xj  +  ■  ■■       "*'> 

the  square  brackets  in  this  case  indicating  that  particular  valaes 
of  the  functions  enclosed  in  them  are  to  be  taken,  viz.  when  we 

replace  doohy  a^,  doi  by  at, 

And  if  we  perform  the  several  operations  of  derivation  and 
introduce  Lagrange's  notation  of  derived-functions,  we  have 

,{  X  X*  X^  JT"  \ 

A*'+-i+°'i:2+-Oji+-+°"ixri+  ■■■) 

=  /(«.)  +/'(«.)  «i  J  +  [/"M  «.'  +/■(*>) ".)  ^ 

+  {/"("o)  «i'+8/'<oo)  OiO.+/'(o.)  "■}  I^  +  -  (168) 
Of  this  process  we  propose  to  give  a  few  examples. 

Ex.  1.   It  is  required  to  expand  io  ascending  powers  of  x 
{ii,+Oij+o.y;j  + •■.}-'. 

In  this  case  /(Oo)  =  as~*  > 
.-.     [i/(a,)]  =  -«,-•»„ 

["('/("o)]  =  2oo-'oi'-«o-'o., 

[rf"/(ao)]  =  — 6ao-*ai'  +  6ao"'«iCi— 0o~*o», 


1        fli  X  ,  8ci'— BpOa  x'      6ai'— doofliat+ai^fls      g* 
'oj  "*?!■'"        *)•        IJ!  o,<  1A8.4'* 

Ex.2.  It  is  required  to  develope  (og  +  aiY  +  CiY.^). 

^«i+oij+o»j^J  =«o»+8ao»atj-  +  8(2aoai*+ao»Oi)j^ 

'  l.S.8,4 
5  +  90  ».*r^ 
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Ex.8.    Ttodeyelope  |«o+aiY  +  a»j^  +  «aj^  +  ...|. 
/(Oft)  =  oo-; 

(d*/(a(,)]  =  [fM(i»  — l)ao"~'flirfoo  +  '»ao""'dfli] 

=  n»{i»  — l)a(»"-*«i*  +  w»«^-*aj, 
[rf»/(ao)]  =  ni(m-l)(m-2)oo"-'oi' 

+  3m(n»  — l)(io"-'oiai+n«Bo"-'«i, 

=  Oj-  +  mar~'«i  y  +  moo""*  {(»  - 1)  ai'+thth]  -^ 

+  »»ao—»{(m-l)(ii»-2)fli'  +  3(m-I)BoOiflj  + 00*03}  123  "•""' 
which  is  the  Multinomial  Theorem  j  and  in  which  it  is  to  be 
observed,  that  Or  does  not  appear  in  any  coefficient  before  that 
of  a:*". 

Ex.  4.    To  derelope  e*,  where 

/(«,)  =  f, 

[<*/(«.)]    =    [«••*«.]    =  «!«"•, 


^(Of+aix 

»....)  =  e>.(l  +  o,,  +  (o|<  +  «,) 

f?  + 

...). 

SinrilHTlj, 

n(«.  +  «,f  +  *0  +  -ra3+- 

■) 

=  sin<io-fiiicos(i.j+(oi 

COB  th—ai 

'ainoo) 

1.2 

">"'(*>+»'I 

+°'t:2  +  -) 

=  tan- 

—  r^/r-^ 

O  +  Oo')- 
(l  +  V 

)■ 

1.2  ■ 

PUCE,  VOL.  I. 

Y 
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'»e(*>+«'I+«>ra+°'03+  ■■■) 

,           .   aix     Ojflo— ii'  x*       agOn'— SanaiOa+Sai*    x* 
=  loga.  +  -^  +  —^^—^  + j^i— j^+. 

and  the  stadent  is  recommended  to  practise  himself  in  these 
and  other  examples,  as  the  process  is  simple  and  veiy  useful. 

The  preceding  process  is,  from  another  point  of  view,  an  ex- 
teosioD  of  Taylor's  Series ;  for  whereas  hj  that  we  are  able  to 
expand /(a  +  iv),  by  this  we  can  develope  in  ascending  powers 

of  X,  fyh  +  OiT  +  Oty^  +  •■■);  and  therefore  if  we  put  01  =  03 

=  ...  =  0,  the  preceding  fonnnlie  become  those  of  Taylor's 


96.]  Sometimes,  instead  of  finding  the  actnal  coefGcnents,  it 
is  convenient  to  find  the  law  of  their  dependence ;  tiiat  is,  to 
determine  the  equation  by  means  of  which  they  are  related  to 
each  other ;  such  as  has  been  found  by  implicit  differentiatioa 
in  Art.  87,  equation  (126). 

Thus  in  Ex.  1  of  the  preceding  Article,  let 

i,  =  i  =  A.  +  A,f  +  i,^+... 

X  «* 

then         zy  =  1 ;  (164) 

and  zy  =  ooAo+Ciy  +  Csy^ +  Cb  j-^-g  +  ...  (165) 

where  Ci,  Cj,  Cj, ...  are  the  coefBcients  of  the  powers  of  x,  arising 
from  the  product  of  the  developed  values  of  y  and  z,  and  which, 
as  determined  above,  are  the  several  values  of  d.Ai,a„,  tP.AcOQ, 
d'.iujao,  ■•■on  the  supposition  that  dao  =  ai,  dai  =  aa,...  di^  =  Ai, 
dAi  =  jLt,  dAi  =  A3,...i  but,  on  comparing  (164>)  and  (165),  it 
appears,  that 

A(iOo  =  l;  -•-     d'.AtOo  =  0. 

And  therefore  by  Leibnitz's  Theorem,  Art.  56,  equation  (4), 

oorf"Ao  +  »daorf""%  H j-g —  d'florf""*Ao  +  ... 

+  n  rfAo  rf"-'oo  +  Ao  rf"a(.  =  0 ; 
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A,ao  +  «*— iai  +  ^^^^A— »oi+  ...  +A«fl,  =  0;       (166) 

vhence  Ai,  At, ...  may  be  lacceanTelj  calcnlKted. 

As  aa  example  of  this  process,  consider  the  problem  which 
was  discnssed  in  Art.  87,  viz.  the  expansion  of 


Here  we  have  merely  to  replace  in  (166)  oo,  oij  O), ...  seTfflrally 
1    1 
'  2'  8' 

1  l»i(»-l)  1 

\iiy  means  of  which  the  soccesuTe  ooeffidents  can  easily  be 
calculated. 

Thm  let        11=  1;  .-.     Ai  +  2^  =  ^^ 

bat        Ao=  — =  1;  .-.     Ai=-g; 

«  =  2,  .-.     A,  +  ^A,  +  gA,  =  0,       and      ^  =  g; 

n  =  8,         A|  =  0 ; 
n=:4,         A.=  -i; 


and  by  a  similar  process  the  other  coefficients  may  be  fomid ; 
Aod  these  are  severally  the  nambers  of  Bemonlli. 
97.]  Again*  if  u  ^f{<h  A  y,  .-■)>  where 

a  =  ao+ai*+«s  j-j  +  •"• 

y  -  co  +  C]»+c,Yo-+  ■■■' 


then  U  =  Ao+AiJf  +  A,y^  +  ... , 

where  ao  = /(«o,  io.  Coj .  ■  ■  )>   «Q<I  *«  =  (("/("oj  Ab  «>»  ■ 
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totnl  differentials  being  taken,  and  on  the  supposition,  as  here- 
tofore,  of  dao=ai,  (^di  =  ()],■.. ;  dbo=sbi,  dbi=bt, ...  ;  dc„  =  eit 
dci  =  Ct,...i  for  example, 

«.+«,f+<b-^+...  ^     ,, 

-j =  i«+i,T  +  iin>+  ••, 


"  A)' 


V 


Also  since  oo  =  a«  ig,  we  may  hj  snoceaaive  differentiation,  as  in 
the  last  example,  implicitly  determine  the  relation  between  the 
successive  coefficients. 

As  a  particular  example  of  the  last  theorem,  suppose 

«=/(».|.S- )• 

where  y  =  Oo  +  o,a:  +  a,  jg  + ; 

ai+  o»r  +  , 


d*y  .T 


''L2-^ ' 

where  a*,  =/(afcai,ai, ), 

and  Ai,  Ag, are  the  successive  total  differentials  of  Aoon  the 

supposition  that  da^  =  at,  dai  =  at, 

d» 

Thus  if  U  =  ±,  Ao  =  ^, 
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The  process  which  is  developed  and  applied  in  the  preceding 
Articles  waa  first  oommunicated  to  me  by  Mr.  W.  F.  Donkin,  the 
Savilian  Professor  of  Astronomy  at  Oxford.  It  is  somewhat 
similar  to  that  which  is  the  subject  of  Arbi^sst's  Calculus  of 
Derivations.  The  form  of  the  series  which  is  here  takeo  as  the 
subject  of  the  fdnctioual  symbol  is  different  to  that  chosen  by 
Arbogast;  and  the  method  by  which  I  have  shewn  that  tlie 
differentials  of  the  several  constants  will  in  tbe  expansion  be 
Tcpiaeed  by  their  next  following  constants  is  also  different.  It 
is  however  convenient  to  call  the  process  by  the  name  which 
he  has  given  to  it,  although  the  preceding  form  of  it  is  dne  to 
Professor  Doakiu. 

The  student  also  may  consult  tbe  Treatise  on  the  Differential 
and  Integral  Calculus,  by  Augustus  De  Moi^an,  London,  1S42, 
Art.  214 — 327;  tbe  lai^  treatise  on  the  Differential  Calculus, 
by  S.  F.  Lacroiz,  Paris,  1810 ;  and  papers  in  tbe  Cambridge  and 
Dublin  Mathematical  Journal,  by  Mr.  De  Morgan,  vol.  i.  p.  238 
and  roL  vi  p.  86,  and  by  Professor  Donkin,  vol.  vi.  p.  141. 

To  complete  tbe  theory  of  the  expansion  of  fonctions  in  as- 
cending powers  of  tbe  subject-variables,  it  is  necessary  to  inquire 
into  tbe  form  which  the  general  or  nth  term  of  such  an  expan- 
sion assumes :  because  on  the  form  of  this  and  its  relation  to 
the  preceding  and  the  sncceeding  terms  does  tbe  convei^ncy 
or  the  dtvei^ency  of  the  series  depend.  But  this  requires  con- 
ditions which  at  present  we  are  unable  to  assign :  and  therefore 
the  remainder  of  our  investigations  on  the  subject  must  be  re- 
served until  the  sixth  Chapter. 


BicTioN  7. — Of)  thejbrmaiion  of  Differential  Eguatitmt  by  the 
eUnunation  of  constants  and  functions  by  differentiation. 

98.3  ^Q  equation  which  oontoim  differentials  or  derived- 
functions  is  called  a  Differential  Equation ;  and  it  is  called  an 
equation  of  the  first,  second, . . .  nth  order,  according  to  tbe  order 
of  the  differential  or  derived-function  involved  in  it.  It  is  also 
called  a  partial  or  a  total  differential  equation,  according  as  the 
differentials  which  it  contains  are  partial  or  total.  Thus  eqna- 
ticHU  (56),  (62)  of  Art.  52  are  partial  differential  equations  of  the 
first  order  j  Ex.  1  and  2  of  Art.  77  are  total  differential  equa- 
tions of  the  second  order. 
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Now  the  simplest  process  by  which  these  equations  are  formed 
from  integral  equations,  ia  the  elimination  of  one  or  more  con- 
stants, or  of  a  determinate  function  from  the  equation.  If  the 
fonction  is  indeterminate,  and  of  variables  combined  in  a  giren 
relation  as  in  Art.  52,  the  resnlting  differential  equation  will  be 
partial :  and  so  also  may  it  be  when  the  function  is  of  three  or 
more  variables.  Of  all  these  several  cases  instances  will  be 
given  in  the  following  Articles ;  and  we  shall  first  take  the  most 
simple;  that  viz.  in  which  the  equation  arises  immediately  by 
differentiation,  and  the  consequent  elimination  of  one  or  more 
constants. 

Since  a  constant  quantity  connected  with  a  variable  by  the 
symbols  of  addition  and  subtraction  disappears  in  differentia- 
tion, it  follows  that  if  an  equation  can  be  put  under  the  form, 
y=/(*)  +  e,  (167) 

iU  derived  will  be  ^  =  f(x) ; 

from  which  the  constant  has  disappeared.  And  therefore,  what- 
ever may  have  been  its  value  in  the  first  or  primiiwe  equation, 
the  derived  equation  contains  no  trace  of  it.  Similarly,  if  an 
equation  can  be  pat  under  the  form, 

y  =/(*)+ci«+c(,, 

and  thus  in  two  differentiations  two  arbitrary  constants  will 
have  disappeared ;  and  the  resulting  differential  equation  is  of 
the  second  order. 
And  nmilarly,  if 


and  thus  all  the  n  + 1  arbitrary  constants  have  disappeared  in 
the  process  of  n+1  differentiations;  whenever  therefore  the 
functions  admit  of  being  put  under  the  above  forms,  at  each 
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differentiation  one  arbitrary  constant  will  disappear;  and  the 
resulting  differential  equation  is  of  the  (R  +  l)th  order. 
Ex.  1.     y  =  ax-\-b. 


-Sj^.a 


3=0^ 


whence  it  appears,  that  by  one  differentiation  either  a  or  ft  may 
be  eliminated,  and  the  result  is  a  differential  equation  of  the 
first  order;  and  by  two  differentiations  both  may  be  made  to 
disappear,  and  the  differential  equation  is  of  the  second  order. 

99.]  Suppose  however  that  the  equation  of  relation  between 
X  and  y  is  implicit,  involves  m  arbitrary  constants,  and  is  of  the 

**"™'  u  =  v(x,y)  =  0;  (168) 

for  the  sake  of  simplicity  consider  j?  to  be  equicrescent,  and 
differentiate  (168)  n  times  in  succession;  thereby  n  different 
equations  will  be  formed,  which,  added  to  (168),  give  us  n  +1 
different  equations  involving  i»  constants.  Let  us  suppose  m 
to  be  greater  than  n;  then  by  means  of  these,  n  of  the  con- 
stants may  be  eliminated,  and,  theoretically  at  least,  any  n  of 
them;  whereby  the  final  equation  will  contun  f»  — n  of  the 
constants;  and  of  course  there  may  be  as  many  different  final 
equations  as  there  are  combinations  of  the  m  constants  taken 
n  and  n  together ;  that  is,  there  may  be 

— i i\.       -■'  —  ^ — .■■■-■'  different  equations. 

Thus  suppose  (168)  to  be  differentiated  twice ;  three  equa- 
tions will  then  be  given  containing  m  constants.  By  means  of 
which  two  may  be  eliminated,  and  the  resulting  equation  will 
contain  m—2  constants;  and  as  any  two  may  be  eliminated,  we 
may  have  as  many  different  final  equations  as  there  are  com- 
binations of  tbe  m  constants  taken  2  and  2  tt^etber.  Hence  it 
foUows,  that  if  we  differentiate  m  times,  there  will  bo  altogether 
m  + 1  equations,  from  which  the  m  arbitrary  constants  may  be 
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entirely  elimiaatcd ;  and  that,  generaily,  m  coiutaDts  involred 
in  the-  primitive  cannot  be  eliminated,  unless  there  are  formed 
m  derived-functions  of  the  primitive  expression. 

Ex.  1.    y'  =  m  (a*~x') ;  it  is  required  to  eliminate  m  and  a. 

y^=  -mx;  (169) 

also  eliminating  m  between  this  and  the  primitire,  ve  have 
.7.. 

(170) 


ya.  +  (ai 

'-^>i 

=  0, 

differentiating  again  (169), 

vS- 

(|)'= 

—  m; 

■•■    *!'S  + 

'(I)'- 

"s 

That  isj  we  have  two  differential  equations  of  the  first  order, 

which  contain  -p-  only,  and  which  respectively  do  not  involve 

a  and  m ;  and  one  differential  equation  of  the  second  order,  viz. 
(171),  from  which  both  the  constants  have  disappeared. 

Ex.  2.    Eliminate  the  constant  a  from 

(l_ira)i  +  (l-ff«)*  =  a(x-y). 

JZ£±. fL±.-aids-dy); 

(l-ar»)t      (l-ff»)* 

whence,  by  the  common  process  of  elimination,  and  dividing 
ont  the  common  factors, 

dx      __       dy 
(l-a?V~  (l-y»)*' 
which  is  a  differential  equation  of  the  first  order. 
Ex.  3.    Eliminate  c  from  **+  y*  =  ex. 

ti(xdx+ydy}  =  cdx; 
.-.     c  =  2{y^+x);  .-.     x^+y*  =  2xy^  +  %x^ 

which  is  a  differential  equation  of  the  first  order. 
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Ex.  4.  Given  (x~a)*  +  (y—p)*  =  i^ ;  it  is  required  to  elimi- 
tiate  a  and  ^  hj  differeutiatdon. 

Let  neither  »  nor  y  be  eqaicrescent ;  then 
(»-a)dx  +  (t/-p)d!f  =  0, 

(*-o)rf»*4(y-/3)rfV+<*«'+<'y' =  0; 

_  (dx'  +  ds'ydy (<fa*  +  rfy')<to 

•■•    *     '^  -  dedhf-dytPx'  »     ^  -       dxd^-dytPx' 

therefore  Bqnaring  and  adding. 

And  if  X  is  equicrescent, 

(l  +  ^f 

''  (dxdh,)*  /^\«     ' 

\dx*f 
which  ia  a  differential  expreanon  of  the  second  order. 

100.]  Also  nnce  the  differentials  of  logarithmic  and  invcrae- 
drcnlar  fdncliona  are  algebraical  qnantities;  the  differentials 
of  exponential  fimctions  reproduce  themselyes,  and  of  circular 
functions  are  other  circular  quantities  related  to  them  by  trigo> 
nometrical  formolte;  such  transcendental  functions  may  be  eli- 
minated firom  given  primitive  equations  by  means  of  differentia- 
tion, and  differential  equations  will  thereby  be  formed.  The 
following  examples  will  explain  the  process,  and  enable  the 
stndrait  to  apply  it  to  other  similar  problems. 

Ex.  1.  If  jr  =  ((]■+«'>*;  it  is  required  to  eliminate  the  irra- 
tional function.  „ 


dy         2mxy    . 

a  differential  equation  which  is  free  from  radical  quantitiet. 

Ei.2. 

» 

=  annx-|-dcos;r, 

ill 

=  a  cos  X— ft  sin  a-, 

S 

=  —aKsax—bcoix; 
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which  ia  a  differeati&l  equation  of  the  second  order. 
Ex.  8.  y  =  ce^''". 

"fc      °  (l-i")*' 


which  is  a  differential  equation  of  the  fint  order,  and  contains 
an  irrational  qoanti^  which  we  may  remove  by  a  subsequent 
differentiation.    Thos 


a  differential  eqoation  of  the  second  order  which  is  free  from 
radicals  and  transcendental  functions. 
Ex.  4.        y  =  be"  cos  (nx+c) ; 

dv 

~^=  flftc"coB  (nx+c)— »iie"Bin(fwr+c), 

=  ay— nbe"  tin  {nx+c), 
dx*  dx 


-nbae"  mn.(nx  +  c)—n*b€''coi{tuc+c). 


-+«(J-«!')-»' 


»i 


a  differ^itial  eqoatioD  of  the  second  order,  and  free  from  expo- 
nential and  circular  functions. 

Ex.5.       y  =  — ~ :  ,-.     «  =  -— -I-j  ; 

«*'  =  ^;  .-.    2a!  =  log(y  +  l)-log(y-l), 

y+1     y-l' 
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...     ite=^,     or   |  =  l_y-. 
1—y'  ax  ' 

101.^  Differential  eqtutions  kIbo  sometimeB  arise  in  another 
my :  it  is  often  more  convenient  to  express  the  relation  which 
holds  between  two  given  quantities  or  functions  by  a  differen- 
tial than  by  its  primitive  equation :  the  differential  equation 
indeed,  as  will  be  seen  hereafter,  can  frequently  be  fouad,  when 
the  primitive  is  beyond  our  powers  of  expression.  Here  how- 
ever I  shall  ^ve  only  one  or  two  examples  wherein  differential 
equations  are  formed. 

Ex.  1.  It  is  required  to  express  in  the  form  of  a  differential 
equation  the  relation  between  cos  nx  and  cos  x. 

Let         «.  =  costur,  and  z  =  coax; 

dUn  .         dx  J  .        , 

.'.     -;—  =  —nmnnx-T-i  dz  =  —  tanxdx; 

dz  dz 


max—t~  =  » 


'  de 
cos  X  ~-  —  (sin  x)' 


which  is  a  differential  equation  of  the  second  order.  If  we 
assume  «.  to  be  expanded  in  a  series  of  ascending  powers  of 
s,  the  coefficients  of  which  are  to  be  determined,  this  equation 
will  enable  na  to  determine  the  coefficients,  because  it  is  to  be 
■atiafied  by  them  for  all  values  of  n. 

In  this  equation  it  will  be  observed  that  cmx  is  the  equi- 
crescent  variable. 

Ex.  2.    It  is  required  to  eipreas  in  the  form  of  a  differential 
equation  the  relation  which  exists  between  cos  x  and  the  series 

««  =  cosRjr  +  cos(n  — 1)«+  ...  +  cos  2^  + cos  a?. 

The  nun  of  the  series  is  found  withoat  difficulty ;  and  we  have 

.a:        .    nx       n  +  1 


l»  +  =  l*-8ins- 
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Let  C08ar  =  «;     .■.    ilz=  —  sin^dr;  let  «  or  009  7  be  eqni- 
cresceut ;  then  differeatiatiog  twice,  we  have 
.   «<&. 

"z-J?- ""iW-i" 

=  -  («  +  j)  (Mn  2  +  at.,  oo  j)  +  J  am  jj  J 

wbich  is  the  required  differeatial  equation  of  the  second  order. 
.    These  two  examplaB  are  snfficieot  to  illustrate  the  proceu. 

102.]  Thus  fai  the  primitive  equations  have  contained  only 
two  varinbles,  and  the  differentials  and  deriTed-functioui  have 
been  total :  it  remains  still  to  exhibit  the  ana](^ua  processes, 
when  three  or  more  variables  are  implicitly  or  explicitly  in- 
volved, and  when  the  differentials  are  therefore  partiaL  I  shall 
consider  two  cases  of  this  process.  In  the  former  tfae  yariables 
will  be  contained  in  an  equation  which  is  free  from  any  unde- 
termined or  arbitrary  function.  In  the  latter  I  shall  suppose 
cme  or  more  arbitrary  functions  to  be  involved,  of  which  the 
subject  variables  enter  in  certain  given  reUtions,  such  as  we 
have  supposed  and  exemplified  in  Art.  62  and  68 ;  and  the  de- 
rived functions  of  which  will  accordingly  bear  certain  relationa 
to  each  other  dependent  on  the  form  in  which  the  snl^ect  vari- 
ables are  combined,  and  will  thereby  admit  of  elimination. 

Ex.  1.  It  ia  required  to  eliminate  a,  b,  c  and  d  from  the  equa- 
tion Ax  +  vy  +  cz+D  =  0,  and  to  express  the  resulting  relation 
in  the  form  of  s  partial  differential  equation. 
i.x+By  +  cz  +  o  =  0. 

Xjet  us  assume  2  to  be  the  dependent  variable,  and  take  suc- 
cessively the  s-  and  y-partial  differentials ;  then,  observing  the 
power  of  brackets, 

Adr  +  cdz  =  0,  .-.     A  +  c{^)  =  0; 
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•  •     \dx'f       \dxdyl       \dy*l  - "' 
either  one  of  which  differential  equationa  satiafiea  the  equation. 
Of  these  resnlts  we  shall  hereafter  see  the  geometTica!  meaning. 
Ex.  2.  Determine  the  partial  differential  equations  which  arise 
in  the  elimination  ata,b,e  from  the  equation 

4+4+ ~  =  i. 

Taking :?  to  be  the  dependent  variable,  we  have 

and  of  the  former  of  these  tvo,  taking  the  ^-partial  diiferentia], 
from  which  and  (172)  eliminating  a*  and  c*,  we  have 

"{£)+'©■-'©  =  »•        <"^) 

Similarly,  if  we  take  the  ^-differential  of  (178),  and  eliminate 
Ifl  and  c*,  we  shall  have 

Either  (175)  or  (176)  is  the  required  differential  equation. 

Ex.  8.  It  is  required  to  express  a  propertjr  of  the  following 
equation  in  terms  of  partial  derived-functions,  and  indqtendentiy 
of  a,  i  and  c. 

V  =  {(ir-a)>+(y-«)»+(*-c)»}-i; 

•'•    ©  =  -<*-«)  {t*-«)'+(y-i)»+(^-c)»}-» 

=    -(«-«)  T», 

(g)=-v.-8,.,.-.,0 
=  —  v«+8v»(ar-a)«. 
Similarly,  (0)  =  -v»  +  8v«(y-4)». 


©=-■''+ 8^' <'-«=>'' 
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■■■  (£)^(|^)+(£) 

-  _8y»+8v»{{*-«)*+(ff-A)*  +  («-c)'} 

=  -8v»+3v» 

=  0. 
As  many  examplea  of  the  rormtttion  of  these  and  similar  differ- 
ential  equations  will  occur  in  the  sequel,  it  is  mmecessaiy  to 
insert  others  here. 

103.]  A^D,  let  us  consider  the  formation  of  partial  differ- 
entia] equations  as  they  arise  from  the  elimination  of  arbitrary 
functions,  when  the  subject-variables  of  these  fanctions  are 
combined  in  particular  relations.  And  first  let  ns  take  the 
most  simple  esse ;  that  tiz.  of  an  explicit  function  of  two  in- 
dependent variables,  of  the  form 

«  =  r(*,y);  (177) 

in  which  the  form  of  f  is  imdetermined,  and  wherein  x  and  y 
enter  in  particular  combinations,  snch  as  x  divided  by  p,  or  « 
multiplied  into  y,  and  so  on :  so  that  the  x-  and  the  ^-partial 
derived-functions  of  u  will  contain  the  same  arbitrary  functional 
term.  Let  us  also  suppose  that  (177)  contains  only  one  arbi- 
trary function.  Then  the  partial  derived-functions  having  been 
calculated,  we  shall  hare  two  equations  contuning  the  same 
arbitrary  function,  which  by  means  of  them  may  be  eliminated ; 

and  an  equation  will  result  in  terms  of  [j-)i  (t"))  ^^  ^^^i- 

ables  and  constants,  some  or  all,  of  the  primitive  equation,  and 
it  will  be  independent  of  the  arbitrary  function. 

If  the  primitive  contains  many  arbitrary  functions  of  x  and  y, 
with  their  subject  variables  combined  in  given  relations,  succes- 
sive partial  derived-functions  may  be  formed,  and  thence  equa- 
tions will  be  obtained  independent  of  the  arbitrary  functions, 
and  in  terms  of  the  partial  derived-functions.  The  process  has 
already  been  employed  in  Art.  52  and  53  of  Chapter  II,  and 
(56),  (59),  (62),  (65),  (76),  (86)  of  those  Articles  are  cases  of  it. 
The  following  examples  are  in  further  illustration. 

Ex.1.  u  =  aa!  +  by  +  cf{mx  +  ny) ; 

then  it,  as  explained  in  Art.  63,  the  rdation  between  /  and  f  a 
sQch  that  d.f{z)  =f{z)  dz, 


,,  Google 


103-3  BT  THB  BLIMIKATION  OF  FUNCTIONS.  175 

(^  =  a  +  emf'im^  +  njf),        (^)  =  b  +  enfimx  +  nt/); 


tdu\      _  (dtt\ 

w 


©  =  ' 


Ex.2.  a  =  ?(*'+y*); 

let  y  be  related  to  f  so  that  d.f(z)  =  r'{z)  dz,  then 

(£)  =  «'■'(»■+!'■).         (|)  =  «»'■('■+»'); 

•■•  ^(£)-'(|)  =  »- 

Ex.S.  tt  =  y»  +  3/(^  +  logy); 

let  /and  /'  be  related  bo  that  d.f{z)  =f'(x)  dz ;  then 

We  will  DOW  take  a  case  wherein  two  arbitrary  fimctioDB  are 
involved,  and  two  BocceBsiTe  diSeientiatioDS  are  required. 

Ex.  4.  u  =  /iax+by)  +  ^(bx—aif) ; 

thea  naing  a  notation  the  same  aa  heretofore, 

(as)  ~  *'/'(«*+*!')+**'(**-fly). 

0 


&)  =  4/'(«r+*!r)-«*'(«»-»»): 


;) +  4  (^)  =  («•  +  »•)/■(«» +  *»)• 


And  taking  again  sncceasiTelj  the  x-  and  the  y-differentiala  of 
tbia  equation. 


■■■  "{(£)-(0)h'"-"*'(^;=°- 
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Ex.5.  ii  =  */(|)  +  F(;i:y)j 

and  luing  &  nmilar  ootatioo, 

(£)=/(|)-|/'(|)+'^(««- 

(|)=r(|)+.^(.„; 

••■  «©+»(l)=-/(l)+»'»A'»)' 

and  sobstitating  for/l-)  from  the  ^ven  primitiTe,  ve  have 
and  repladng  2xjft'(iei/)  —  t(xy)  by  ^(«jr),  vehave 

'•(S)-^'{$)  =  <'- 

104.]  Thai  far  the  dependent  rariable  has  been  explicitly  in- 
Tolved :  if  howerer  all  the  Tariablei  are  implicitly  involved,  a 
procesa  aimOar  to  the  preceding  may  be  employckl^  if  we  oon- 
aider  one  of  the  variables  to  be  a  function  of^  and  thus  depend- 
ent on  the  other  two,  and  on  thia  anppontion  calcnlate  iti  par- 
tial variations  dne  to  the  variations  of  the  others.  Some  casea 
of  this  kind  have  already  occnired  in  Art.  62  and  68,  and  some 
fnnctions,  the  aabjects  of  which  are  in  partictdar  combinational 
have  in  them  been  eliminated. 

Ex.  1.    Eliminate  the  functitm  from 

x'  +  y^  +  z'  =f(lx+my  +  n2). 
Let  z  be  a  variable  dependent  on  «  and  y,  which  are  two  inde- 
pendent variables ; 
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.-.     (iMr-wy)(^)  +  (iijf-fa)(J  =  ly-mx. 

And  if  the  primitiTe  is  in  the  form  t{x,y,e)  =  0,  the  resulting 
partial  differential  equation  ia 

(«.-«,)  {%)  +  inr-l.)  (g)  +  (^-«.,  (£)  =  0. 
Ei.2.        «  =  ;rr(^,-). 

Since  r  has  two  snbjects  ~,  ~ ,  let  pi  and  y%  be  lo  related  to 

r  that  they  are  the  functional  factors  in  the  denred-fiinctions 
of  p,  according  aa  the  Grat  or  second  subject  raries. 

(|)  =  '.(l-f)- 
0  =  -F-{|'f)' 


•••  '(£)+»(S)+»0  =  "(l'f)- 


Ex.  8.     «=/(«?■  + ^+<w*)  +  0(cOBir+ COB  my  +  cos  nz). 
(t-)  =  2(w/'(aa!'  +  4s''+cr*)— /Biniaf<^'(cos/af +  co8fny  +  cos»z), 

(t-)  =  8Jy'/'(aF'+fty*  +  cz*)— m8iiifny^'(cosii:  +  cosi»y  +  co8a?), 

(^)  =  4<»*/'(*r' + iy*  +  ca*) — »  sin  « .^'(coa  ip + COB  my + cos  «y) ; 

therefore  by  Lagrange'B   method  of  croaa-multiplication,   see 
Preliminary  Proposition  11,  ve  hare 

(^){4c»»«*Binniy— 8ABy*sin«2r}+  (^){2o)Mf8ina?-4cto>8inip} 

+  (^]  {Sft^siniia;— SarnxBiDn^}  =  0, 

aa  equation  independent  of  the  arbitrary  fdnctioDB,  and  there- 
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fore  espresaire  of  the  properties  of  such  fnnctioiis,  whatever  ia 
their  spedSc  form. 

Ex.  4.         z  =  f(x+aj/)  +  4>{x-ay). 

Let/'  and  <)>,  f"  and  ^"  stand  in  their  osnal  relation  to/and 
^:  then  ^ 

(^)  =/'(*+oy)  +  *'(*-<^), 

(^)  =  o/'(»+<iy)-o0'(a?-oy), 

•■•  (f)-»'0  =  »- 

105.]  In  general,  for  determining  to  what  order  of  differen- 
tiation we  must  proceed  to  eliminate  any  number  of  arbitrary 
functions  from  an  expression  containing  two  variables  in  given 
combinations,  for  we  will  not  enter  upon  the  more  general  case, 
let  the  following  considerationB  suffice. 

Suppose  u  =  0  to  comprise  m  arbitrary  irinctions  of «  and  y, 
then  it  is  plain  that  each  successire  differentiation  introduces 
in  other  arbitrary  fuoctious,  which  are  the  derived  of  the  given 
functions ;  so  that  by  proceedii^  to  the  nth  order  of  differen- 
tiation, we  have  (n  -f  1)  m  different  arbitrary  functions :  but  as 
the  original  equation  u  =  0  gives  one  relation  amongst  these 
functions,  so  do 

(£)=»'        0=». 

(£)  =  ».     (^)  =  o.-0  =  <>. 

give  us  other  relations ;  and  therefore  by  means  of  n  differen- 
tiations we  have  the  number  of  relations  eqanl  to 

1  +  2+3  + +  („  +  „  =  (!L±iH^±5. 

In  order  that  we  may  be  able  to  eliminate  all  these,  we  must 
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evidently  have  the  Dumber  of  relation*  greater  than  the  number 
of  unknown  qaantities,  that  is, 

— f2 — "  >('»+i)«; 

that  is,  n  +  2>2n»,  »>2«-2-, 

that  ia,  n,  which  expresaes  the  order  of  differentiation,  must 
=  2in~I  at  leaat;  and  we  shall  then  have  a  sufficient  number 
of  equations  to  eliminate  the  arbitrary  functions  from.  Thus, 
if  the  original  equation  inrolTC  but  one  arbitrary  function, 
»  =  I,  and  we  need  differentiate  but  once ;  if  it  involves  two 
arbitrary  functions,  we  must  in  the  general  case  differentiate 
thrice,  and  bo  on.  An  example  is  subjoined  in  which  three 
differentiatioDB  are  required : 

tt  =  /{x+y)  +  xy  ^(x—y). 

+  2y4,\x-y)  +  ixy<t>"(x-y), 
+  !i»*'(«-y)-2«J(*"(»-S); 

■•■  (S)-(9)  =  »<'+.)*'<'-.)■  . 

And  differentiating  again, 

((ft*    \       /d*w\ 
d^dpl-\-^}  =  2*'(«-!')-2(«'+»)*>-S), 

•■•  (S)-(^)-0-($)  =  **''-^>^ 
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Section  8. — Trar^formatton  of  partial  differential  expreniotu 
ittio  their  eqmvalenta  m  terms  ofjiew  variablei. 

106.|]  In  a  previous  sectioD  of  the  present  chapter  we  have 
inrestigated  the  process  by  which  an  equation  inrolring  total 
differential  expressions  may  be  changed  into  its  equivalent  ia 
terms  of  new  variables,  and  we  explained  the  modifications 
which  such  expressions  underwent  according  as  one  or  another 
of  the  vaiiables  is  eqoicrescent.  In  the  last  section  the  elimiiu- 
tion  <^  arbitraiy  functions  and  otbOT  processes  have  given  rise 
to  equations  containing  partial  differential  quantities ;  and  for 
purposes  of  simplification  or  for  other  reasons  it  is  often  neces- 
sary to  transform  them  into  their  equivalents  in  terms  of  new 
variables.  The  process  of  this  transformation  I  proceed  to  ex- 
plain ;  but  I  shall  take  only  simple  cases,  as  they  will  be  suffi- 
cient to  unfold  the  principles ;  and  the  more  complicated  will  be 
discussed  where  they  arise  in  the  second  volume  of  our  work. 

Let  us  first  take  the  most  simple  case :  that,  viz.,  of  a  differ- 

entinl  expression  involving  {'j~)>  ( j~)i  ^r  '^i/i  ^  whidi  ac- 
cordingly the  first  partial  derived-functions  and  differentials  are 
involved,  and  wherein  are  none  of  a  higher  order.     Now  let  it 

be  observed  that  as  a  relation  between  [^))  ( j~)>  ^^  vari- 
ables X  and  y,  and  certain  constants  is  given  by  the  ^ven  equa- 
tion, so  is  there  of  necessity  a  relation  of  the  form  T(u,«,y)  =  0, 
whether  such  a  relation  can  be  found  or  not. 

Let  us  suppose  that  the  variables  x  and  y  are  connected  with 
two  new  variables  r  and  B  by  means  of  equations  of  the  fiwm 


y  =  0,Cr,fl)  J 


(178) 

and  that  it  is  required  to  transform  the  given  differential  equa- 
tion into  its  equivalent  in  terms  of  the  new  variables.  If  the 
primitive  function  is  of  the  form  «  =/(«,  y),  then  after  -the  sub- 
stitutions of  the  preceding  values  for  x  and  y,  we  shall  have 

u=r(r,e);  (179) 

of  which  the  total  differential  is 
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whence,   dividing   throDgh    successively   by   dx  and   dy,   and 

changiag  -^  into  [-j-),  and  -j-  into  (-3-).  since  in  these  casea 

WB  have  the  ratio  of  the  partial  variations  of  u  and  of  x,  and 
of  H  and  of  y,  and  bmcketing  them  to  indicate  that  they  are 
partial,  we  have 

\di'  "  \drf  di'^US'di'   . 

MyJ  ~~  ^dr>  dy  "*"  \d$l  dy ' 
But  nnce  y  doea  not  vwy  when  (— j  is  calcnlated,  and  x  doe* 
not  vary  when  {-j-)  is  calcnlatedj  we  must  bear  in  mind  that 
^ ,  -r;  are  to  be  calculated  on  the  supposition  that  dy  =  0; 
and  that  -^t  -7-  are  to  be  calcalated  on  the  supposition  that 
<£r  =  0.    Let  ns  introduce  these  conditions;  from  (178)  we  have 


—  '     ^ ,  let  ffy  =  0 ;  and  eliminstiag 

■ncceasiTely  dfi  and  dr  between  these  two  equations  on  this 
snppoflition,  we  have 

jd^\  id^\  _  ld^\  ldi„\ 
dr       \drl^de!     '■dr'^del 


dr  ,d^ 


(188) 


idiA 

\dei 

/rf*,s  id^\  _  idji,\  id^\ 
dt       \del\dr'      '^de'^dr'  ,,„, 

''" — i) — ■ 

/rf*i\  ldj^\  _  ld^\  /^\ 
.    .,    ,        dy        \dsl\drl     \  de  >  \  dr  I  „^^ 

dr  ,d^s 
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-=       IT  '  ' 

and  if  we  substitute  these  quantities  in  the  eipressiona  above 
for  (-T-)  and  (^r*).  the  resulting  expressions  will  be  the  equi- 
valents of  {-f-)  ^od  \-j-)i  when  x  and  y  are  replaced  by  their 

equivalents  in  terms  of  r  and  0.  It  is  annecessary  to  expresa 
the  values  in  their  full  length,  because  it  is  more  convenieut  to 
work  each  example  with  ita  own  particular  formulse. 

107.3   Ex.1.   To  transform  (-^1  and  (-7-)  into  their  equi- 
valents in  terms  of  r  and  0,  when  s  =  r  cos  $,  y=^r  sin  0. 

In  this  problem  there  is  implied  a  function,  a  =/(x,y),  which 
becomes,  when  x  and  y  are  replaced  by  their  equivalents, 
E  =  F(r,9); 
idn\       /rfB\  dr      jdR\  de 


/dR\  _  /dB\  or      /da\  1 
*  *     ^dx'~  y^l  di'^\dSl\ 
idvi\  _  fda.\  dr      /Aiv  d0 
\^/  "■  \di^'  d^  '^  \d0'  d^  ' 
But  dx  =  drcoB0  —  r6m0d0,    ] 

0d0.    J 


(186) 


(187) 


dy  =  draia0  +  rcoi0d 
To  calculate  dx,  dg  must  be  equal  to  0 ;  whence,  eliminating 
d0  and  dr  in  turn  from  (187),  we  have 

dx  =  dr<M%0~r%\Ti0d0,  0  =  rfrsintf +  rcostf  rffl; 

and  therefore 

dx  _       1  d^  _  r 

rfr  ~    cos  6  '  dS  ~       sin  fl ' 

Similarly  to  calculate  dy,  dx  =  Q;  wherefore,  b;  means  of 
(187), 

0=(frco8tf  — rsintfdfl,  dy  =  drsintf  +  rco8tfrffl; 

,h»ic        J  =  4^,  1  =  -^;  (189) 

rfr        sia  fl '  d0       cxnO  ^       ' 

and  substituting  these  values  in  (186), 


(188) 
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(£)  =  (s)—-(|)=^-l 

Heace  we  have  two  tranaformatioDi  useful  in  the  Planetary 

'©+»(!)  =  ■•©■ 

Ex.  2.   It  is  required  to  transform  into  its  equivalent  in  terms 
of  r,  0,  and  <)>,  '{-j-}  +y\j~)  +^(^)»  "^^^^  as  =  r  sin  tf  cos  ^, 
y  =  rsin08in^,  z  =  r cos S. 
Let  r  sin  0  =  p ;  so  that 

x  =  p  cos  1^  1  p  =  r  sin  0  1 

y  =  p8in4.  j'  z  =  rcostf  J  ' 

therefore  by  the  last  example, 

108.]  The  general  formulie  for  the  transformation  of  second 
and  higher  partial  differentials  and  derived-fnnctjona,  which  are 
analogous  to  those  of  Art.  107,  are  evidently  very  long ;  and  as 
their  discovery  is  easy,  it  will  be  sufficient  for  our  parpose  to 
give  one  or  two  examples  wherein  particular  and  the  most  com- 
mon forms  of  them  appear. 

(rf*v\      /rf*v\ 
-j-j)  +  y-f^j  mto  its  equivalent  in 

terms  of  r  and  0,  where  x=r coa 0,  y  =  r sin 6. 
Sy  the  process  of  the  preceding  Article  and  (188),  we  have 
/dv\        /rfv\         ^      /dv\  sin  5  ,,„, 

fdv\        /dv\    .     .      /ffv\cosd 
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differeDtiating  (191),  and  bearing  iu  mind  that  (-^)  and  (-rz) 
are  functions  of  r  and  9,  we  have 
/'''TV  ^(/rf»v\rfr       /d*v\d$) 

na&  (/  d'v  \  dr      /rf*T\  rftfl 

/(^\  .    ^i/O      /(^\  rcoatf  iM  — sinfldr 
-(rf^l^'E-W FI5 • 

whence,  anbatituting  irom  (188),  we  have 

(£)  =  <—)■  (S)  - '-^^^  O + ^  (S) 

Similarly, 
/rf*v\        ,  .    ^,  /rf»T\      2sini9coBfl  i  d*v  \      (cosfl)*  /rf*T\ 

/dv\  (cosfl)*      ?Hin0co80  /dv\     ,,q., 

+  ^5,;^  — ? ~-^» —  \dg! '  *****^ 

•••  (S)  +  (9  =  (£)  +  ^{S)  +  ^©-   a») 

The  results  (193)  and  (194)  are  no  other  than  particalar 
cases  of  equation  (100),  Art.  80,  when  the  right  substitntionB 
are  made,  and  consistently  with  the  independence  and  eqai- 
erescence  of  the  variables. 

Also  by  a  process  similar  to  that  by  vhich  (-^)  and  (jri) 
have  been  found,  it  may  be  proved  that 
(  d'v  \       .    ,       -,/<'*T\     eo82fl/rf»v\     sioOoostf /<Pv\ 

(rf^v\      /d^v\      /d^y\ 
d^l  +  t^J  +  w)  "*•  ^  *^'»^ 

lent  in  terms  of  r,#,and0,whenjr  =  rBintfcoa^  s  =  rmi0ton^, 
g=r  co»6. 

It  is  convenient  in  thia  example  to  introduce  a  robsidiitry 
quantity  p,  so  that 
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J/  =  pt3Ii 

Then  by  the  preceding  example, 
therefore  by  addition, 

therefore  substituting  for  p  from  (197)  ve  have,  - 
/d*v\      /(Ptv      /rf*v\        /rf*v\     -2  /dT\ 

(j^)  +  (^) + (d?)  =  (53)  + ;  (3;) 

1         {d'v\       1   /rf*v\      cote  /rfT\     ,„„,, 

+ rTcSEir-  (5^'  +  p  (»)  +  ^  b)-  <''<»' 

To  reduce  this  farther  let  COB  0  =  fi;  therefore  tf=  cos- V;  and 

(Si)+»t,(g)  =  <,-.,(5)-.,(|) 

BO  that  (201)  becomes 
'(-Si- 

I  may  observe,  see  Ex.  3,  Art.  102,  tbat  the  given  differential 
equation  expresses  a  property  of 

If  in  this  we  replace  x,  y,  z  by  their  values  giren  in  (197),  ve  have 

PRICE,  VOL.  I.  fib 


)-i^©-|l<'--"'(|)|=«-« 
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V  =  {r*  —  2r  (a  sin  tf  cos  ij>  +  b  Bin  6  sin  ^  +  e  cos  ff) 

+  a«  +  6»  +  c»}-4;  (203) 
so  that  (202)  is  a  property  of  this  last  expression. 

A  further  reduction  of  the  equation  (202)  has  been  made  by 
Mr.  Hargreave  in  a  paper  in  the  Philosophical  Transactions  for 
1841 ;  but  as  it  introduces  considerations  beside  our  present 
purpose,  I  must  omit  it.  Also  a  discussion  of  some  properties 
of  it  by  Mr.  Boole  will  be  found  iu  the  first  volume,  page  10,  of 
the  Cambridge  and  Dublin  Mathematical  JoumaL  These  me- 
moirs however  for  the  most  part  are  with  the  view  of  inquiring 
whether  (202)  is  or  is  not  a  differential  equation  derivable  from 
Bome  finite  expression  more  general  than  (208). 
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CHAPTER  IV. 

THB  RBLATIOKS  BETWEEN  PUN0TIOK8  AND  DBRITBD-PONC- 
TI0N8,  ON  WHICH  CERTAIN  APPLICATIONS  OF  THE  CAL- 
CULD8  DEPEND. 

109.]  In  the  preceding  part  of  the  work,  with  the  single  ex- 
ception of  Art.  71,  72,  we  hare  coDBidered  the  changes  of  the 
Tariables  to  be  n^mterimal,  and  have  estimated  the  changes  of 
the  functions  and  their  deriTatires  aa  they  are  due  to  such  infi- 
mtesimal  incremeata ;  but  manv  subsequent  applications  require 
a  knowledge  of  the  properties  of  functions,  when  the  variables 
are  increased  hj  finite  augments.  One  object  of  this  Chapter  is 
therefore  to  connect  such  finite  changes  with  differentials  and 
derived- fbnctionB ;  a  relation  of  the  kind  has  been  established 
in  equation  (81)  of  Art.  73,  the  second  member  of  which  consists 
of  a  finite  number  of  terms ;  and  an  accurate  equality  exists 
between  the  sum  of  them  and  the  left-hand  member,  except  so 
fu  as  tf  is  an  undetermined  proper  fraction.  But  the  proof  is 
insufScieut,  inasmuch  as  it  does  not  afford  answers  to  such 
questions  as  follow:  Are  a/I  functions  of  the  {oiaif(x  +  h)  capa- 
ble of  expansion  in  a  series  of  the  form  of  the  second  member 
of  equation  (81 ) ;  and  if  all  are  not,  what  are  the  characteristics 
of  those  which  are  ?  and  supposing  the  function  to  be  capable 
of  expansion,  can  it  be  so  expanded  for  all  values  of  «  and  A,  or 
is  it  possible  for  some  and  impossible  for  others  F  and  what  are 
the  characteristics  of  x  and  h  for  which  it  is  possible?  and  is 
the  series  true  when  continued  to  any  number  of  termSj  or  must 
it  cease  at  a  certain  term,  because  the  requisite  conditions  are 
not  satisfied  by  subsequent  terms  ?  Hence  arises  the  necessity 
of  proving  certain  theorems  which  establish  relations  between 
functions  and  their  derivatives,  and  which  involve  certain  con- 
ditions subject  to  which  they  are,  and  in  failure  of  which  they 
are  not,  within  the  general  range  of  the  Calculus ;  and  by  means 
of  these,  the  infinitesimal  calculus  will  be  extended  to  changes 
of  functions  due  to  the  finite  changes  of  the  variables, 

Bb2 
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110.]  Tbboreu  I. — Given  that  y=f{x)  is  acontaiiuoua  func- 
tion of  X,  for  a  given  value  of  it,  viz.  x  =  Xq,  and  for  values  a 
little  greater  and  a  little  leas  than  xq,  that  is,  for  x^-^dx,  and 
Xq—  dx :  then,  if  f{xo)  is  positive,  x  and  f{x)  are,  for  that  par- 
ticnlar  value,  increasing  or  decreasing  aimult&neoasly ;  and  if 
fixoi  is  negative,  as  x  increases  and  passes  through  Xq,  f(x)  is 
decreasing,  or  vice  verad. 

Let  Ay  and  &x  be,  as  before,  the  simultaneoas  and  finite 
changes  in  the  values  aiy  and  x;  then  it  is  plain,  that  accord- 
ing as  —  is  positive  or  negative  when  the  increments  are  less 
than  any  assignable  quantit;,  so  is  ^  or /'(f)  which  is  its  limit. 

Since  y  =  f(x),  y  +  &y  =  f(x  +  ax), 

Ay  _  f(x+Ax)—f(x) 

AX  {X  +  AX)—X 

On  the  supposition  that  —  is  positive,  the  numerator  and 
denominator  of  the  fraction  must  have  the  same  signs ;  and 
therefore,  if  iP  +  aj:  is  >  *,  that  is,  if  x  increases,  f{x  +  ax) 
is  >  than  f(x) :  but  if  a7  +  A:r  is  <  x,  that  is,  if  x  decreases, 
then  f(x+Ax)  is  <  than  f{x)i  and  the  same  is  true  of  the 
limiting  value  when  ax  and  Ay  become  dx  and  dy.     So  again 

if  —  is  negative,  the  numerator  and  denominator  must  have 
different  signs;  and  therefore,  if  x  increases,  f{x)  must  de- 
crease :  and  if  x  decreases,  /(«)  increases,  and  the  same  will  be 

true  in  the  limit.     Hence  we  conclude  that,  if  ^  =  f(x)  is 

positive  for  x  =  «o,  at  that  particular  valne,  x  and  f(_x)  are  in- 
creasing or  decreasing  simultaneonsljr ;  and  if /'(«)  is  negative 
when  xsi  xo,  BM  X  increases  f(x)  decreases,  or  as  ;i7  decreases 
f{x)  increases.     Thus,  if 

/(a?)  =  x'-6x*-\-Ux—6,  f'{x)  =  3fl!»-12ip  +  ll. 

Now  /'{x)  is  positive  when  x  =  1  i  therefore  f(x)  and  x  are 
simultaneously  increasing  at  that  value  of  x ;  but  fix)  is  n^a- 
tive  when  x  =  2;  therefore  as  x  increases,  /(x)  is  decreaaing  i^ 
that  value. 

CoBOLLABY  I. — Houce  if /(x)  is  continnous  for  every  value 
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of  X  betwee&  Xo  and  x„,  x^  bciag  greater  than  Xa,  x  and  f{x) 
are  increHing  or  decreanng  simuItaneoaBly  through  all  values 
for  which  f\x)  ii  positive;  and  through  all  values  for  which 
f'{x)  is  negative,  as  x  increases]  /(#)  decreases,  and  met  verad. 

Cor.  II. — Hence  also  if,  up  to  a  certain  value,  x  =  a,  as  2 
increases  f(x)  increases,  and  after  that  value  f(x)  decreases, 
fix)  will  be  positive  until  x  =  a,  and  then  will  become  nega- 
tive ;  and  as  the  sigu  of  such  a  quantity  changes  only  by  the 
qnaatity  passing  through  zero  or  infinity,  according  as  the 
factor,  to  the  change  of  sign  of  which  the  function's  change  of 
sign  is  due,  is  in  the  numerator  or  denominator,  so,  when  x=a, 
will  /'(«)  be  equal  to  either  zero  or  infinity. 

In  farther  illustration  of  this  theorem  and  its  corollaries,  let 
us  consider  the  following  examples : 

In  fig.  10,  let  OBA  be  a  semicircle,  the  radius  of  which  is 
equal  to  a;  let  o  be  the  origin  and  oca  the  axis  ofx;  then  the 
equation  to  it  is 

y*  =  2oar— ar'; 

dy_ 


.-.   fix)  =  y  =  {Zax-x^}!',        ^  =/'(*) 


(Zax—x'y' 

Now  for  all  values  of  x  between  0  and  a,  f(x)  is  positive,  and 
therefore  as  x  increases,  /(x)  increases  also ;  and  for  all  values 
of  X  between  a  and  2a,  f{x)  is  negative,  and  therefore  as  x  in- 
creases,/(or)  decreases.  And  when'«  =  a,/'(«)  =  0,  and  changes 
sign  &om  +  to  — . 

Or  again,  let  y=f(x)  =  max; 

So  that  for  all  values  of  «  in  the  first  quadrant,  cos  x  is  poutive, 
and  X  and  sin  x  are  simultaneously  increasing  or  decreasing. 
But  for  all  values  of  x  in  the  second  and  third  quadrants,  f{x) 
or  COB  X  is  n^ative,  and  sin  x  decreases  as  x  increases ;  and 
similarly  for  all  other  values  of  tbe  arc. 

It  is  also  to  be  observed,  that  not  only  by  its  sign  does  ~- 
or  f{x)  indicate  whether  an  increase  of  the  variable  is  accom- 
panied contemporaneously  by  an  increase  or  decrease  of  the 
function,  but  it  also  by  its  value  denotes  the  rate  of  sach  in- 
crease or  decrease  j  the  greater  f'{x)  is,  if  it  is  positivef  tbe 
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faster  does  f{x)  iocreaae  as  x  increases ;  and  the  leas  f{x)  n, 
if  it  is  negative,  the  slower  does  f{x)  decrease  as  x  increases. 
Thus  ii  y  =  x,  the  equatioii  to  a  straight  line  passing  through 
the  origin,  dy  =  dx,  and  the  simultaneous  increments  of  x  and 
y  are  equal ;  but  if  y  =  'ix,  dy  =  2  dx,  and  the  increment  of  y  is 
alwajs  twice  that  of  ^- 

111.]  Theokbm  II. — If  x„  and  Xo  are  two  definite  values  of 
X,  x„  being  greater  than  Xo,  and  x^—Xn  being  a  finite  quantity ; 
and  if  r(x)  is  a  function  of  x,  which,  as  also  its  first  derived- 
function,  is  finite  and  continuous  for  all  values  of  x  between 
x^  and  Xo,  then 

v{x„)  —  r{xn)  =  (afn  — iPo)''{«o+^('-  — 'o)I. 
0  being  some  proper  positive  fraction. 

Let  the  difference  Xu—-fa  be  divided  into  n  parts,  and  let  ^i, 
jTj,  ...x„-i  he  the  values  of  ;c  corresponding  to  the  n— 1  points 
of  division ;  and  let  us  moreover  suppose  n  to  be  so  lai^,  that 
each  of  the  divided  elements,  Xi—Wo,  Xt~Xi, ...  «■— a^^-i,  is  an 
infinitesimal. 

Vtom  the  definition  of  a  derived-function  given  in  (6),  Article 
18,  vre  have  the  following  series  of  equations, 
»(jri)— r(j?o)  =  (xi  —  xo)r'ixo), 
Hft)-r(x,)  =  iXa-Xi)T'(x,). 


(1) 

t{^n)~r(l'H-l)   =   (iJ^i.— *ii-l)P'(*i.-l);  , 

whence,  adding  all  the  first  and  second  members  of  the  series 
of  equations,  the  sum  of  the  first  is  r(x^)—r(xo);  and  the  sum 
of  the  second  is,  hy  Preliminary  Theorem  III,  the  product  of 
the  sum  of  the  first  factors,  viz.  x^—Xo,  and  some  mean  value 
of  the  second  factors ;  that  is, 

r{x„)  —  r{xo)  =  (x^—Xo)r'{xo  +  6(Xn~x<})},  (2) 

in  which  0  is  some  positive  proper  fraction :  and  therefore  the 
last  factor  is  a  correct  symbol  of  the  required  quantity ;  for 
putting  0  —  0,  we  have  only  the  first  term  of  the  series,  and 
which  would  therefore  be  correct  if  all  the  derived-functions  in 
equations  (1)  were  equal;  and  if  0=  1,  we  have  /(«„),  which  is 
a  term  just  beyond  that  which  the  series  reaches;  hence  0  must 
be  greater  than  zero  and  less  than  unity. 

Let  the  finite  difference  x^—Xe  be  represented  by  A,  so  that 
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in 


Xb— Xo  =  A;  and  therefore  x„  =  ji'c  +  A,  and  h  is  the  finite  incre- 
mcDt  of  «o ;  then 

r(xt  +  h)-T{Xt)  =  AF'{xo  +  flA).  (8) 

It  is  to  be  obseired  that,  if  A  is  infiaitenmal,  we  must  neglect 
eh  when  added  to  the  finite  quantity  »o ;  and  the  reaalt  is,  the 
derired-functioQ  as  originally  defined  in  Art.  18. 

113.]  Tbeorbm  III. — If  Xk  and  Xo  ore  two  definite  values  of 
X,  Xa  being  greater  than  xo  and  x^—  Xg  being  a  finite  quantity ; 
and  if  f(x)  and  /(x)  are  functions  of  x,  which,  as  also  their 
first-deiiTed-functions,  are  finite  and  continuous  for  all  values 
of  X  between  Xo  and  x^;  and  besides,  if/'(x)  does  not  change 
sign  within  these  limits ;  then 

p(x»)  — r(Xn)  _  F'(X|,  +  fl(x,— Xq)} 
/(«-)-/(J'o)  ~  /'{xa+eC^n-^i,)}' 
where  6  represents  a  fraction  mean  to  0  and  1. 

Let  the  diff^ence  x.  — Xo  be  divided  into  n  parts,  and  let  Xi, 
X|j...x„_i  be  the  valaes  of  x  corresponding  to  the  n  — 1  points 
of  division;  and  let  as  moreover  suppose  n  to  be  iufinite,  and 
let  each  of  the  divided  elements,  Xi  — Xg,  Xg—xi,  ...  x^— Xn-i, 
be  an  infinitesimal.     Then,  since 

F{Xi)-F(Xo)  =  (x,-x«)f'(xo), 
and  /(xi)  -/(Xo)  =  (ar,-xo)/'(xo); 

¥(Xi)  —  T(Xa)  _   t'(xo> 
'■    /(a^i)-/(a-o)       f{xo)' 
F(xi)-y(Xi)  _  r'jxi) 
/(^i) -/(*.)  ~/W  !-  (4) 

P(X.)-F(x._i)  _    P'CX.,!) 

/(*-)-/(*,-i)  /'(a^.-i)" 
Now  this  being  a  series  of  fractions  whose  denominators  are 
all  of  the  same  sign,  according  to  Preliminary  Theorem  IV,  the 
ratio  of  the  smn  of  all  the  numerators  of  the  left-hand  members 
of  the  equations  to  the  sum  of  all  the  denominators  is  equal  to 
some  mean  valne  of  the  fractions ;  that  is, 

y(j?.)-r(go) 

fix,) -Ax,} 

is  equal  to  some  mean  value  of  the  fractions  which  are  the 


Similarly, 
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right-hand  members  of  the  above  eqo&tioDB ;  and  such  a  ralne 
will  be  properly  represented  by 

F'{jn  +  fl(jg..— *(.)} 

/'{xt  +  eix^-xo)]' 

where  0  is  a  proper  and  positive  fractioQ ;  therefore 
rte,)  — r(.ro)  _  F'{;p>+g(j?H— jq)} 
/iXn)-/{ro)  ~/'{j:otfl(*.-«o)}' 
For  the    sake   of  convenience,    let   x^  —  Xt  =■  A,    ao  that 
Xk  =  Xg  +  h;  and  therefore  h  is  the  finite  increment  of  Xq,  and 
the  functions  under  consideration  include  those  for  all  values  of 
X  between  Xo  and  Xa+h;  then 

v{xo  +  A)-rixo)  _   f'Cjtq  +  0k}  _ 

The  further  condition  to  which /(or)  is  subject,  vii.  that/'(») 
does  not  change  sign  between  ^o  *nd  x^  +  h,  is  necessary,  in 
order  that  the  sum  of  the  denominators  of  the  right-hand 
members  of  (4)  may  not  vaaisfa,  tea  thereby  the  first  member 
of  (5)  might  be  equal  to  an  infinite  quantity,  and  the  equation 
might  be  useless. 

To  enable  a  student  the  better  to  grasp  the  fiiU  meaning  of 
the  conditions  of  this  important  theorem,  the  graphical  illustra- 
tion of  fig.  11  is  given. 

Of  the  two  curves  therein  delineated,  let  the  upper  one  be 
that  whose  equation  is  y  =  *(x),  and  let  the  lower  one  repre- 
sent t/  =  f(x). 

Let  o  be  the  origin,  out  =  Xa,  ou^^x^;  therefore  h„Mo=A; 
OH  =  x,  X  referring  to  any  point  intermediate  to  iio  and  h,  ; 
and  suppose  that  f'(x)  is  positive  for  all  valnes  of  x  betweoi 
Xo  and  x^,  which  property  is  represented  by  the  curve  being 
snch  that  the  ordinate  increases  as  the  abscissa  increases ;  now 
it  is  immaterial  what  forms,  or  branches,  or  points  of  discon- 
tinuity the  curves  may  have  outside  the  assigned  limits ;  we 
consider  them  only  within  and  between  the  limits,  and  restrict 
them  to  certain  conditions  within  those  limits,  and  which  are 
expressed  in  the  curves  of  the  figure,  viz.  that  they  are  finite 
and  continaoQs ;  also 

MoVo  =  T(Xo),  UoPd  =fix„), 

M,!-,  =  F(«,)  =  r{*o+A);  «,i>,  =/(«,.)  =Axo  +  h). 
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Cob.  I. — Suppose  in  the  aboye  equatioD  (&),  that  F(fo)  =  0 

and  /(J!o)  =  0,  vhich  expressea  the  eondition  that  both  the 

cmres  in  fig.  11  pass  through  the  point  Hg,  then 

F(go  +  A)  ^  F'(jra  +  tfA) 

/(jTo  +  A)        f{xo  +  0hy 

Cob.  II. — Also  sappose  that  jto,  which  is  the  lower  limit  of 

»,  =  0,  which  expresBes  the  condition  that  in  fig.  11  the  origin 

of  coordinates  is  at  iio,  then 

yW-F(0>  _  r'm 
/CA)-/(0)  yW)' 
and  writing  ir  for  A,  as  A  is  measured  from  the  origin  mq  in  this 

(7) 


case,  we 

/W-/(0) 

and  if  I 
through 

(0)  = 
the 

=  0,  imd/{0)  =  0. 

that  ia,  if  both  the 
.'(Da,) 

curves 

(8) 

118.]  Bf  Corollary  I,  of  the  last  Article  and  equation  (6),  it 
appears  that  if  any  two  functions  of  x  ranish  when  x  =:  Xo; 
then,  subject  to  the  ueceasaiy  conditions, 

p(j?o  +  A)  _  i^(xo  +  0h)  _  ^(xo+ki) 
Axo + A)        f'ixo  +  eh)       f\x^  +  A,) '  ^^' 

replacing  9h  l)y  Ai  for  the  sake  of  convenience,  and  observing 
therefore  that  Ai  is  leas  than  A. 

Suppose  now  that  f'(*o)  =  0,  and  /'(afo)  =  0,  and  that  t''{x) 
and  /"(«),  as  well  as  r'(x)  and  f{x),  are  finite  and  continuous 
for  all  valnea  of  a^  between  xo  and  ^o-f  0A;  and  tfaat/"(:r)  does 
not  change  sign  within  these  limits ;  then,  by  virtue  of  (9),  we 
*■*"  F'(j:b+Ai)  ^   >"(J^o  +  gAi) . 

/'(«o  +  A,)        Z'Vo  +  tfAi)' 
and  replacing  0hi  by  At,  and  observing  that  As  is  less  than  A], 

""^  **""  ''(^o  +  Ai)  _  ^'(^o  +  A,) 

/'(^c+Ai)        /"(^To  +  A,)-  ^'"^ 

Sinularly  again,  if  r''(afo)  =  0  wd  /"(*»)  =  0,  and  if  the 
derived-functions  v"'{x),  f"(x)  are  finite  and  continuous  for  all 
valnes  of  *  between  Xf,  and  «o  +  As ;  and  if,  besides,  /"(a?)  always 
increases  or  decreases  with  x  between  these  limits ;  then 
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/"(«,  +  A,)        /'"(Xo+flA.)        /"'(*o  +  A,)  '  ^      ' 

replficing  0Ai  by  Ag ;  whence  it  appeara,  that  Ag,  which  is  less 
than  A),  which  is  also  less  than  Ai,  and  therefore  less  than  A,  is 
of  the  form  6h. 

Suppose  now  that  these  several  conditions  as  to  the  derived- 
fanctions,  and  others  similar  to  them,  hold  good  up  to  the 
(n  — l)th  derived-functions  inclusively,  then 
/(jq  +  tf  A)   _  r '1X0  + eh) 
/Vo  +  flA)   ~  /"(aro  +  flA)' 
But  by  (5)  the  left-hand  member  of  this  equation  is  equal  to 

F(g(,  +  A)-P(go)  _ 

/{*(.  + A) -/(j?o)' 
so  that  we  hare  the  following  proposition : 

Theoreu  IV. — Tf  F(;r)  odA  f(x)  are  two  fimctions  of  jr, 
which,  and  also  all  the  derived-functiona  up  to  the  nth  incla- 
sively,  are  finite  and  continuous  for  all  values  of  ^  between 
^0  nnd  j-Q  +  A  ;  and  if 

v\xo)  =  0,     v"[Xo)  =  0, P"-H*o)  =  0, 

/'{x^y  =  0,    f"(xo)  =  0, /-Ha-o)  =  0; 

and  if,  besides, /'{ar),/"{ar), /"{«)  severally  do  not  change 

sign  between  the  limits ;  then 

T  (a?o  +  A)  — r(j7ft)        F-(xo  +  tfA) 


/Cjro+A)-/(a-o)        /"(vTo  +  flA)' 
Cob.  I. — Henee,  if  f(xo)  =  0,  and  /(xo)  =  0, 
P(X(.  +  A)  _  T"(Jo  +  gA) 
Aso  +  h)       /-(afo  +  flA)" 


(12) 


(13) 


Cor.  II. — Also,  if  x<,,  which  is  the  inferior  value  of  »,  =  0; 
then,  writing  »  for  A,  as  A  is  measured  irom  the  origin,  we 
have  from  (12), 

p(3^)-r(0)  _  F-(to) 

/(;r)-/(0)  -/-(to)'  ^     * 

Cor.  III.— And  if  in  addition  f(0)  =  0,  and/<0)  =  0,  then 

/(x)  -  f(6xy  t*^' 
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114.3  ^^  equation  (12),  which  ia  the  result,  including  all 
others  of  the  above  Articles,  let  a  specific  form  be  assigned 
tof{g)y  which  will  satisfy  the  requisite  conditions  and  render 
the  eqmttion  apphcable  to  future  purposes ;  as,  for  instance,  let 
f{x)  ^  (;r— jTo)",  wherein  N  is  positive  and  int^;ral;  then 
/(*o)  =  0,  and  /{«o+A)  =  A"; 
/'(jj)  =  «(j--ab)"-',  .-.    /'(*o)  =  0, 

fix)  =  n(»-l)(x-aro)-»,  /"(a^o)  =  0, 

/-- H«)  =  »C«-l)...3.2(ar-«(,),         /"-'C*o)  =  0, 

fix)  =  n(n-l)...3.2.1,  /"(a^o)  =  b(»-1)...S.2,1  ; 

and  aa  /"(x)  does  not  involre  s,  it  has  the  same  value  what- 
ever x  is,  therefore 

f'tSo  +  Oh)  =  n(M-l)...  3.2.1; 
and  substituting  these  values  in  the  general  result,  we  have 

,(»,  +  t)-,(;r„)  =  laa,.*',-!). '""•  +  ''*"  "*" 
the  conditions  to  which  this  equation  is  subject  being,  that 
r^x),  y(»),  y'ix), ...r'^(x)  are  finite  and  continuous  for  alt  values 
of  X  between  Xo  and  Xq  +  A,  and  that  "^{Xo)  =  0,  v"(X(i)  =  0,  up  to 
r"-i(j-o)  =  0 ;  and  that  F"(jro)  does  not  vanish. 
115.]  Coa.  I. — Hence,  if  v(Xo)  =  0,  we  have 

and  as  a  particular  case  of  this,  let  xi,  =  0;  then 
and  writing  x  for  h, 

which  proposition  may  be  enunciated  as  follows : 

Theokeh  Y. — If  f(:i;)  is  a  function  of  x,  which  and  also  all  its 
derived-fimctions  up  to  the  nth  inclusively  are  finite  and  con- 
tinuous for  all  Talues  of  j:  between  0  and  x;  and  if  i(x),  if{x), 
...  »"-*(«)  severally  vanish  when  *  =  0,  then 
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Cos.  II. — ^In  equation  (16)  let  Xo  =  0;  ibea.  writiiig  x  (or  h, 
v(x)  -  P{0)  =  1^2!^  »"(«^) ;  (20) 

of  which  result  (19)  is  a  particular  case. 

116.]  Let  us  consider  same  particular  cases  of  these  general 
theorems  which  arise  &om  particular  values  of  n. 

In  equation  (16)  suppose  that  ^(xo)  does  not  vanisfa,  then 
n  =  1,  and 

w(xo+h)~v(xo)  =  hr^{xo+9h)i  (21) 

which  gives  a  symbolical  expression  for  the  right-hand  member 
of  equation  (7),  Art.l8,  including  its  residual  expression  b. 

Hence  we  have  the  following  result.  If  for  all  values  of  x, 
jf{x)  =  0,  then  also  V{x,j-^-9h)  =  0;  and  therefore  by  (21) 
v{Xi,-\-h)  =  r(X(,).  That  is,  as  ito  and  h  are  arbitrary,  the  valae 
of  F(J?)  is  the  same,  whatever  is  the  valae  of  x;  and  therefore 
F(;r)  is  constant.  The  quantity  therefore  of  which  the  derived 
fanction  is  zero  is  constant.  Hence  also  conversely  we  infer 
that  if  a  derived-function  is  zero  for  all  values  of  its  subject, 
then  the  function  of  which  it  is  the  derived  is  a  constant ;  and 
also  that  a  constant  is  the  only  continuous  quanti^  of  whidi 
the  derived-function  is  zero. 

Or  suppose  again  that  t'(xo}  =  0,  and  that  f"(j^o)  is  finite, 
then  »  =  2,  and 

r{xo  +  h)-t  (X,)  =  ^  p"(a?o  +  0h).  (22) 

Suppose  again,  in  equation  (20),  that  f  (0)  =  0,  and  that  f'(0) 
is  finite,  then  ^^^^  ^  ^^^^^j .  ^^3^ 

and  therefore  every  fiuictioD  of  a  variable  x,  which  vanishes 
when  x  =  0,  liaa  x  for  a  JBctor,  unless  the  first  derived-iiinction 
is  equal  to  00  when  x  =  0. 

Thus,  for  example,  let  j{x)=  aa  x,  which  =  0  if  d?  =  0 ;  then 
its  derived-function  =  cos  x,  which  =  1  when  «  =  0 ;  therefore 
jr  is  a  factor  of  sin  x. 

Similarly,  if  r{x)  =  tan 2,  which  =  0  if  *  =  0;  then  /(a?) 

=  (sec  ^)^  which  =  1  when;i!  =  0;  therefore^  is  a  factor  of  tan  dr. 

1  2        ' 

But  if  F(«)  =  e"!*,  which  =  0  if  x  =  0,  t'{x)  =  -^e"*', 

which  =  ^ ,  when  «  =  0,  and  is  therefore  indeterminate ;  whence 
we  cannot  conclude  that  2  is  a  fitctor  of  e~  ?. 
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The  Btatemeiit  made  in  most  of  the  ordinary  text  books  on 
the  Theoiy  of  Algehniica]  Espreasions,  m.  that  ^  is  a  factor  of 
F(»),  if  t(3))  =  0  when  x  =  0;  or,  which  is  equivalent,  that,  if 
p(;r)  =  0  when  v  =  a,  x—a  is  a  fiictor  of  f(^),  is  only  one  of 
too  many  vnit>er»al  propositions  which  are  tmdvly  assumed ;  it 
may  be  and  is  true  in  most  cases,  but  it  is  an  unphilosophical 
desire  of  generalization  which  leads  us  to  conclude  that  it  is 
true  in  all  cases.  All  possible  functions  are  not  known,  and 
cannot  be  known;  and  therefore  a  conscious  ignorance  ought 
to  guard  us  &om  such  an  error,  and  be  a  much  more  cogent 
reason  against  it  than  the  knowledge  of  a  particular  instance 
irhich  disproves  the  induction;  practically  however  it  is  found 
not  to  be  so ;  let  the  student  be  cautious  as  to  such  universal 
assumptions,  which  rest  for  proof  only  on  our  ignorance. 
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CHAPTER  V. 

THB  DETERMINATION  OP  THE  0RDEK8  OF  INFINITESIMALS ; 
AND  THE  EVALUATION  OF  QUANTITIES  WHICH  FOB  PAE- 
TICULAK  VALUES  OP  THB  VAKIABLEa  ASSUME  THB  FOBMS 

g,   ^,   Ox«,   00-00,   0",    «<»,    r,  0-. 

117.]  In  questions  sucli  as  those  proposed  for  discassion  in 
the  present  Chapter,  it  is  important  to  observe  what  is  the  exact 
meaning  of  the  numerical  unit ;  namely,  that  it  is  the  ratio  (ff 
equaUty,  and  that  it  is  independent  of  the  particular  magnitude 
of  the  qoantities  which  are  compared.  Hevce  it  follows,  that 
it  is  immaterial  whether  the  quantities  are  infinitesimal,  finite, 
or  infinite,  provided  that  we  can  assure  ourselves  that  they  are 
equal.  Whenever  therefore  the  same  factor  is  involved  in  the 
nnmerator  and  denominator  of  a  fraction,  be  it  of  any  magni- 
tude and  ,kind,  it  may  be  divided  out,  and  the  value  of  the 
fraction  will  not  be  changed  by  the  division:  by  this  means 
expressions  on  which  operations  are  to  be  performed  can  often 
be  simplified;  an  instance  will  illustrate  the  process  and  its 
effect.    Suppose  that  it  is  required  to  determine  the  value  of 

J  — a-K23f«  — 2aj?)* 

when  :r  =  a ;  in  which  case  the  fraction  assumes  the  form  ^ ; 
but  why?  Because  both  nnmerator  and  denominator  involve  a 
factor  (x^a)i,  which  is  equal  to  0  when  x  =  a;  bat  the  factor 
in  the  numerator  being  exactly  the  same  as  the  factor  in  the 
denominator,  the  ratio  of  one  to  the  other  is  unity ;  by  which 

therefore —  may  be  replaced,  and  the  fraction  becomes 

which  is  equal  to  1,  when  x=  a. 
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Section  1. — The  determintUion  oforderi  of  infinitesimal. 

II8.3  It  is  necessary  first  to  repeat  with  greater  exactness 
the  nudn  pconts  of  the  account  of  infinitesimals  which  was  given 
in  rough  outline  in  Art.  8  and  9,  Chapter  I. 

The  determination  of  the  Order  of  Infinitesimals,  such  as  is 
there  assamed,  which  is  a  relative  term,  requires  a  standard  or 
a  base  to  compare  them  with.  This  standard  is  called  the  Base 
of  Infinitesimals ;  and  according  to  the  power  of  the  base,  which 
a  ^ren  infinitesimal  expression  involves,  is  its  order  ealled. 

Thus  suppose  i  to  be  the  base;  then,  a,  b,  c, being  finite 

numbers,  ai,  bi\  ct",  are  respectively  infinitesimals  of  the  first, 
third,  nth  orders;  i^,  tl  are  infinitesimals  respectively  of  the 
one-half  and  three-fourths  orders.  Similarly  there  may  be  in- 
finitesimals of  negative  orders. 

Suppose  that  p(i)  is  a  function  of  infinitesimals,  and  an  in- 
finitesimal itself,  whose  order  is  to  be  compared  with  i  as  the 
base.  If  F(i)  is  an  infinitesimal  of  the  nth  order,  i"  is  a  factor 
of  it,  and  the  only  other  factor  that  enters  with  t"  is  a  finite 
quantity ;  and  of  all  the  terms  which  contain  powers  of  i  enter- 
iug  as  factors  into  their  composition,  that  containing  i"  is  the 
lowest:  higher  ones  being  neglected  of  necessity  by  virtue  of 
Theorem  VI,  Art.  9.  Therefore,  if  r(i)  is  divided  by  »",  the 
quotient  is  finite ;  if  it  is  divided  by  i  raised  to  an  index  lower 
than  n,  the  quotient  is  infinitesimal ;  and  if  it  is  divided  by  t 
raised  to  an  index  higher  than  n,  the  quotient  is  infinite. 
Hence  we  are  enabled  to  construct  the  following  definition  of 
tbe  order  of  an  infinitesimal  expresdon : 

Dbf. — Let  i{i)  be  the  infinitesimal  expreeaon  whose  order 

is  to  be  determined :  then,  if  -:—  is  infinitesimal  for  all  values 

of  r  less  than  n,  and  infinite  for  alt  values  of  r  greater  than  n, 
v(i)  is  an  infinitesimal  of  the  nth  order. 

Hence  every  finite  quantity  is  an  infinitesimal  of  the  order  0 ; 

for  snppose  jt  to  be  finite,  then  -^  is  infinitesimal  for  all  values 
of  r  less  than  0,  and  infinite  for  all  values  of  r  greater  than  0. 

Hence,  if  we  use  0  for  the  general  symbol  of  an  infinitesimal, 
the  form,  which  all  finite  quantities  assume  from  this  point  of 
view,  is  0".  This  is  also  evident  from  the  example  given  in  the 
last  Article,  where  both  numerator  and  denominator  =  0,  when 
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2-  =  a ;  80  that  x—a  is  an  iuSnitesimal  which  enters  into  both 

nnmerator  and  denominator,  whereby  the  fiaction  is  of  the 

i  X  0 
form  t; — ;: ,  k  and  H  beine  constants ;  and  as  the  infinitesiDials, 
*  xO 

being  exactly  equal,  are  of  the  aame  order,  the  form  of  the  frac- 

* 
tioD  is  O'-sji  and  as  0"  is  equal  to  1  in  this  case,  the  true  valne 

of  the  fraction  is  p- . 

119.]  The  results  of  the  preceding  Chapter  enable  us  to  con- 
struct a  rule  by  which  this  definition  may  be  applied  to  any 
ftinction  of  infiuitesimals ;  and  by  which  the  order  may  be  de- 
termioed. 

If  we  replace  ;r  by  i  in  equation  (19),  Art  116,  we  have 

""°1.2.8...'("»-1).'"""-  '" 

Now  observe  the  conditions  to  which  f(J}  is  subject;  viz.  that 
T(0)  =  0,     f'(0)  =  0, T"-»(0)  =  0, 

and  that  P"(t)  is  the  derirative,  which  first  does  not  vanish  when 
t  =  0;  and  that  r{i)  and  all  its  derived-fuDctions  up  to  the  nth 
inclusively  are  continuous  and  finite  for  all  values  of  J  between 
i  and  0 ;  and  observe  also  the  limits,  viz.  t  and  0 ;  but  that,  as 
we  have  to  use  the  equation  only  when  i  =  0,  we  may  make 
the  difference  between  the  hmits  to  be  infinitesimal.    Hence 

'-F=l.a.8.'"(I-i)."<'""  0" 

which  is  infinitesimal  for  all  values  of  r  less  than  n,  and  infinite 
for  all  values  of  r  greater  than  n ;  and  therefore  we  have  the 
following  theorem  for  the  determination  of  the  order  of  infini- 
tesimals. 

Theoreu. — If  r(t)  is  a  function  of  an  infinitesimal  t,  such 
that  p(0)  =  0,  and  that  all  its  derived-fnnctiona  np  to  the  nth 
vanish,  when  t  =  0;  and  that  v"(t)  does  not  vanish;  then  f(J) 
is  an  infinitesimal  of  the  nth  order,  if  i  is  taken  to  be  the  infi- 
nitesimal'base. 

If,  when  i  =  0,  T  (t)  assumes  an  indeterminate  form,  its  value 
is  to  be  found  by  the  methods  which  are  explained  in  the  fol- 
lowing sections  of  this  chapter. 
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120.}  In  the  following  examples  f  is  taken  as  the  base  of  in- 
finiteaimajs. 

Ex.  1.    To  determine  the  order  of  infimtesimal  of  aiu  t. 
F(»)  =K  sin  t  =  0,  when  t  =  0; 
I'd-)  =  cost  =  1,-    -    -    -    . 
Therefore  sin  t  is  an  infinitesimal  of  the  first  rader. 
Ex.  2.    Find  the  order  of  infinitesimBl  of  tan  >  —  sin  i. 
v(t)    =  tant  —  sinf  =  0,  when  i  =  0; 
^(i)   =  (seci)*— cosi  =  0,  -    -    -    -    ; 
^"(1)  =  2(sect)'twii  +  sint  =  0,  when  »  =  0, 
r"'(i)  =  6(Beci)*  — 4{8eci)*  +  cosi=  8,  when  i  =  0. 
Thns  tan  t  —  sin  J  is  a  fonctitm  of  an   infinitesimal  i  which 
Taniahes  when  t  =  0 ;  and  so  do  all  its  derived-fanctionR  np  to 
the  third,  which  does  not  vanish ;  therefore  tan  i  —  sin  t  is  an 
infinitesimal  of  the  third  order,  when  t  is  the  base. 
Ex.  8.    To  determine  the  order  of  c*  —  2  sin  »  —  «-'. 


»(l)    =  «'  — Sdni  — e-*  =  0,  when 

=  0 

•■(i)   =  e<-2coji  +  e-'  =  0i    -    - 

F"(i)  =  e' +  2  «m  *-«-<  =  0,    -    - 

«*!.-  • 

^erefmre  «'  —  2  sin  *  —  e~'  is  an  infinitesimal  of  the  third  order. 
Ex.  4.    To  determine  the  order  of  infinitesimal  of  e*'—  1, 
F(t)   =  e''— 1  =  0,  when  t  =  0; 

^W  =  2ie"  =  0,    -    -    -    - 

F''(t)  =  4i»e''+2e*'  =  2,    -    -    -    -  . 
Therefore  e**— 1  is  an  infinitesimal  of  the  second  order. 

Similarly  let  the  student  prove  that  tan  i,  sin"^  i,  e'  —  e-',  aie 
infinitesimals  of  the  first  order;  that  versinl,  sint*  are  iuflni- 
tesimals  of  the  second  order ;  that  «~  T  is  an  infinitesimal  of  the 
order  oo . 

Similarly,  if  9(ir)  is  a  function  of  le  which  vanishes  when 
» =  a,  we  may  replace  x  —  a  by  i;  in  which  case  the  function 
becomes  ^(t),  and  vanishes  when  t  =  0 ;  and  its  order  of  infini- 
tenmal  may  be  determined  in  the  manner  above  explained, 
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Section  2. — Evahtation  of  guaniUia  of  ike  forms 

121.]  EraluRtion  of  qunutities  of  the  form  ^  ■ 
If  a  quotient  of  two  functions  of  a  variable  or  variables,  for 
particular  values  of  them,  assumes  the  form  ^,  it  is  plain  that 
sueh  is  the  case  only  because  certain  factors  in  the  numerator 
and  denominator  become  0  for  these  particolar  vaioes,  that  is, 
become  infinitesimals.  It  is  clear  too  from  Theorem  IV,  Art.  9, 
that,  if  these  infinitesimals  are  of  the  same  order,  the  fraction 
will  be  a  finite  quantity ;  and,  if  that  iu  the  numerator  is  of  a 
higher  order  than  that  in  the  denominator,  the  value  of  the 
fraction  is  0 ;  and,  if  that  in  the  denominator  is  of  a  higher 
order  than  that  in  the  numerator,  the  fraction  is  oo :  an  exam- 
ple will  render  this  plain. 

Suppose  that  we  have  to  evaluate  -; :-— ,  when  2  =  a ;  k 

and  N  being  functions  of  x  or  not,  as  the  case  may  be ;  bnt  not 
involving  any  factor  of  the  form  (x~a),  and  not  vanishing  when 


aathorizes  us  to  put  it  under  the  form, 

and  if  a?  =  a,  it  =  0,  if  m  is  greater  than  n;  it  =  — ,  if  m  =  n : 

it  =  ao  ,  if  m  is  less  than  n.  It  will  be  seen  from  Art.  135  that 
analogous  results  are  true,  if  the  numerator  and  denominator 
are  infinities. 

123.]  Hence  the  first  step  towards  the  evaluation  of  such 
quantities  is  to  detect,  if  possible,  the  factors  common  to  both 
ibe  numerator  and  the  denominator,  and  to  divide  them  out ; 
and  then  to  evaluate  the  resulting  fraction  by  giving  to  the 
variables  the  assigned  values ;  of  this  method  some  examples 
are  sul^oined. 


Ex.1. 


(x*  +  x+l)(x-l)        x'+JC  +  l        „       . 
■  TH rr-, rr  =  — s r  =  3,  when  x  =  1. 
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Ex.2.      (a'-^)*  +  («-^)        Q    if^^^. 

the  common  fector  is  (a— «)i;  divide  oumemtor  tnd  denomi- 
nator by  it,  and  we  have 

(a+x)i  +  (a-x)i  ^    (2o)*       jf  ^  ^  „ 

l-|-{a»-|-ojr  +  iF»)*        l  +  fl3*' 

128.]  The  preceding  method  of  eralnating  indetominate 
forma  may  often  be  adTautageously  employed  in  one  or  other 
of  the  two  following  ways. 

Firstly,  expand  by  the  Binomial  Theorem,  or  by  Maclaurin's 
Series,  or  some  other  equivalent  method,  the  given  functions 
in  terms  of  the  infinitesimal,  and  then  by  dividing  out  the  com- 
mon fact<H?8,  the  function  will  assume  a  determinate  form. 


Ex.  1.    Determine  the  valne  of  — = ,  when  x  =  0. 

MUX 

X         x*  1^       X         X*  \ 

-.->_'+i-^o  + -('-T  +  ra- ) 

linjT                                            x'  .  ' 

'-1:2:8+ 


=   j ,    =  2,  when  x  =  0. 

^-ra3+ 

Secondly,  if  the  function  aasumes  an  indeterminate  form 
when  X  =  a,  replace  x  —  a,  or  a—x,  as  may  be  more  conve- 
nient, by  h  \  that  is,  for  »  substitute  a  +  A,  or  a  —  A,  in  all  the 
tenna  of  the  function ;  and  develope  them  in  series  of  ascend- 
ing powers  of  A ;  and  after  cancelling,  by  means  of  division,  the 
common  powers  of  A,  pot  A  =  0 ;  and  the  resolt  is  the  determi- 
nate value  of  the  fnnction. 


Ex.  1.    Evaluate  ^^-^ ~  ■ 

{x'-a')i 

For  X  write  a  +  h,  and  the  function  becomes 
D  d  X 
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a  +  A— ffl+(2a*  +  2qA— 2a')* 
{(a+A)»-fl»J* 
_  A +  (2  aft)* 
~  (2aA+J^)'' 

=  ^^±<^*  =  l,wheoA  =  0. 
(2o  +  A)* 

124,^  In  cases  however  where  it  is  difficult  to  detect  the 
common  factors,  as  well  as  in  all  cases  where  the  necessary 
conditions  are  fdlfilled,  the  theorems  of  the  preceding  Chapter 
enahle  us  to  evaluate  these  quantities. 

Suppose  /{x)  and  ^{x)  to  be  two  functions  of  x,  which  =  0 
when  X  =  Xo.  Suppose  also  that,  when  x  =  x^,  their  several 
derived-functions  op  to  the  (n  —  l)th  inclunvely  vanish,  bat  that 
the  nth  neithw  vanishes  nor  becomes  infinite :  then,  ii/{x)  and 
^{x)  are  finite  and  contiaaous  for  all  valoes  of  x  between  xt  and 
Xc  +  h,  by  the  theorem  contained  in  equation  (17),  Art.  115, 

/(^.+A)  =  ^^~.f-{x,+0h); 

A" 

and  <t>{xo  +  A)  =  ^^■g     ^4,'(Xa+ek). 

.      /(*«  +  *)  ^  /"(Jo  +  tfA) 

■  '    *{*o+A)  ""  4t'(xo  +  ek) ' 

Suppose  DOW  that  A,  the  difference  between  the  superior  and 

inferior  limits,  becomes  infinitesimal,  since  we  have  to  consider 

the  values  of  the  fhnctious  only  at  the  particular  value  x„  of  the 

subject-variable ;  then  neglecting  A  when  added  to  ;ro,  we  have 

,f,(xo)        *-(aro)  •  ^  ' 

That  is,  the  value  of  the  ratio  --■— ,  which  presents  itself  under 
the  indeterminate  form  ^ ,  is  the  ratio  of  the  values  of  the  de- 
rived-functions of  the  numerator  and  denominator,  which  are 
the  first  not  to  vanish,  when  x  =  x^ 

Of  this  general  proposition  the  following  are  particular 
instances : 

Suppose  the  functions  themselves  to  vanish,  and  not  their 
first-derived,  then 
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/{"<>)  _  fi^  .  , .. 

and  if  the  fboctionB  themielTei  and  also  their  first-derived 
TBnishj  and  not  the  second  derived,  then 

and  so  on. 

If  the  derived-fdnctioas  which  first  cease  to  vanish  are  not  of 

the  same  order,  then  the  indeterminate  form  has  for  its  value 

either  0  or  oo,  according  as  the  denominator  or  numerator  has 

first  ceased  to  vanish.     This  is  plain  from  the  proof  we  have 

given ;  because  h  will  be  of  different  powers  in  the  equivalents 

of /(^o+A)  and  ^(jto+A),  and  therefore  vrill  not  disappear  in 

the  ratio. 

*'— 1 
Ex.  1.    Evaluate  ^^ — „_,  ,-;,-- — ^  ,  when  ar  =  J 

fist) 


~"  »«-2i'  +  2»- 

-1' 

»«_1 

0 

:^-ix'  +  ix-\ 

0' 

/■(»)                3i> 

■  ^'{x)        3x»-4*+2  " 
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♦  (») 

=  "^:°:r"=§-'^-— '^ 

«'— 3c08a:  +  e-' 

0 

l-om* 

0' 

.'  +  2.iii»-e- 

.0     -    -    .    . 

•in* 

0' 

c*  +  2co8a:  +  e-' 

.4i    -    -    -    - 

Ei. 

5.    Evaluate  '^ 

=;^,  when  »  =  «. 

m 

♦V) 

=  5- "•»»'  =  ■■■ 

»(«-o)-'  . 
e' 

vMcli 

,  »hei. 

*  =  a,  ia 

either  0,  «-•■,  or  w , 

according  as  n 

greater  than,  equal  to,  or  less  than,  1. 

On  examination  of  the  above  examples,  it  will  be  seen  that 
the  result  is  infiniteaimal,  finite  or  infinite,  according  as  the 
order  of  infinitesimals  in  the  numerator,  determined  by  the 
method  of  Section  1  of  this  Chapter,  is  higher  than,  the  same 
as,  or  lower  than,  the  order  of  the  denominator. 

136.]  Eralnatioa  of  indetenuinate  quantities  of  the  form  ^. 

Ijetf{x)  and  (^(«)  be  two  functions  of  2,  which  become  infi- 
nite when  X  ~x„;  then,  as  their  reciprocals  become  infinitesi- 
mals, the  ratio  of  the  functions  may  be  evaluated  by  the  former 
method,  as  follows ; 

^=^,.hea.  =  .., 

1 

=  —^  =  ^,  when  X  =  x^; 

»'(») 

_  {»(»))■  _  0;w  {/w}' 
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whenG«j  diriding  out  commoQ  terms,  we  hare,  when  x  =  Xa, 

fixo)  ^  f(Xo)  . 

^(Xo)         <t>\xo)' 

If  the  fint-deriTed-functionB  f(x,^},  ^'(itd}  also  become  infi- 
nite, their  ratio  must  be  evaluated  in  the  same  way  as   .,    .  : 

J  1.  11  I.  *(a^o) 

and  we  shall  have  .  „, 

and  if  the  several  derived-functions  vaniib  or,  if  it  is  possible, 
become  infinite  up  to  the  nth,  when  x  =  xn,  and  the  nth  are 

0(aro)        ^'(JTo)        ♦"(•To)' 

The  determinate  value  therefore  of  snch  indeterminate  func- 
tions is  the  ratio  of  those  derived-ftmctions  of  the  numerator 
and  denominator  which  first  become  finite  when  x  =  Xt. 

Ei.  1.     Evaluate  -^,  when  x  =  0. 


,  when  X  = 


fix)  _  It^at  _  ^ 
lP(X)   ~   OOt*  ~      01 

_  /'W  _        («"*)'  _  0 
<t>'(x)  X  0' 

2Binxcos£ 


1 
=  0,  when  X  =  0 


,  by  the  last  Article, 


_  0,  when  X  =  0, 
cotf 


log  J? 
Ex.  2.    Evaluate  ^ -7^^ ,  when  ^  =  0. 

1 

_  /'W «     _ 

?(*)        _1_  1  ~ 

Ex.  8.    Emlaate  ~— ,  when  r  = 
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=  £w^.(.-i)(.-»)...8ji.i^     ,^„,^„ 

The  result  of  which  shews  that  e*  is,  when  «  =  qo  ,  an  infinity 
of  a  higher  order  than  x" ;  also  a  similar  property  is  troe  of 
a* ;  a  finite  quantity  therefore  raised  to  an  infinite  power  is  an 
infinity  of  a  higher  order  than  the  same  infinite  quantity  raised 
to  a  finite  power. 

Ex.  4.    Evaluate  — r— ,  when  «  =  0. 

Replace  x'  by  -;  so  that  z  =  tx>,  when  x  =  Q;  and  the  func- 
tion becomes 

-J-  =  ^,  when  z  =  aa  ; 


«(ii-l)...8.2.1 


-  =  0,  when  z  =  <xt ; 

therefore  the  function  is  equal  to  0,  when  «  =  0 ;  whence  we 

-1.  .  .     '. 

conclude  that  e   >•  ii  an  infinitesimal  of  a  higher  order  than 

X*',  however  large  be  the  value  of  ft. 

This  is  a  result  of  some  importance ;  insomuch  as  it  shews 

that  although  «"«•  vanishes,  when  x  =  Q,  whence  it  might  be 
inferred  that  x  is  a  fiuHor  of  it,  yet  it  admits  of  no  Jactor  of  the 
form  «*"  however  lai^  n  be.  Compare  equation  (23),  Art  116j 
and  the  remarks  thereupoD. 

Ex.  6.     Evaluate  — ^ ,  when  x  =  ea  . 


li^g  . 


,  when  X  =  o 


=  0,  when  X  = 
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if  X  tlm<efore  becomes  iofiiiite,  it  is  nn  infinity  of  a  higher  order 
than  its  logarithm. 

126-3  Sraluation  of  functions  which  for  particular  values 
aasame  the  indeterminate  form  0  x  oo  . 

Let/(x)  and  ^{x)  be  two  functions  of  ;i:  which  respectively 
become  0  and  oo  ,  when  x  =  Xo;  then  their  product  may  be  put 
under  the  form 

'    ,  which  =  y,  when  x  =.  x^, 

And  may  be  evaluated  according  to  the  method  of  the  last  two 
Arttdea. 
Ex.  1 .     Evaluate  e"  log  x,  when  ar  =  ao . 

e~'logj?  =      'y   =  ^,  when  a;  =  oo  ; 
I 


.•.    e-'log*  =  0,  when  a;  =  «, 
Ex.  2.     Evaluate  x"  log  x,  when  x  =  0. 

,  iogx  1  X'         „      , 

x'loKX  =5  — S—  = =  =  0,  when  x  =  0; 

x-"         —nx^"        —n 

.'.    x*\o^x  =  0,  when  «  =  0. 

127.3   Evaluation  of  functions  which  for  particular  values 
assume  the  form  00  —  ao  , 
Ijet  f{x)  and  ^{x)  be  two  functions  of  x,  which  =  0,  when 

X  =  xai  in  which  case,  ,,  .  and  — - — ,  both  become  00  :  then 
'fix)  ^{x) 

_}: }_  ^  <f'(iro)-/(J^o)  ^  0 . 

/(^o)       ^(aro)  <p(xo)f(x^)         O' 

and  may  be  evaluated  as  heretofore. 

2  1 


2 

1 
X  —  \ 

2-»- 

!  =  S,,he..= 

-1 

=   2F  = 

-|,  when  1  =  1. 

PRICE,  VOL.  1 
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Ex.  3.     Evaluate  wc  ;r  - 


r-tanj-, 

when 

»  —  oe, 

when 

l-m» 

n 

COSar 

0' 

—  COBX 

=  0, 

when  «  = 

therefore,  when  x  =  =,  sec  «  and  tan^  are  either  absolutely 

equal,  or  differ  by  a  quantity  which  most  be  Delected  in  thdr 
algebraical  sum. 


.-^  -  r^  =  f-^  =  y,  when  »  =  1, 
iog«       logd?        logjr        0 


-  1,  when  X  =  \. 


Skction  3. — Evahmtion  of  ExpUcit  Ftmctiona  of  a  tingle  vari- 
able, wlach  for  particular  valueg  assume  the  forms  0",  oa", 
1-,  0-. 

138.]  Let  f{x)  and  ^(x)  be  two  functioos  of  x  which,  when 
X  =  Xa,  assume  such  values  that /(jto)*''*'  is  of  one  or  other  of 
the  above  forms. 

Let  »=/(*)♦'"; 

.-.     logy  =  -liOf)  log  fix); 
and  as  \ogf{x)  has  singular  values  when  f(x)  =  0,  or  =  1,  or 
=  ee ,  we  may  express  the  last  equation  in  the  form 

^(^ 
which,  for  the  particular  value  of  xd,  will  be  of  the  form  ^  or 
^,  and  may  be  evaluated  according  to  the  methods  explained 
in  the  last  Section. 
Ex.  1.    Evaluate  x',  when  x  =  0. 

Let  y  =  X*,  .-.     logy  =  a'log^; 
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and  hy  Aitide  126,  Ex.  2,  2  log  x  =  0,  when  ir  =  0 ;  therefore 
1(^  ;r  =  0;  and  nooe  log  I  =  0;  therefore  j/  =  x*  =  I,  when 
x=0. 

Ex.  2.    Eraluate  «?,  when  jr  =  w  . 
Let  »  =  *'. 

.-.    \oey=  ■^  =  ^'  *•"«"  «  =  «; 

=  1  =  0, 

.-.     y  =  x7  =  1,  when  a-  =  oc  , 
Ex.  S.    Evaluate  (1  +  ax)',  when  x  =  0,  and  when  x  =  oc  . 


1  +  ttX 


y  =  (1  +  a;c)»  =  *"*,  when  ;r  =  0. 


Again^ 


=  = =  0,  when  x  = 

l  +  ax 

(1  +  ax)'  =  1,  when  ar  =  oo  . 


Ex.4.    Evaloate  • 


Let    y=|'^"'  +  '^"+-  +  ^"|'. 


-  -^, 

__  «l(^gi.ai'"+Blc^Oi,V+  ...  +wlogii,..ttH" 
~  ai"+a,"'+  ...  +  On" 

~  log(fli(ii...o«),  if  a:  =  0. 

Therefore  1"^"'  +  '^"+ - +'*-"|'=  aia,...fl,.  if  x  =  0. 
B  e  2 
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CHAPTER  VI. 

ON   EXPANSION   OF   FUNCTIONS. 

Section  1. — On  Jitnctions  of  one  variable. 

129.]  The  Theorema  of  Chapter  IV  afford  rigorous  proofa 
and  limita  of  applicatioo  of  Taylor's  and  Maclaurin's  Theorems, 
of  the  general  truth  of  which  perhaps  little  more  than  a  favour- 
able presumption  cao  be  raised  from  what  is  said  in  Chap.  III. 

On  referring  to  Art.  ISj  equation  (6),  it  will  be  seen,  that  if 
dx  is  an  infinitesimal  increment  of  j^,  we  have  by  the  definition 
of  a  derived-function, 

j(j?-t  dx)  —  f(x)  =  p'ixydx;  (1) 

but  if  A^  or  (as  we  shall,  to  preserve  an  uniform  notation, 
say)  A,  is  finite,  see  Art.  18,  (7), 

r  (a? + A)  -  p  (ar)  =  A  t'(x)  -+  r,,  (it) 

writing  Ri  for  rA.  »i  is  therefore  a  function  o/k,  which  must 
he  neglected  when  A  is  infinitesimal,  but  has  a  value  finite  and 
determinable  when  A  is  finite.  Let  us  assume  this  fanetion  of 
A  to  be  capable  of  expression  in  certain  powers  of  h ;  then  the 
problem  which  arises  out  of  (2)  takes  the  following  form : 

Given  that  v{x)  is  continuous  and  finite  for  all  values  of  j! 
between  x  and  x -^^  h,  it  is  required  to  expand  f(«  +  A)  in  a 
series  of  ascending  powers  of  h. 

We  may  also  thus  arrive  at  the  equation  (2)  above. 

If  ^(x)  does  not  vanish,  and  remains  finite  and  continuous 
for  all  values  of  x  between  x  and  a^  +  A,  then  by  equation  (21), 
*'*'^^^'  r{j7  +  A)-F(j?)  =  hY'{,x  +  6h)) 

as  the  right-hand  member  difiers  from  A  r'(,x)  by  reason  of  the 
6  which  enters  into  r'ix+0h),  we  may  assume  that 

hT'(x  +  6h)  =Ar'(ar)  +  Ei; 
BO  that  we  have 

r(«  +  A)-r(a?)  =  AtV)  +  i'i- 

We  proceed  to  determine  Ri  :  from  (2), 

R,  =  r{x  -i-  h)  —  r{x)  —  hv'  (X), 
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therefore  S]  is  a  function  uf  h  which  is  equal  to  0,  when  A  =  0; 
also  , 

-^  =  F'<ar+A)-p'(a^)  =  0,  when  A  =  0; 

-rfjir  =  '"(^+A).  (3) 

which  does  not  vanish,  when  A  =  0. 

Now  by  Theorem  V,  Art.  115,  it  appears  that.  If /(A)  is  a 
function  of  h,  which,  aa  well  aa  all  its  derived-functionB  up  to 
the  nth  inclusively,  is  finito  and  continuous  for  all  values  of  A 
between  0  and  A;  and  if,  in  addition,  /(A)  and  its  derived- 
fnnctions  up  to  the  (n  — l)th  vanish,  when  A  =  0;  then 

A* 
Accordingly  Ri  =  y2''"^'''+^*J'  (*) 

and  substituting  this  value  in  equation  (2)  above,  we  have 

r{*  +  A)  =  F(a;)4  hr'^x)  +  -^  r"{x-\-eh);  (5) 

which  may  be  written  in  the  form, 

p(*  +  A)  =  FCir)4AF{^)+  ^p"(a^)  +  ii,. 

To  determine  it«,  we  have 

aj  =  r(x-^h)-v{!c)~k^{x)^^V\x)i  (6) 

and  therefore  b^  is  a  function  of  A,  which  vanishes  when  A  =  0 ; 

iU  1st  derived,  -^  =  ir'{af  +  A)-F'(a')-Ap'V)  =  0,  when  A  =  Oj 

ita  2d  derived,  -r^  =  r"{X'\-h)-t"ix)  =  0,  when  A  =  0; 


rfA» 

and  which  therefore  does  not  vanish  when  A  =  0.  Hence,  in 
accordance  with  the  Theorem  V,  Art.  116,  cited  as  above, 

^  =  ^V\x+6h);  (7) 

subject  to  the  condition  that  ^[x),  r"{x),  ^"(a?)  are  continuous 
and  finite  between  the  assigned  limits.  Substituting  this  value 
of  R],  we  have 

A>  h' 

f(j?  +  A)-f(*)-Af»--j-2  r'(a-)  =  ^-ygF"'{j7  +  ^A); 
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!(»  +  *)- 

-f(»)-F 

•>,?- 

and  therefore 

i(»+A), 

=  H")  + 

.•(X)? 
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and  coDtiQuiDg  in  the  same  maaner,  if  all  the  derired-fdnctioiu 
of  r{x)  are  finite  and  continuoiiB  between  the  assigned  limits  up 
to  the  nth  iadusively,  we  have 

""'*•*'*  1.2.3... (B-1) 


This  expression  then  gives  the  equivalent  o(  r(x  +  h)  in  terms 
of  a  series  of  ascending  powers  of  h,  and  the  conditions  under 
which  it  has  been  formed  indicate  the  cases  in  which  the  ex- 
pansion is  possible. 

As  applications  of  this  series  have  already  been  given  id 
Article  73,  it  is  unnecessary  to  add  others. 

130.J  In  equation  (8)  the  equality  of  the  two  members  is 
perfect,  and  the  development  may  be  considered  as  completely 
efi'ected,  except  so  far  as  some  indeterminateuess  arises  irom 
the  nature  of  6,  to  which  quantity  a  specific  value  cannot  be 
assigned.  It  was  however  before  shewn  that  it  must  be  some 
positive  and  proper  fraction ;  and  sometimes,  if  the  series  is 
convergent,  when  n  is  very  great,  the  last  terms  and  their  sum 
become  infinitesimal,  and  we  must  neglect 

-r-{x+9h); 


1.2.8.. 
and  we  may  write 

v(x  +  h)  =  rlx)  + 1^(*)  J  +  T"{x)  ^  +  f"'(«)  j^  +  ...    (9) 

in  which  incomplete  form  the  series  was  first  given  by  Dr.l^ytor, 
and  now  generally  bears  his  name. 

181^  In  equation  (8)  let  x  =  0;  that  is,  let  us  consider  the 
function  for  all  values  of  the  variable  between  0  and  h ;  and  let 
us  write  x  for  h,  remembering  that  x  is  the  superior  limit ; 
whereby  the  conditions  are,  that  none  of  the  functions  or  de- 
rived-functions are  infinite  or  discontinuous  for  any  value  of  x 
between  0  and  x ;  then 
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.(«)  =  »(0)  +  r-(0)?  +  r"(0)^  + 


+  '•"'«"  1.2.3...  (.-1)  +  raSTTS  '•'«"  •  'lO' 

this  IB  Maclanrin's  Theorem,  of  which  an  imperfect  proof  wu 
given  in  Art.  57 ;  and  it  accordingly  appears  that  it  is  only  a 
particular  case  of  Taylor's.  Many  examples  of  this  series 
having  been  given  in  Chapter  III,  it  is  unnecessary  to  add 
others.  Of  the  general  series  (10)  however  the  following  are 
particniar  instances: 

Let  »  =  1,  then  P(a?)  =  i'(0)  +  ;Fr'(fl«).  (II) 

Thna        e'  =  \  +  ite*',  — ^  =  e*'. 

X 

sin  a? 
am  3^  =  X  eoa  6x,  =  cos  0x. 

X 

182.]  If  the  series  (10)  is  soch  that  j-^^ F"(tfa:)  becomes 

infinit«aimal  as  n  increases  without  limit,  then 
F(«)  =  p(0)  +  ;ri^{0)+~p"(0)+  j^p"'(0)+ (12) 

that  ia,  the  limit  of  the  sum  of  the  second  member  of  the 
equation  is  p(:r). 

133.]  Again,  taking  the  other  form  of  Taylor's  Series,  viz. 
(84)  in^Art.  74,  we  have 


1.2 
(.r-fl)-' 


^  1.2...(«-1)  '      ^"^  ^  1.2...(n-l)«  ' 

the  superior  and  inferior  values  of  x  in  this  case  being  re- 

apectively  x  and  a ;  so  that  it  is  for  all  values  of  x  between  these 

limits  that  the  conditions  are  to  be  satisfied. 

As  particular  cases  of  the  formula  we  have 

F(J!)  =  F(o)  +  (a^-o)p'{a  +  tf(a7-a)},  (14) 

>-o)' 

1.2 

134.]   Hence  it  appears  that  if  we  stop  at  the  nth  term  of 
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Taylor's  Series,  and  neglect  to  take  account  of  all  terma  after 
it,  the  error  committed  by  so  doing  is 

and  M  6  liea  betireen  0  and  1,  the  error  lies  betveen 

Iga'  ^  {r"W  and  F"(*  +  A)} ;  (17) 

which  is  the  same  valae  as  that  before  determined  in  Art.  73. 

Similarly,  if  we  stop  at  the  nth  term  of  Maclaurin's  Series, 
and  do  not  take  account  of  the  terma  after  it,  the  error  ia 

rsSzi. '■'«'>•  "*> 

which  is  the  same  value  aa  that  before  determined  in  Art.  58. 

The  expressions  (16)  and  (18)  are  called  reapectively  the 
limits  of  Taylor's  and  Maclaurin's  Theorems. 

185.^  The  aeries  given  in  Article  183  enablea  us  to  put  the 
limit  of  Taylor's  Series  under  another  form  which  is  sometimes 
convenient. 

Let  us  represent  the  last  term  of  (13)  by  0(a) ;  so  that 

«));  (19) 


1.2 

(J-a)-' 


I— («)+♦(«).  (20) 


^  1.2.8... (n-l) 

Let  a  be  TRriable,  and  let  us  differentiate  this ;  and  we  have 

rfe^ '"("'+ *'"■>  =  »•  <"> 

It  is   plain   from  (19)  that  0(;r)  =  O;    therefore,  writing  in 
(14)  0  for  F,  we  have 

*{fl)  +  (jf-a)0'{«  +  ffi(a^-o)}  =  0, 
0)  being  different  from  6  in  (19) ; 

.-.     *(a)=  -(a7-<i)0'{fl  +  ^(jr-a)}.  (22) 

In  (21)  for  a  write  a  +  ffi(*— o),  and  we  have 
^^^^^^^^^J;^^^V{a  +  (J,(*-fl)}+0'{o  +  tf,(*-fl)}=O;(23) 
whence,  by  elimination  between  (22)  and  (23), 
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and  aubstitiiting  in  <13)  this  ]»irticular  form  of  the  remainder, 
we  have 


-  F"(a) 
(j,-a)»<l-g,-~t 


p"{«  +  (l(a?-o)}.{25) 

Subatitating  in  this  aeries  04  A  for  x,  and  subaequentlf  writing 
jf>  for  a,  we  hare 

A* 
F(*  +  A)  =  r(iP)  +  Ap(a:)  +  ^(par)+  

A"-'  ,  ,,  ,       A-(l-fl)"-' 

The  corresponding  expression  for  the  remainder,  in  Maclauriii's 
Series,  ia 


1.2.8. ..(B-1) 

Two  examples  of  the  remainders  of  series  in  these  forms  are 
Bobjoined. 

E1.I.       T(x)  =  a':  .-.     r-ix)  =  a*(loga)"; 

and  therefore  the  sum  of  all  the  terms  after  the  nth  in  the 
expansion  of  a'  ia 

0.3...  {/ 

Ex.  2,     F(«)  =  sintnx;         .-,     fix)  =  t»"sin  (^ma^-j  n^}'> 

therefore  the  sum  of  all  the  terms  after  the  nth  of  siu  m  (.r  -}-  A)  is 

A"(l-fl)— 'f»" 


1.2.3... (n-l) 


ain  <m(x  +  $h)  +  « 5  f 


136.]  In  these  last  Articles,  as  well  as  in  Chapter  IV,  we 
have  frequently  used  the  expression  "  finite  and  tmntinuoua  for 
all  values  of  x  between"  certain  limita ;  now  although  we  can- 
not tell  all  the  cases  wherein  these  conditions  are,  and  are  not 
fulfilled,  for  a  complete  knowledge  of  all  fuuctiona  and  all  their 
propertiea  would  be  necessary  to  our  doing  so,  yet  we  do  know 
certain  caaea  where  they  are  not  aatisfied ;  these  we  propoae  to 
discuss  briefly.     In  them  Taylor's  and  Maclaurin'a  Series  aio 
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said  to  fail;  which  is  surely  an  incorrect  term,  for  we  are  en- 
desrouring  to  bring  all  functions  within  a  particular  formula, 
which  is  true  only  of  some ;  that  is,  we  are  trying  to  make  that 
which  is  true  only  when  certain  conditions  are  satisfied,  com- 
prise all,  whether  such  conditions  are  fulfilled  or  not.  We  shall 
omit  the  consideration  of  discontinuous  functions,  as  such  are 
excluded  by  their  very  forms,  and  confine  our  attention  to  those 
which  for  particular  values  of  the  variable  become  infinite,  and 
on  that  account  fait  to  satisfy  the  requisite  conditions. 

First  let  us  consider  Taylor's  Series.  To  develope  t{x+h) 
to  n  + 1  terms,  and  so  that  the  last  term  of  the  series  may  com- 
prise the  sum  of  all  the  terms  after  the  nth,  and  be 

'■<'+«*' 033;' 

it  is  necessary  that  v(jr),  and  all  its  derived-functions  up  to 
F"(jr)  inclusively,  should  not  be  infinite  for  any  value  of  ^  be- 
tween X  and  x+h.  Now  let  the  following  effects  of  difierentia- 
tioQ  on  functions  be  observed;  (1)  that  all  rational  and  integral 

functions  oi  x,  and  all  functions  of  the  form  x'  +  c;r"*+ejrT  are 
lowered  one  dimension  by  it ;  and  that  therefore,  if  n  is  posi- 
tive and  integral,  the  nth  derived- function  of  x"  is  a  constant, 
and  the  (n  +  l)th  is  zero ;  that  however  many  times  x-"  is  dif- 
ferentiated, the  result  is  never  zero,  but  that  the  negative  expo- 
nent is  increased;  that  if  -  is  a  fraction  proper  or  improper, 

some  derived-function  of  it,  sooner  or  later,  has  a  negative  ex- 
ponent, and  therefore  some  power  of  x  appears  in  the  denomi- 
nator ;  (2)  that  if  e^'t'^'^  is  a  factor  of  the  original  function,  it  is 
also  a  factor  of  every  one  of  the  successive  derived-functions. 

Excluding  all  consideratiou  as  to  values  outside  those  for 
which  the  series  is  applied,  let  a  be  a  particular  value  of  x 
within  them ;  and  suppose  that  when  x  =  a,  V(x)  is  finite,  but 
F"''''(;r)  is  infinite:  then  it  is  plain  that  some  factor  of  the  form 
x—a  must,  in  passing  from  f''(j?)  to  r'*^(x),  have  been  intro- 
duced into  the  denominator ;  and  therefore,  as  far  as  the  above 
remarks  go,  there  must  have  been  in  the  original  function  a 

^toT  of  the  form  (x— a)"*»,  where  m  is  an  integral  and  posi- 
tive number,  and  -  is  a  proper  fraction.     And  if  the  primitive 


,,  Google 


136.]  FAILURE  OF  TAYLOR'S  8BBIBS.  219 

and  all  lU  derived-functions  are  intioite,  when  x  =  a,  there 
moat  in  the  original  function  have  been  a  factor  of  the  form 

Thus  in  the  former  case,  suppose  that  we  have  to  expand 
fix)  =  fix)  +  (x~af*-,4.ix), 
in  which  neither /(x)  nor  ift(x)  involves  factors  of  the  form 
x~~a;  then  all  the  derived-functions  up  to  r*'(x)  will  be  finite, 
when  x=-a,  but  the  subsequent  ones  will  be  infinite ;  the  ex- 
pansion therefore  must  not  be  carried  bejrond  the  mth  term; 
and  the  addition  of 

will  make  the  equation  exact. 

Suppose,  for  instance,  that  it  is  required  to  expand  r(a  +  A), 

having  given  ,  .   . 

p(af)  =  ;r*+ (i— a)«8ina;; 

then  a  is  the  least  value  of  x  for  which  the  function  is  con- 
sidered, and  a  +  A  is  the  greatest;  and 

y(a:)  =  iiT* -I- -(iT— a)«  8inar  +  (iF— «)!cosa7, 

f'^*)  =  13;F*+ -^-C^— a)*sinj:  +  5(a:— a)ftcosa:  — (ar— a)lsinjp. 

Bnt  if  we  form  ?"'(«),  it  involves  (a?— o)~*,  which  becomes  in- 
finite when  x^a,  and  therefore  foils  to  fulfil  the  conditions 
aader  which  equation  (8)  has  been  determined :  therefore,  in 
this  case, 

and  substitnting  the  specific  values  above  given,  and  putting 

X  =  a, 

r(fl  +  A)  =  a*  +  4a^j  +  -^{l2(a  +  eh-)^ 

+  -r  W*  ""  (a  +  flA)  +  5  (flA)l  cos  (a  +  0h}-($h)i  sin  (a  +  Bh)), 

8  being  a  positive  and  proper  fraction.  On  inspection  it  is 
plain  that  the  first  three  terms  of  the  series  are  correct  terms 
of  the  expansion  of  (a  +  h)*,  and  that  they  might  have  been 
carried  further;  and  that  the  last  three  express  {x—a)^mxx, 
when  x  =  a  +  h. 

F  f  2 
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Now  observiDg  that  the  last  tliree  terms  involve  hi,  we  have 
a  good  illustratioD  of  the  reason  why  Taylor'a  Series  "fails;*'' 
viz.  because  we  are  attempting  to  express  by  a  formnla  which 
involves  only  integral  powers  of  A,  a  fanction  which  in  its  de- 
velopment requires  fractional  powers.  Another  and  perhaps 
better  illustratioQ  is  the  following :  Let  us  consider  the  case 
of  (**  — a*)*,  which  is  to  be  developed,  when  x  =  a  +  k;  here 
then,  when  x  =  a,  the  original  function  =  0,  and  the  first- 
derived  is  CO  ;  but  as  the  function  may  be  written  in  the  form 
(»  — a)4  (a:  +  a)4,  this  becomes,  when  x  =  a  +  h,  A*(3o  +  A)*, 
the  secoud  factor  of  which  may  be  developed  in  the  ordinary 
way,  and  thereby  the  whole  development  will  consist  of  terms 

of  the  powers  of  A  whose  exponents  are  of  the  form  n  +  » ,  » 
being  a  whole  number. 

Similarly,  if  the  original  function  has  factors  of  the  form 
Ix—a)"",  that  and  all  its  derived -functitms  are  infinite  when 
X  =  a.  Thus  suppose  that  we  have  tt^  develope  by  Taylor's 
Series,  when  x  =  a  +  h, 

H^)  =  ^^, ; 

this  and  all  its  derived-functions  become  infinite  when  x  =  a; 
but  the  function  may  be  written  in  the  form 
1      sin  J 
x~a  x+a' 

the  first  factor  of  which,  when  x^a-\-h,  becomes  v ,  u>d  the 

second  fulfils  the  conditions  of  Taylor's  Series  and  may  be  ex- 
panded in  the  ordinary  way ;  but  the  resulting  development  will 
have  at  least  one  term  involving  a  n^ative  power  of  A,  which 
indicates  the  cause  of  the  failure,  viz.  that  the  function  does 
not  admit  of  development  in  ascending  integral  and  positive 
powers  of  A,  which  alone  is  given  by  Taylor's  Theorem. 

Secondly,  as  to  the  failure  of  Maclaurin's  Theorem.  Two 
cases  correspond  to  those  of  Taylor's  Series  above  discussed. 
In  the  former,  the  original  function  contains  factors  of  the  form 

x^^q;  and  therefore,  when  these  are  differentiated  more  than 
m  times,  powers  of  x  with  negative  indices  are  introduced ;  and 
these  become  infinite  when  if  =  0.   Although  therefore  the  series 
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will  be  correct  up  to  the  mth  term,  yet  the  development  must 
not  be  cnrried  bejoad  that  term,  aud  the  limit  will  be  the  sym- 
bolical expression  for  the  sum  of  all  the  terms  after  it.  In  the 
latter  case  the  original  function,  when  broken  into  factors,  con- 
tains one  or  more  of  the  form  x-";  and  thus  becomes  infinite 
when  J?  =  0.  Of  this  kind  of  failure  cosec  x  and  cotan  x  are 
instances :  see  Ex.  3  and  4,  Art.  88 ;  for  of  each  of  these  when 
expanded  j;~'  is  the  first  term.  And  therefore  their  equivalent 
series  cannot  be  made  to  correspond  with  that  of  Maclaurin. 

Another  similar  case  is  that  of  log  x ;  because  this,  and  also 
all  its  derived-functions,  =  so  when  x  =  0. 

Also  another  case  is  e"^;  because  it  and  all  its  derived-func- 
tions vanish  when  jt  =  0 ;  and  hence  we  infer  that  this  function 
does  not  admit  of  development  iulo  a  series  of  ascending  inte- 
gral and  positive  powers  of  x,  which  alone  is  given  by  Maclau- 
rin's  Series. 

Thus  if  the  function  to  be  expanded  by  Maclaurin's  Theorem  is 

T(x)=fix)  +  e-^, 
the  development  of  r(x)  will  be  that  of/(<x)  alone;  and  there- 
fore will  not  be  correct. 

There  may  also  be  many  other  functions  which  are  not  capa- 
ble of  development  in  the  forms  of  Taylor's  and  Maclaurin's 
Series ;  and  therefore  the  student  mnst  be  on  his  guard  against 
attempts  at  expansion  in  a  form  not  suited  to  the  function. 
The  above  remarks  must  be  considered  as  general  hints  rather 
than  as  a  secure  and  scientilic  enumeration  of  cases  of  applica- 
bility and  non-applicability ;  the  latter  is  beyond  our  knowledge, 
and  therefore  with  the  former,  however  incomplete,  we  must  be 
content. 

There  is  also  another  reason  why  we  have  treated  thus  at 
length  of  the  cases  where  Taylor's  and  Maclanrin''B  Theorems 
fail;  some  foreign  and  most  English  writers  have  attempted  to 
raise  the  Difierential  Calculos  on  them  as  its  basis.  As  far  as 
they  are  applicable,  reasoning  founded  on  them  may  he  correct ; 
but  since  they  are  not  universally  so,  it  is  objected,  and  validly 
objected,  that  the  basis  of  the  Calculus  is  confined  within  limits 
narrower  than  are  necessary.  And  no  criteria  are  known  for 
determining  whether  functions  can  be  expanded  in  their  forms 
or  not,  before  such  principles  of  continuity,  as  those  which  we 
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have  made  fundamental,  have  been  elucidated ;  on  the  expan- 
sion-principle therefore  we  are  left  to  grope  onr  vay  in  the 
dark,  being  uncertaiu  whether  the  matter  which  we  are  dis- 
cussing is  within  its  comprehension  or  uot. 


Section  2. — Onfanctiatw  of  many  variables. 

137.]  In  Chapter  IV.  certain  relations  have  been  inveatigated 
between  functions  and  derived-functions  of  one  variable  x,  and 
chiefly  when  many  uf  the  derived-fnnctions  vanish  for  particalar 
values  of  the  variables.  Similar  theorems  are  true  of  functions 
of  two  and  more  variables ;  but  I  was  unwilling  in  that  Chapter 
to  interrupt  the  discussion  of  a  difficult  question,  or  in  the  fol- 
lowing Chapter  to  break  in  upon  the  immediate  application  of 
it,  by  introducing  functions  of  a  more  complex  order.  Now  we 
must  return  to  the  subject,  and  I  shall  shew  that  for  functions 
of  two  and  more  variables,  theorems  are  true  analogous  to  those 
which  have  been  proved  for  functions  of  one  variable.  We  will 
take  at  first  a  function  of  two  independent  variables  x  and  y. 

Let  rix,y)  be  the  function  under  consideration;  and  let  us 
suppose  the  function  to  be  finite  and  continuous  for  all  values 
of  X  and  y  between  Xo  and  x^,  +  A,  yo  ind  yo  +  k;  and  let  us 
moreover  suppose  all  and  each  of  the  several  and  successive 
partial  derived-functions  up  to  the  nth  to  vanish,  when  x  =  Xo 
and  y  =  yoi  but  the  nth  not  to  vanish  nor  to  become  infinite 
at  these  values :  then  the  following  theorem  is  true,  as  I  shall 
just  now  prove, 

,(«,,  +  *,,.+*)-,(»,»)=  [(g)4-+j(j;S^)  »-'*+... 

-  + 1  (s^)  **"■'  +  (|?)  *■]'■+»* 

pO  +  VKi 

the  meaning  of  the  notation  at  the  end  of  the  right-hand 
member  being  that  x  and  y  are  to  be  respectively  replaced  by 
a!o  +  0h  and  y^  +  Bk. 

Let  us  suppose  the  finite  increments  of  xa  and  yn  to  he  ht 
and  ki;  so  that  ultimately  they  become  h  and  k,  when  /  =  1 ; 
thus  we  may  consider  f(xo  +  ht,yo  +  kt)  to  be  a  function  of  t; 

*°  **""*  F  (Xo  +  hi,  ffo  +  kt)  =  no ;  (28) 

and  therefore  r<,Xf„yo)  =/(0).  (29) 
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Now  by  (20),  Art.  115,  if /(O  ia  finite  and  continuous  for  all 
values  of  /  between  t  =^  t  and  /  =  0 ;  and  if  moreover  all  the  de- 
rived-functioas  of/{t)  up  to  the  (n  — ])th  inclusive  vanish  when 
/  =  0,  bat  if/"(0  does  not  rauisfa  and  is  not  infinite ;  then 

/(0-/{0)  =  ^J^fiOl),  (30) 

To  apply  this  to  the  present  case,  I  must  deduce  from  (28)  the 
seTeral  derived-functions  oi/{t).    To  simplify  the  process,  let 


»,  +  4<  = 

»■, 

•'•    Tt 

=  4 

»o+i(  = 

»'. 

■  ■     rfT 

=  k. 

•.    /(()  = 

'(»■,?'), 

/'«)  = 

(s'J 

^% 

+(0) 

Its' 

= 

o 

4  + 

(|)*^ 

and, 

(32) 
and  observing  that  when /  =  0,  a' =  x^  &ad  y' =  yo ;  we  have 

the  notation  in  the  last  line  indicating  that  ir  and  y  are  replaced 
by  ;ro  and  yo  respectively. 

If  therefore   \-r-)  =  0,  and  (-3-^  =  0,  these  circumstances 
^dx'o  ^dy'o 

are  equivalent  to  the  vanishing  of /"(/),  when  ^  =  0.     Again, 

fit) ^=(^J_+2(^^J-^5-  +  (^J— ,  (33) 

bearing  in  mind  that  t  is  equicrescent ;  otherwise  (30)  would 
not  he  true. 

•••r(0)  =  (£)/"  +  M£^).4*+(9)/';         (84, 

and  therefore  if  all  the  second  partial  derived -functions  of 
v(x,  y)  vanish,  when  x  =  Xo  and  y  =  yo,  these  circumstances  are 
equivalent  to  the  vanishing  of /"(/),  when  /  =  0.     Similarly 
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the  notation  being  used  to  signify  that  x  and  y  are  replaced  by 
af  and  y'. 

And  thus  if  all  the  partinl  derived-functions  of  t  (x,  y)  of  the 
(n  — l)th  order  vanish  when  x  =  Xq  and  y  =  y„,  these  circum- 
stances are  equivalent  to  the  vanishing  of/"~'(0)j  and/"(0  is 
given  by  (36).  Suppose  now  all  the  partial  derived-functions 
of  r(x,y)  up  to  the  (n  — l)th  inclusive  to  vanish,  when  x  =  Xg 
and  y  =  yo:  but  that  all  the  nth  do  not  vanish ;  then  substi- 
tuting in  (30)  we  have 

V  (xo  +  kt,  yo  +  */)  -  r  (iPfe  yo) 

=  03rr„Lfe)*'+i  (s^;=T^)  *■"■*  +  ■■■ 
•■■+i(E^)**-'+(p)*-]j;+«J,'(,7, 

In  this  equation  let  ^  =  1 ;  then 
p  (Xa  +  A,  jfo  +  *)  —  F  (xa,  yo) 

1        r/rf"r\  ,        n  /     d"F     \  ,     , , 

=  OXTi  Hs=)  *  + 1  (Si^^r^)  *     *  +  - 

which  is  the  theorem  required  to  be  proved ;  and  is  analogous 
to  that  contained  in  equation  (16),  Art.  114. 

If  the  given  function  is  of  more  variables  than  two,  and  if  all 
its  several  partial  derived-functions  np  to  those  of  the  (n— l)th 
order  inclusive  vanish  for  particular  values  of  the  variables,  a 
similar  theorem  is  also  true.  But  as  the  proof  is  the  same  as 
that  which  has  been  applied  to  a  function  of  two  variables,  it  is 
unnecessary  to  insert  it. 

138.]  Suppose  Xo  and  yo  to  be  each  zero  in  (38) ;  then,  re- 
placing A  and  khy  x  and  y,  we  have 

„.„>_„„,o,  =  j^J(|:)*.,(^)*.-.*+... 


■-(s^)"-  +  (p*-]»j^. 


.(89) 
1  which  all  the  derived-functions  of  r{x,y)  up  to  those  of  the 
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(n— l)th  order  incIaBiTe  Tanish,  when  ^  =  0  and  ^  =  0.  This 
tlLeorem  is  analogous  to  that  of  equation  (19),  Art.  115. 

139.]  If  the  ratio  to  each  other  of  two  functions  of  two  or 
more  variables  is  for  particular  values  of  the  variables  indeter- 
minate,  and  if  a  function  of  two  ur  more  variablea  takes  for 
particular  values  of  the  variables  one  or  other  of  the  indeter- 
miaate  forma  given  in  Sect.  3,  Chap.  V,  we  are  hereby  enabled 
to  evaluate  them.  We  will  take  functions  of  two  variables  only, 
becanse  the  expressions  are  shorter;  and  the  method  required 
for  those  of  more  variables  is  the  same  in  form. 

Let  r(x,t/)  and  *(x,y)  be  two  funcdons  of  «  and  y  which 
vanish  when  x  =  Xo  and  y  =  y<ji  and  let  us  take  the  moat  general 
case,  and  assume  that  all  the  socceasive  partial  derived-functions 
up  to  those  of  the  (n  — l)th  order  inclusive  also  vanish  for  these 
values  of  the  variables;  and  that  all  the  nth  derived-functions 
neither  vanish  nor  become  infinite ;  then  by  (38), 


+ 1  (s^)  **■'■  + (^)*"]"+«J 


Vt+ek, 


(40) 


-  + 1  (s^.) ""-'  +  (s^'*"]^;+«*  (41) 

Let  us  suppose  h  and  k  to  become  infinitesimal ;  to  become, 
that  is,  dx  and  dy ;  then  if  we  neglect  those  terms  which  are 
infiniteaima]  and  are  added  to  finite  quantities,  and  divide 
(40)  by  (41),  we  have 

g(J?o.yo)   _ 
♦('o.yo) 

To  take  particular  cases,  let  us  suppose  the  functions  to  vanish 
when  x  =  Xii  uid  y  =  ya,  and  their  first  derived^unctiona  not  to 
vanish;  then 

FBICE,  VOL.  I.  o  g 
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And  again,  let  us  suppose  the  fimctioDS,  and  their  first  de- 
rived, to  vanish  vheo  x  =  X(,,  y  =  y„,  and  the  secoad  derived  not 
alt  to  vanish,  then 

It  will  be  observed  that  I  have  assumed  the  dx't  and  the  dj/'i 
to  be  the  same  in  both  functions :  and  the  result  must  neces- 
sarily involve  the  ratio  of  these  to  each  other.  If  however 
dx  =  mdy,  where  m  is  a  constant  multiplier,  the  result  will  be 
independent  of  the  infinitesimal  variations. 

The  following  is  a  case  in  which  the  preceding  process  of  eva- 
luation is  frequently  required.  Let  t{x,y)  =  c  be  an  implicit 
function  of  two  variables ;  whence  »&ex  differentiation  we  have 

J=-l^;  (44, 

^dy> 
and  suppose  x^,  y^  to  be  values  of  x  and  y  which  simultaneously 

satisfy  the  given  equation,  and  are  also  such  that  (^J  =  0, 

an<I  (-^1  =0:  then  -r-  becomes  indeterminate,  and  is  to  be 

^dy'o  dx 

evaluated  according  to  the  preceding  method.  Let  us  take  the 
total  differentials  of  the  nuAierator  and  the  denominator;  then 
(44)  becomes 

dy V<fa/ 

W 

= 1  («) 

and  1^  us  suppose  all  these  second  derived-functions  not  to 
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vamBh  nor  to  become  infinite  whea  x-^Xi,  and  y  =  y« ;  then  we 

"""    (Sl^-M^).^*  +  (0)*'  =  o,     m 

whence  the  ratio  aidy  to  dx  may  be  determined. 

Again,  if  all  the  aecond  derived-functions  vanish  when  x  =  S(, 
and  y  =  ya,  then  taking  the  total  differentials  of  the  numerator 
and  the  denominator  of  <4o),  we  have 

and  let  na  suppose  all  these  third  derived-fiinctions  not  to 
vanish  nor  to  become  infinite  when  »=s  xt  and  y  =  y<,',  then 
(47)  becomes 

whence  -p  may  be  found  by  the  solution  of  a  cubic  equadon. 

It  will  be  observed  that  in  the  total  differentials  of  the  nume- 
rator and  denominator  in  (42)  x  and  y  are  equicrescent. 

E..1.    If»,-»'-*>'  =  o,  $!  =  ?i^;i^  =  »    „h» 

'  dx  Zay  0 

x  =  0  and  y  =  0 ;  it  is  required  to  determine  the  values  of  -^ . 

dy      Zx^-k  %bx      0       L 

J-  =  — 5 =  7i,  when  *  =  y  =  0, 

dx  2  ay  0  »         > 

_  Gxdx  +  2bdx  _  bdx 

~         2a dy         ~  ady'  ' 

rfy*  _  4  5^  _  J.  (*/ 

•  •     (ir>  ~  a'  <&"  ±  W  ■ 

Ei.  3.     If  4r*  +  ay*  — 2aary»  — 3ax»y=  0, 
rfy  _  4aj'— 6<ia;y  — 2ay* 

it  is  required  to  determine  the  values  of  -^  ■ 

dy  ^   ix'-6axy-2ay*  ^q     j^  ^  _         q 

d!r       8aijr*  +  4fl:j:y— Say*       0'  ' 

_  (12a^~6ay)dx—(6ax  +  iay)dy      q 

~  {6ax+iay)dx  +  (4iax—6ay)dy  ~  0' 

O  g  3 
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24-xdx'~12adttdy—4-adf/^ 
6adx*  +  6adxdy  —  6ady' 

—  \2adxdt/—4!ady*  , 

=  g    J  « — a    J    J g  -  j-4  .  wnen  x  =  y  =  Q. 

...     ^_2^_3j  =  0i 
or*         or*         ax 

:  3,  and  =  —  1. 

Other  examples  will  occur  sobBeqaentl;  in  which  -X  has  to 
be  evaluated  in  a  umilar  vay,  when  x  =  y  =  oo  . 

140.]  Again,  let  it  be  required  to  find  in  ascending  powers 
of  A  and  k  the  value  of  r  {x  +  h,  y -\- k),  v(x,y)  and  all  its  partial 
derived-functions  up  to  those  of  the  nth  order  inclusive  being 
finite  and  continuous  for  all  values  of  x  and  y  between  the 
values  X  and  x  +  h,  y  and  y  +  k;  h  and  k  being  finite  incre- 
ments of  X  and  y. 

Let  us  make  the  same  substitutions  in  terms  of  ^  as  in 
Art.  137.   Then  b^  Maclaurin's  Theorem,  Art.  58,  (13),  we  hare 

m  =/(0)+/'(0)j  +/"(0)~  +  

-  +-^"-'«>  lJi.3!.".(Ll)  ^^'^''^X^n'  («»> 
and  snbatituting  for /((), /(O), /'(0),/"(0),.../"(0  the  valaes 
given  in  Art.  137,  except  that  we  will  replace  Xo  and  yo  by  the 
general  values  x  and  y,  we  have 
r{x+ht,  y  +  kt)  =  r(x,y) 


■Aid 


»  +  «*(.  '' 
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Let  t  =  i;  then  we  hare 
r(x+h,y  +  k)  =  r{x,y) 


'''■'\..  .„f<*"M..  .  id'. 


'■-^O"-©*- 


dp 


Sj)'-*---©)*-! 


+  TITS (-r-^)A''  +  w( .  ■    .  .-)4--ijt+  . 


^i^)^] 


x+0h 
y+6k' 


which  is  the  required  development.  The  following  are  examples 
in  which  the  expansion  is  applied. 

141.]   Ex.1.   Given  that  I  (Jf,y)  =  ar>  (a +  y)>;  it  is  required 
to  find  («  +  A)»(a+y  +  *)>. 

(g)  =  ..,.+,,,  ©  =  .<.+„..     (g)  =  0, 

and  omittiag  to  write  down  the  subsequent  partial  derived- 
functions  which  vanish,  we  have  [  ,)  =  12{a  +  y),  (^--7-5) 
=  12x,  I     ij-^)  =  12 •  whence,  substituting  in  equation  (51), 

{x+h)'{a  +  y+k)'  =  x'{a-i^y)'  +  1ix(a+y)'k-hSx'(a^y)*k 

+  (o+y)''A»  +  6x(a+y)»A*  +  8«»(a+y)i» 
+  8(a+y)»^*  +  6«(o  +  y)A*»  +  a:»*» 
+  3(a  +  y)  AU>  +  2;r  A*«  +  A»*». 
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Ex.  2.    The  eqaatiou  to  a  conic  is 

T(x,y)  =  A.r*  +  Ba?y  +  ctf*+E;r  +  ay+  k  =  0; 

it  is  required  to  prove  that  (^j-)  =  0,  {-t-j  =  0,  are  the  equa- 
tions to  two  diameters  vhich  are  conjugate  to  diameters  parallel 
to  the  axes  of  x  and  y  respectively. 

In  the  first  place,  it  is  manifest  that  [-7-)  =  0,  and  [j-j  =  0 

are  two  equations  of  the  first  degree  in  x  and  y,  and  therefore 
represent  straight  lines.  Let  the  origin  of  coordinates  be  moved 
to  a  point  (A,  k)  by  replacing  x  and  y  hy  x  +  h  and  y+k  respect- 
ively. And  let  it  be  observed  that  the  given  equation  is  only 
of  two  dimensions  in  terms  of  x  and  y ;  and  that  therefore  all 
the  partial  derived -functions  of  it  after  the  second  vanish.  In 
rix,y)  let  x  and  y  be  replaced  hy  x  +  h  and  y  +  k;  and  let  us 
expand  in  powers  of  x  and  y;  and  we  have 

r(x  +  h,  y+k)  =  0  =  t(h,k)  +  (^)  -^  +  (^)  y 

Now  if  A  and  k  a^  <iui>u  ui>v  i-fTi 

volving  the  first  power  of  x,  and  therefore  is  not  changed  when 

—  X  is  substituted  for  +  x.    And  l-^l  =  2A.h  +  Bk  +  s,  which 

is  an  expression  of  one  dimension  in  terms  of  A  and  k,  and 
therefore  represents  a  strught  line,  of  which  h  and  k  are  the 
current  coordinates ;  this  line  therefore  bisects  all  chords  of  the 
conic  which  are  parallel  to  the  axis  of  x,  and  is  therefore  a  dia- 
meter conjugate  to  the  diameter  which  is  parallel  to  the  axis 

of  X.     Similarly,  if  1^)  =  0,  (52)  has  no  term  involving  the 

first  power  of  y ;   and  therefore  i-rA  =  0,  which  is  eqoal  to 

2ck  +  th  +  o  =  0,  and  represents  a  straight  line,  is  the  equation 
to  a  diameter  of  the  conic  which  bisects  all  chords  parallel  to 
the  axis  ofy;  and  is  therefore  conjugate  to  the  diun^er  which 
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is  parallel  to  the  asia  of  y.    And  if  we  replace  h  and  k,  as  we 
evidently  may,  by  x  and  y,  i-r-)  =  0,  and  {-r-j  =  0,  or 
2AJ+By  +  «  =  0,1 

are  the  equations  to  the  two  diameters  of  the  cooic  v{x,y)  =  0, 
which  bisect  all  chords  parallel  to  tbe  axes  of  x  and  y  respect- 
ively. 

If  (^)  and  I-jt)  simultaneously  vanish,  (52)  contains  no 

term  involving  the  first  powers  of  x  and  y ;  and  the  conic  is  re- 
ferred to  the  centre  as  origin.  The  coordinates  to  the  centre 
are  from  (53), 

2CB  — BO  2aO— BP 

'  =  -s — A — .       y  =  -; — 3 ■  (54) 

We  shall  have  a  further  illustration  of  this  theorem  hereafter, 
when  we  come  to  the  consideration  of  tangents  and  polars  of 
plane  curves. 

If  in  the  preceding  general  formula  (5 1 )  we  make  x  =  0,y  =  O, 
and  then  change  h  and  it  into  x  and  y,  we  have 

„.,,)  =  .(0,0)  +  [(g)x  +  (^P,]^ 


■■■+Od«J.,56, 

where  we  have  to  replace  x  and  y  by  the  value  0  in  all  the 
partial  derived-functions,  except  in  those  of  the  last  term,  where 
they  aft  to  be  replaced  by  0x  and  0y ;  and  if  this  last  term  de- 
creases without  limit,  as  n  increases  without  limit,  then  the 
remainder  may  be  neglected,  and  the  series  may  be  written 
without  it. 

142.]  If  it  is  required  to  expand  r[j!  +  h,y-i-k,z  +  l, ), 

then,  by  a  similar  process,  we  have 
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r{a!+h,y+k,z  +  l, )  =  r(x,y,z, ) 

+  i(£)*+0*+(S'- \ 

+ 1.2  (W" 


*'+d^)*-+ 


+m{(S)*'---»(^)--- 


■■•+'0**-- 


r  +  W,      (56) 


replacing  «,  y,  jT, ...  in  the  last  term  by  x-i$h,  y  +  9k,  z+01, ... 
At  the  equatioDB  (51)  (55)  and  (56)  stand  at  present,  each  side 
is  exactly  eqaal  to  the  other;  but  if  we  can  assure  ourselves  that, 
as  n  increases  without  limit,  each  term,  as  well  as  the  sum  of  all 
the  terms,  of  the  part  omitted  decreases  without  limit ;  then  the 
remainders  may  be  neglected,  and  the  equations  will  be  modi- 
fied accordingly. 

Ex.  1,     r{x,y,z)  =  Aa?*  +  By*+cr*  +  2Byz  +  2Gra:  +  2H4!y; 
it  is  required  to  expand  T(x  +  h,p  +  k,s+t). 


ii) 


2.,  +  2..  +  2.,,       (0)  =  2.,       (^)  = 


■.    r(x  +  k,y  +  k,z  +  t)  =  A«*  +  Bp*-hcz>+2By^  +  2o^*+2H*y 
+  2[(A3>+oz  +  By)h  +  (»j/  +  tz-i-ax)k+(Qz  +  Ky-i-ax)l] 

+  AA»  +  B*»-fc/»+2KK  +  2Gtt  +  2HA*. 
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143.]  And  the  result  of  this  last  Article  may  be  extended  by 
that  method  of  Derivation,  the  principles  of  which  hiive  been 
explained  in  Art.  96 — 97,  and  which  has  been  in  those  Articles 
applied  to  functions  of  one  variable  x.  I  propose  now  to  apply 
the  process  to  functions  of  two  variables,  although  it  is  evi- 
dently capable  of  application  to  any  number  of  variables.  And 
I  will  first  take  the  following  case.  It  is  required  to  expand  in 
ascending  powers  of  x  and  y  the  function 

/{ao  +  o.f  +  a.^+...,itt+Ai|  +  4,-|~+....).        (56) 

Tlie  first  term  of  the  expansion  is  /(oo,  £«) ;  partial  derived- 
fiiBCtions  of  this  are  to  be  taken ;  in  the  Oo-partial  derived- 
functions  doo  is  to  be  replaced  by  ax ;  and  in  the  Ao-portial  de- 
rived-functions (^  is  to  be  replaced  by  Ai ;  so  that,  if  /  stands 
toT /(on,  b„),  the  second  term  of  the  expansion  is 

(|;)-'h(;|)'.^^  (57, 

the  third  term  is 
the  fourth  term  is 

ii[l(S)".-»(£.)«.«..(^)^- 

an<l  by  a  similar  process  other  terms  may  be  found ;  but  it  is 
Y  to  write  them  at  length. 


Ex.  1.    By  the  process  above  explained  the  product  of 

a«  +  flij  +  fl,^  +  ...  and  *i>  +  *iJ  +  *»^  +  ■■■  >» 
nici,  VOL.  I.  ah 
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+  Y2  {asboX^  +  Zajbixy  +  aobsy*} 


Ex.2.    8m{(ao4ai^H  <ii^  +  .-Xfio^  fti  Y  +  *s-j^  +  ■■  )} 

—  j-g  {'hl>oX+  ooAiy)*  sin (00*0) 

+  P2  COB  (Oo*o)  {o»fto«»  +  2oiAia?y  +  aoA»y*} 

—  3(iifti**y— SaiAgafy*— ooftsy"}  cos  (uoAo) 

—  j-2^{3(flAar  +  ao Aiy)(as*o«*  +  2Bi6iiry +  00*1  y*)}  sin  (00*0) 


Another  fona  is  that  wherein  it  is  required  to  expand  ia 
ascending  powers  of  the  Tariables  a  functioa  of  rariables  of 
the  form 

/{ooo+an)a^  +  aoiy+ j-2^(*ijo«'  +  2auJ!y  +  ao»y*)+  .-.}. 

The  first  term  of  the  expansion  is  evidently  /(ooo)  '■  let  the  soc- 
cesrive  derired-fuoctions  of  this  be  symbolized  according  to 
Lagrange's  notation.  As  however  /  is  a  function  of  two  vari- 
ables, (foot  will  be  aio  or  Ooi  according  as  the  x-  or  y-partial 
differential  is  taken :  and  thus  we  hare  the  preceding  functioQ 
equal  to 

/(Ooo) +/'{floo)  {aiaO'  +  aoiy} 

+  3/"(a(«)  (OioiT  +  Ooiy)  (OmOi' +  2<iii a?y  +  Om!/*) 
+/'(«oo)  (o»ir'  +  3o,iar»y  +  3aiia^»  +  ao»y')]  +  ....  (60) 
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CHAPTBR  VII. 

ON   THE    DETERMINATION    OP    MAXIMA    AND   MINIMA 
VALUES  OP  PUNCTIONS. 

141.]  Let  us  coDsiderafunctianofaaingle  variable  iT;  and,  to 
fix  oDr  thoughts,  let  the  variable  be  continuoiisly  iacreased ;  theu 
the  correspondiug  variatioti  of  the  function  need  not  always  be 
one  of  increase  or  of  decrease,  but  it  may  increase  up  to  a  cer- 
tain value  and  afterwards  decrease,  or  vice  versd.  In  the  former 
of  these  two  cases,  at  the  value  of  the  variable  when  the  func- 
tion ceases  to  increase,  it  has  attained  a  greatest  value,  or  what  is 
technically  called  a  maximum  state ;  and  in  the  latter  it  reaches 
a  least  or  a  minitmaa  state ;  such  trng^dar  conditions  of  a  func- 
tion the  principles  of  Chapter  lY  enable  us  to  determine.  And 
we  have  the  following  definition : 

A  particular  value  of  a  function,  which  is  greater  than 
all  its  values  in  the  immediate  Dcighbourhood,  that  is,  when 
the  variables  are  infinitesimally  increased  or  decreased,  is  said 
to  be  a  maximum.  And  the  particular  value  which  is  less  than 
all  its  immediately  adjacent  ones,  is  called  a  minimum. 

Maxima  and  mimma  are  therefore  terms  used  not  absolutely, 
but  in  reference  to  the  values  of  the  functions  immediately  ad- 
jacent to  those  to  which  the  uames  are  applied. 

As  a  simple  illustration,  let  us  consider  sin  x;  and  let  the  radius 
of  the  circle  be  unity ;  then,  when  the  arc  =  0,  the  sine  =  0 ;  but 
as  the  arc  increases  up  to  ^ ,  the  sine  increases  and  at  last  be- 
comes 1,  which  is  its  maximum,  for  as  the  arc  becomes  lai^cr, 
the  sine  becomes  smaller  and   continually  decreases,  passing 

through  0  when  the  arc  =  it,  until,  when  the  arc  =  -q-,  the 

sine  =  —  1  i  after  which  it  continually  increases  until,  when 

the  arc  =  -^ ,  the  sine  =  -f  1,  which  is  a  maximum,  and  so  on. 

Thus   as   the  arc  increases,   the  sine    periodically  atlains  to 
I  and  minima  values. 

H  ll  3 
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Sbction  1. — On  maxima  and  minima  ((f  explicit  fitnctions  t^ 
one  variable. 

146.]  Let  y  =  r(x)  be  the  faDCtdon  of  which  the  maximti  and 
mininia  are  to  be  inTestigated. 

From  the  definition  it  is  plain  that  if,  as  x  increaoea  np  to  a 
certaiD  value  Xo,  r(x)  increases ;  and  aftenrarda  as  x  increases, 
r(_x)  decreases;  then  v(x)  has  attained  a  maximam  value  at 
X  =  x^  And  if,  as  x  increases  up  to  a  certain  value  x^,  r(x} 
decreases,  and  afterwards  increases  as  x  increases,  then  riXn)  is 
a  minimum  value. 

Now  Theorem  I,  Chapter  IV,  is  immediately  applicaUe  to 
the  determination  of  these  conditions :  if  x  and  r  (x)  are  stmul- 
taneouslj'  increasing,  w'(x)  is  positive;  if  t(x)  decreases  as  x 
increases,  9'(x)  is  n^jative. 

If  therefore  at  any  point  x  =  Xo,  f{x)  changes  its  sign  from 
-f  to  — ,  we  have  a  maximum  value;  and  if  t'{x)  changes  its 
sign  firom  —  to  +,  we  have  a  minimum  value;  and  as  changes 
of  sign  can  take  place  ovkij  when  the  quantity  passes  through 
0  or  00  ,  we  have  the  following  rule  to  determine  Maxima  and 
Minima: 

Find  every  value  of  x  which  renders  i^{x)  equal  to  0  and  to 
00 ;  if  such  a  value  makes  V(x)  change  its  sign,  the  correspond- 
ing value  of  r{x)  is  a  maximum  or  minimum;  being  a  maxi- 
mum if  V(x)  changes  sign  from  +  to  — ,  and  a  minimnm  if 
the  change  is  &om  —  to  +  ;  but  if  there  is  no  change  of  sign, 
there  is  bo  such  singular  value. 

Ex.  1.  y  =  v(x)  =  x'  —  Zax; 

.-,     p'(iF)  =  2ar-2o  =  0,  if  X  =  a; 
and  as  f'(x)  is  negative  when  x  is  less  than  a,  and  positive 
when  X  is  greater  than  a,  v^{x)  changes  sign  from  —  to  +  as  ar 
passes  through  a  ;  and  therefore  p[x)  has  a  minimum  value, 
viz.  —a*. 

Ex.  2.  y  =  f{x)  =  MDx; 

i/{x)  =  cos  a?  =  0,  if  iT  =     J 

and  as  cos^r  is  positive  when  x  is  less  than  ^,  and  negative 
when  X  is  greater  than  „,  i'(^)  changes  sign  from  +  to  —  ; 
and  accordingly  v{x)  baa  n  maximum  value,  viz.  1. 
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Also  nnce  t^ix)  =  cob  x  =  0,  wben  a;  =  -=- ,  and  changes  sign 

firom  —  to  +  aa  j;  patsea  through  thia  value,  sin  x  haa  at  it  n 

mininiam  value,  via.  —1.     Similarly  aho  *  =  ^  gi*e«  to  cos;7 

a  change  of  sign  from  +  to  — ,  and  therefore  gives  to  nn  ;r  a 
marimnm,  via.  1 ;  and  thus  may  other  values  be  determined. 

Ex.  3.  y  =  «(a-ar)»  =  f(«)  ; 

.-.    b'(*)  =  (a-x)  {a-Sx)  =  0,  if 
«  =  a,  and  changes  sign  from  —  to  +  f      ■'■   aminimam; 

«  =  5, from  +  to  — ,     .-.  a  maximum; 

therefore  0  is  a  minimum  value  of  x(tt^x'^,  viz.  when  x  =  a; 

It  is  convenient  to  have  a  distinctive  name  for  that  value  of 
a  variable  which  makes  a  function  of  it  to  vanish,  and  there- 
fore I  propose  to  call  it  the  critical  value;  thus  a  and  „  are 

critical  values  of  x  in  V'lx)  in  the  last  example;  0  and  a  are 
the  critical  values  of  x  in  j?  (a—x)*.  Of  an  algebraical  expres- 
sion, the  roots  are  the  critical  values.  It  is  plain  that  critical 
values  do  not  necessarily  cause  a  function  to  change  sign, 
although  a  function  cannot  change  sign  except  at  a  critical 
value :  at  least  such  is  die  case  so  for  aa  we  know.  Similarly 
the  factor  which  vanishes  is  called  the  eriiieat  factor. 

146.}  When,  as  in  Ex.  8  above,  v'(x}  is  an  algebraical  func- 
tion, and  baa  many  factors  which,  when  equated  to  0,  cause  it 
to  vanish,  it  is  easy  to  perceive  their  forms  so  that  f'(^)  may 
change  its  sign.  Corresponding  to  every  factor  of  imeven  di< 
mensions,  that  is,  of  the  form  (x—Xo)"'*\  as  x  passes  through 
9o,  there  is  a  change  of  sign ;  but  to  factors  of  even  dimen- 
sions, viz.  of  the  form  (x—Xf,)*",  there  is  no  change  of  sign  as 
X  passes  through  x^,  aud  therefore  there  is  no  maximum  or 
minimum  value. 

To  determine  the  change  of  sign  corresponding  to  a  factor  of 
uneven  dimensions,  the  best  method  is  first  to  determine  the 
signs  of  all  the  foctora,  short  of  the  critical  factor,  correspoud- 
ing  to  the  critical  value,  and  then  to  investigate  the  change  of 
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sign  of  the  critical  factor;  the  following  example  will  explain 
the  process.     Suppose 

p'(«)  =  «» («-l)'  (x-if  (ar-4)*; 
which  is  equal  to  0,  if 

:r  =  0,  and  gives  a  change  of  sign  from  +  to  — ,   .'.  amaximam 
jT  =  1,  and  gives  no  change  of  sign,     .- .  no  max.  or  minimnm 
x=2,  and  gives  a  change  of  sign  from  —  to  +,  .'.a  minimum 
x=4i,  and  gives  no  change  of  sign,     .  - .  no  max.  or  minimum 
that  is,  if  f  =  0,  the  critical  factor  is  x' ;  but  when  x  =  0,  the 
other  factors  severally  are  +1,  —ft,  +16,  the  product  of  which 
is  —  ;  and  as  iv\  when  ;r  =  0,  changes  sign  from  —  to  -f ,  it 
follows  that  v'ix),  when  sr  =  0,  changes  sign  from  -f  to  — ,  and 
accordingly  v{x)  has  a  corresponding  maximum  value;  by  a 
similar  method  the  changes  of  sign  due  to  the  other  critical 
factors  are  determined. 

147.3  Geometrical  illustrations  of  the  several  conditions  of 
maxima  and  minima  are  given  in  figs.  12,  IS,  14, 15. 

Suppose  y  =  f{3!)  to  represent  a  curve  such  as  those  drawn 
in  the  figures. 

Let  ouo  =  «o,  and  let  HoPq  =  yo  the  corresponding  ordinate. 
Then  in  fig.  12,  as  «  increases  up  to  jto,  s  =  r  («)  increases,  and 
therefore  b'(x)  is  positive;  but  so  soon  as  if  passes  the  value 
^0)  y  b^ns  to  decrease,  and  f'(x)  is  negative,  and  the  ordinate 
y  or  f(^)  has  manifestly  attained  a  maximum  value  at  x,,. 

In  fig.  13,  the  reverse  is  the  case ;  as  x  increases  up  to  Xo, 
y  =  v{x)  decreases,  but  so  soon  as  «  is  greater  than  x„,  f{x) 
increases,  and  thus  the  sign  of  f'(^)  changes  from  —  to  +  at 
Xt,  and  the  corresponding  value  of  r(x)  is  a  minimum. 

¥ig.  14  illustrates  the  case  of  v^ix)  being  positive  up  to  xd 
and  although  f'(j7)  =  0,  yet  it  does  not  change  its  sign,  but 
continues  positive  afterwards,  and  therefore  we  have  no  maxi- 
mum value. 

In  the  curve  drawn  in  fig.  15,  f^(x)  is  negative  throughout; 
at  Po  it  is  equal  to  0,  but  as  it  does  not  cliange  its  sign,  there  is 
no  minimum  value. 

148.]  Examples  of  maxima  and  minima. 

£x.  1.  To  determine  the  maxima  and  minima  values  of  y, 
having  given 

y  =  r(x)  =  x*-6ax'+22a*x^~Zitr^x+12a\ 
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=  4(ar-a>(a?-2a)(*-3a)  =  0; 
if  X  =:  a,  and  changes  sign  firom  —  to  + ,       . ' .  a  minim 
ir  =  3a,    -------+to— ,       ."■»  maximum 

X  =  3a,   --------  to  +,       .-.a  minimum 

whence  we  have,  i£x  =  a,    r(x)  =  So*,  a  minimum ; 
X  =  3a,  p(;i^)  =  ia*,  a  maximum ; 
X  =  9a,  r{x)  ^  So*,  a  minimam. 
Ex.  2.    To  determine  the  maxima  and  minima  valnes  of 

r^x)  ^  (j7-l)»{«4-2)»(7«  +  5)  =  0;  if 
X  =1,  and  changes  sign  from  —  to  -H,      .'.   a  minimum; 
X  =  —2,  but  does  not  change  ugn,     .'.  no  max.  or  minimum) 

;tr  =—-,  and  changes  sign  from  H-  to —,       .-.   amaximam; 
hence,  when  x  =  1,        f(»)  =  0,  a  mioimam  valae; 

AX.  5  "        ,       13*9' 

and  when      x  =  ^-s,  r{x)  =         -  ,  a  maximum. 

Ex.  8.     To  determine  the  maximum  and  minimum  values  of 
r{x),  having  given 

.  _  («+»)' (»-13) 

••     "<"-  (.-3)»        ' 

=  0,  if  X  =  —  2,  and  does  not  change  sign,    .  * .  no  max.  or  rain. 
=  0,  if  iT  =:  18,  and  changes  sign  from  —  to  + ,    . ' .  a  minimum 

—  oo,if^  =  S,    -------     ^to— ,    .'.  amaximum 

hence,  when  x  =  18,     t{x)  =  —^,  a  minimum  value; 
and  when      jr  =  8,      p(t)  =  00 ,     a  maximum  valae. 
Ex.  4.    To  determine  the  minimum  value  of  x'~ 
v(x)  =  *'; 

^(jx)  =  ir'(l-l-log;c)  =  0; 
if  log  ^=  —1,  that  is,  if  ;r  =  e-';  and  as  r'(x)  changes  sign  from 

—  to  +,  the  corresponding  value  of  a?',  viz.  (e)"',  is  a  minimum. 
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Ex.  5.    It  is  required  to  find  the  value  of  x,  when  ain  e  +  cos  x 
is  a  maximum. 

r{x)  =  iiax-^tXMx; 
p'(ar)  =  C09J?— stud?  :=  0; 
if  tan  X  =  \;  that  is,  when 
x=-r^,  and  cbanges  sign  frum  +  to  — ,       .-.a  maximum; 

hit 

«=-j-,-     -    -     -     -    -     -     — to+,       .'.a  mmmaum; 


Henoe  the  maximum  value  of  the  function  is  ■</%,  and  the 
minimum  is  —  v*? ;  which  valnes  recur  whenever  x  is  increased 
by  ff. 

149.]  The  change  of  sign  of  t'{x)  may  often  be  conveniently 
determined  from  the  following  considerations. 

Let  us  suppose  that  F"(dr)  does  not  vanish  or  become  infinite 

d*y  _  '\dxl  _  d.t'jx) 
dx  ~  dx  ' 
it  is  manifest  that  if  x  increases,  r"ix)  is  positive  or  n^ative 
according  as  i^{x)  simultaneously  increases  or  decreases ;  but  if, 
as  X  increases,  i^(,x)  changes  sign  from  —  to  +j  it  is  increanng, 
and  if  it  changes  sign  from  +  to  — ,  it  is  decreasing;  hence 
for  a  miuimum  value  r"{x)  is  positive,  and  for  a  maximum 
value  r"(x)  is  negative.  Accordingly  f{^)  is  a  maximum  or 
minimum  value,  according  as  the  valne  of  x,  determined  from 
the  equation  r'(x)  =  0,  renders  y'ix)  negative  or  positive. 


and  f'(;i?)  =  0,  if  ;r  =  +1,  and  if  jt  =  — 1 ; 


and  if  j7  =  .+  1,  r"(^)  —  ~  ni     •'•'(*)=  ni  ^  nuximum; 
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Ex.2,  r{x)  =  anx  ci»(a^x); 

p'(i)  =  CUB  «  cos  (.a—x)  +  sin  a?  Bin  {a—x), 

=  COB  (0—2 J?); 
/'(*)  ==  2Bio(o-2a:); 
.-.     P'(«)  =  0,  if  a-a*=-^;      .-.    »  =  ^  +  iJ 

-     -    =0.iffl-2*=^;  .-.    ^  =  3-4- 

In  the  former  of  which  cases  t"{x)  is  DCgative,  nod  the  cor- 
responding value  of  r{x)  is  a  maximnm ;  and  in  the  latter  r"(x) 
is  positive,  and  the  corresponding  value  of  F(;r)  is  a  minimum. 

150.]  This  method  hovever  of  determining  such  singular 
values  of  functions  is  not  applicable  whenever  the  value  of  x 
which  makes  V(x)  =  0,  also  makes  r"(;r)  =  0 ;  in  which  case,  as 
well  as  in  all  others,  the  foUowiog  method  may  be  employed. 

Let  F(f)  be  the  function  of  which  the  maximum  and  miuimam 
values  are  to  be  determined ;  then,  by  (21),  Art.  116, 

T(x+h)  —  r(x)  =  hT'(x  +  0h)i 
and  if  A  is  infinitesimal,  r'(jr+tfA)  becomes  r^(x). 

Suppose  now  that  Xo  is  a  value  of  x,  such  that  p(^o)  is  a 
maximum  or  a  minimum^  then  if  we  consider  the  values  of 
t(x}  which  are  immediately  adjacent  to  r(xu)  on  both  sides  of 
it,  we  shall  be  able  to  detect  a  criterion  of  such  singular  values. 
For  this  purpose  let  us  consider  r(xo+h)  and  r(X(,-Th)  when  A 
is  infinitesimal:  then  if  t(j7o)  is  s  maximum,  F(;ro  +  A)  — p(;^o) 
and  r{xt—h)  —  r(xQ)  are  both  negative:  and  if  f(x'o)  is  a  mini- 
mum, these  differences  are  both  positive.  Now  if  i^{Xq)  does 
not  vanish,  ,        ,,       ,    ,        .   -,    , 

and  r(xt—h)  —  r(xB)=  —hf{XB); 

and  thus  these  differences  have  different  signs.  But  this  is  in- 
consistent  with  f  {x^  being  a  maximum  or  minimum ;  and  there- 
fore we  conclude  that  p(dTa)  is  not  a  maximum  or  a  minimum  if 
F'(xn)  does  not  vanish. 

Suppose  however  that  f'  (x^)  =  0,  and  that  f"  {a:^)  does  not 
vanish;  then,  by  equation  (22),  Art.  116, 

F(j?o  +  A)-r(a:o)  =  Y2^Vt.+*A); 
whence,  when  A  is  infinitesimal, 
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and  this  does  not  change  sign  with  A ;  if  therefore  -^'{x,,)  is 
positive,  p(2o)  is  leu  than  both  v{x,)  +  h)  and  p(xa—h),  that  is, 
p(iFi))  is  »  minimum;  and  if  t^'(xo)  is  negative,  v(,Xe)  is  greater 
than  both  r(_3!t  +  h)  and  v{Xt^A),  that  is,  v(xo)  is  a  maximnm; 
irhence  we  conclude. 

If  r'(xi,)  =  0,  and  t"(xo)  does  not  vanish,  t(X(,)  is  a  sii^olar 
value;  and  if  f"(^o)  is  negative,  p(J'o)  is  a  maximum;  and  if 
r"{X(,)  is  positive,  t(Xq)  is  a  minimum. 

Again,  if  f"(^o)  =  0,  and  r"'lxo)  does  not  vanish,  and  if  h  is 
infiuitesimal, 

A' 

rixc  +  hy-rixo)  =  YJs'   ^'^°^' 

in  which  case,  as  A"  changes  its  sign  with  A,  it  is  plain  that 
there  is  no  masimtim  or  minimum  value;  but  if  r"'(_Xo)  =  0, 
and  p"'(Xi>)  does  not  vanish,  then 

r(x^  +  h)-r{xo)  =   ^gg^r^Vo); 

in  which  case,  as  before,  f  (Xq)  will  be  a  maximum  or  minimum 
value  of  F(jf),  according  as  /'^(x^)  is  negative  or  positive. 

And  thus  generally  if  the  value  x^,  which  makes  f'(^)  =  0,  so 
affects  t"(x),  t"'{x), ...  up  to  F''-i(dr),  that  all  vanl'sh,  but  that 
^"(^0)  docs  not  vanish ;  then  we  have 

F(a'o  +  A)-P{afo)   =    j-lj-g-— F"(jro); 

and  if  »  is  an  odd  number,  there  is  no  maximum  or  minimum 
value ;  but  if  n  is  an  even  number,  f(^o)  'S  *>  maximum  if  v^(x^ 
is  negative,  and  a  minimum  if  f''(^o)  is  positive. 

In  the  application  of  this  theory  to  questions  of  geometrical 
maxima  and  minima,  it  will  subsequently  appear  that  figs.  12 
and  18  correspond  to  the  analytical  conditions  of  every  derived- 
function  vanishing,  when  x  =  Xo,  up  to  one  of  an  odd  order 
inclusively,  and  of  the  next  derived-function  of  an  even  order 
remEuning  finite;  and  figs.  14  and  15  correspond  to  the  con- 
dition that  the  derived-function,  which  is  the  first  not  to  vanish, 
is  of  an  odd  order. 
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Ex.  1.      r(x)    =  «*  +  2  COB  r  +  e-', 

^(x)  =  e'-2anx-e-'  =  0,  if  *  =  0, 

r"(x)  =  e*— 2  cos  *  +  «-*■  =  0,    -    -    -    , 

f"'(jf)  =  e'  +  2MDjr  — «-*  =  0,    -     -     -    , 

F~(J)  =  c'+2c08ar  +  e-' =  4,    -     -     -    ; 

tberrfore  if  at  =  0,  v(ie)  =  4,  which  is  a  miDimain  vitlue,  because 

the  fourth  deriTed-function,  which  is  the  first  not  to  vanish,  is 

poaitiTe. 

151.}  We  subjoin  some  examples  of  problems  on  maxima 
and  minima,  the  study  of  which  will  be  sufficient  to  enable  the 
reader  to  apply  the  methods  to  other  similar  ones. 

Ex.  1.  To  divide  a  given  nomber  a  into  two  parts  such  that 
the  product  of  the  nth  power  of  one,  and  the  mth  power  of  the 
other,  may  be  s  maximum. 

Let  a  be  the  given  onmber,  of  which  let  w  be  one  part,  and 
therefore  a—x  is  the  other;  and  we  have 
r(x)  =  j;"{a— «)■; 
.•.     p'(J?)  =  *"~'(a— ar)"-' (mo— njf— ffjip), 

=  {«  +  »»)jf"->(a-ir)— i(^^-a?), 

=  0,  if  «  =  0,  and,  if  n  is  an  even  number,  changes  sign  from 

—  to  +,  which  indicates  a  minimum;  but  if  n  is  odd, 
r'(x)  doea  not  change  sign,  and  there  is  no  correspoading 
maximam  or  minimum ; 

=  0,  i£  X  =  a,  and,  if  t»  is  an  even  number,  changes  sign  from 

—  to  -f ,  which  indicates  a  minimum ;  but  if  m  is  odd, 
p'(.7)  doea  not  change  sign,  and  there  is  no  corresponding 
maximum  or  minimum ; 

=  0,  if  a:  =  — — ,  and  changes  sign  from  +  to  — ,  which  in- 

dicates  a  maximum  value;  viz,  r(a:)  =  m'^n"  ( ) 

Ex.  2.   To  find  the  number  the  ratio  of  which  to  its  logarithm 
is  a  minimum. 
Let  X  be  the  number;  then 
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=  0,  when  X  =  e,  and  changes  sign  from  —  to  + ,  which  indt^ 
cate§  a  minimum ;  viz.  f  (x)  =  e. 

Ex.  3.  To  find  the  number  of  equal  parts  into  which  a  given 
number  a  is  to  be  divided,  so  that  their  continued  prodact  may 
be  a  maximam. 

Let  X  be  the  number  of  parts ;  and  thus  ^ach  part  =  -  ;  and 
therefore,  if  f  {x)  =  the  product  of  them, 

.-.     log  f(j:)  =  iT  {log  a  —  log  x]  ; 

■  ■     rix)  ■ 

=  log  a  —  log  X  — 1(^  e. 


■■  logQ-logar; 


therefore  ^(x)  =  0,  if  ;r  =:  - ,  and  changes  sign  from  +  to  —  ; 
which  indicates  a  niaximnni ;  therefore  each  part  =  e,  and  the 
product  of  all  =  (e)' . 

Ex.  4.  To  inscribe  in  a  given  circle  the  greatest  isosceles 
triangle. 

In  fig.  16,  let  the  vertex  of  the  triangle  be  at  the  extremity  a 
of  the  diameter  of  the  circle ;  let  the  radius  of  the  circle  =  a ; 
and  let  f  and  p'  be  the  other  angular  points  of  the  triangle ; 
therefore  hp=hf';  let  cu  =  x,  ue  =  y;  then  the  equation  to 
the  circle  is  j,,^^^^,, 

the  area  of  the  triangle  =  t(x)  =  auxuv, 

=  (a+x)  (o'— «*)*; 
■2x'  _  (a4J)*(o-2je) 


F-Cr)  =  '- 


(«»—*»)*  (a— a;)* 


=  0,  i{  X  =  ^,  and  the  sign  changes  from  +  to  — ,  which  in- 

dicates  a  maximum,  of  which  the  value  is  -^  a', 
^(x)  also  vanishes  when  x  =  a,  and  when  x^  —a;  but  as  the 
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sign  of  it  in  both  cases  passes  from  +  -/^  to  ± ,  and  as  the 
geometrical  meaning  of  the  values  is  plain  enough,  we  mast 
reserve  the  consideration  of  such  critical  values  to  a  future 
part  of  the  work. 

£z.  5.    To  inscribe  the  greatest  rectangle  in  a  semi-eUipse, 
In  fig.  17  let  a'p'bfa  be  the  given  semi-ellipse,  and  upf'm' 
the  rectangle  inscribed  in  it,  which  is  to  be  a  maximum ;  let 
cH=::i:,  M7  =  y;  and  let  the  equation  to  the  ellipse  be 

a»  +  i»  -  ' ' 
.-.     the  rectangle  =  f(.i:)  =  h'h  x  hp, 

=   2CH  XHF, 


f'(*)  =  2  ^ 


(a»-;r»)4 


=  0,  if  Jf  =  +  ~7n>  ^"^  changes  sign  frcm  +  to  — ,  which 
indicates  a  maximum,  and  f(j?)  becomes  ab\  and  there- 
fore the  greatest  rectangle  is  one-half  of  that  contained 
by  A  A  and  cb. 

£x.  6.     The  whole  surface  of  a  cylinder  being  given,  it  is  re- 
quired to  find  its  form  when  the  content  is  a  maximum. 
Let  «  =  the  radius  of  the  base,  y  =  the  height  of  the  cylinder; 
.*.    vx^y  =  the  content, 
and      2waf'  +  3iripy  =  the  whole  surface. 
Let  the  given  surface  be  2na*,  and  let  the  content  be  F(;r) ; 

,'.     2TJ?*+2ira:y  =  25ra',       and    y  =  ; 

?(«)  =  waf'y,  =  ■¥«{«*— J?*); 

.-.     F'(iP)  =  w(a»-3a;*}, 

=  0,  if  ^  =  — ;5,,  and  changes  sign  from  +  to  —  ;  which  iudi- 

'^  la 

cates  a  maximum;  in  which  case  y  =  the  height  =  —=, 

and  the  content  =  — :— . 
3» 
Ex.  7.    Given  the  content  of  a  cone ;  it  is  required  to  find  its 
dimensions  when  the  whole  suriace  is  a  minimum. 
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Let  X  =  the  radius  of  the  base,  y  =  the  ftltitude  of  the  cone ; 
therefore  by  Ex.  6,  Art.  24,  the  content  =  —5-^ ; 
and  the  whole  surface  =  it3!'+vx(x'  +  y')i. 

Let  the  content  =  -s-,  and  the  surface  be  r{x); 
.•.    itx*y  =  wa',     and    y  =  — j  ; 
r{x)  =  itx*  +  vx(a^  +  y*)i. 


r'{T)  -. 


x*(tfi+afi)i 


=  0,  if  :r  =  — -,  and  changes  sign  from  —  to  +  ;  which  indi- 
cates a  minimum ;  and  y  =  %a;  in  which  case  the  semi- 
vertical  angle  =  cot'^VS,  and  the  surface  =  2na*. 

Ex.  8.    To  describe  the  least  cone  about  a  given  sphere. 

In  fig.  18,  let  the  circle  apbp',  and  the  triangle  efo,  repre- 
sent a  plane  section  of  the  sphere  and  circumscribed  cone,  made 
by  the  paper  passing  through  the  sphere's  centre ;  let  the  radius 
of  the  sphere  =  a ;  and  cu  =  x,  vt  ^y,  ao  that 

x*  +  ^  =  a*. 
Then,  by  properties  of  the  tangent  of  a  circle, 

fl'  a(a-\-x)  /«+a:\* 

CE  =  — ,        AF  =      ^  =  a(-^~)  ■ 

X  y  ^a~x' 

Let  the  content  of  the  cone  =  f(x)  ; 


{ax— IS*)* 

=  0,  if  jr  =  -,  and  changes  sign  from   —  to  +,  which  indi- 
cates a  minimum  value,  viz.  ^xa>;  and  which  is  there- 
fore twice  the  volume  of  the  sphere.    See  Ex.  7,  Art.  24. 
Ex.  9.     To  cut  the  greatest  parabola  from  a  given  cone. 
In  fig,  19,  let  the  radius  of  the  base  of  the  cone  =  b,  let  the 
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altitude  of  the  cone  =  a ;  let  oh  =  x,  itp  =  y;  nnd  let  the  area 
of  the  parabola  =  t{x). 

Now     mq'  =  oMx  MB  =  ar  (26— ^)  =  2bx—jfl, 
CO       (a*  +  4*)*,„. 

Jiy  Ex.  8,  Art.  %i,  the  area  of  the  paratwla  =  =  qq'  x  m  f  ; 

2 
.•.     r(x)  =  h2hqxhp, 

8(o'  +  J")' (3S-Jr)i(4-2*) 
■•■     '<''  =  — 34 Tl 

=  0,  and  changes  sign  from  +  to  — ,  if  ar  =  ^,  which  indi- 
cates a  maximum;  therefore  on  =  -jr-,  and  the  area  of 

3* 
the  grcateot  parabola  =  -5-  (a»  +  6*)4  J. 

152.3  ^^  *'^^  preceding  Articles  we  have  determined  certain 
properties  of  maxima  and  minima,  and  have  investigated  me- 
thods b;  which  particular  cases  of  such  singular  values  may  be 
found.  The  general  theory  however,  to  be  complete,  requires 
a  criterion  whereby  the  number  of  maxima  and  the  number  of 
minima  of  a  given  function  may  be  determined ;  and  also  means 
for  determining  the  greatest  and  the  least,  or,  as  I  shall  call 
them,  the  absolute  maximum  and  the  absolute  minimum,  of  all 
the  singuUr  values  of  the  function. 

Let  F(jr)  be  the  function  whose  singular  values  are  the  sub* 
ject  of  consideration ;  and  let  Xb  be  the  general  symbol  of  the 
critical  value  of  iP  to  which  such  singular  values  correspond; 
and  let  yo  be  the  corresponding  value  of  r{^) ;  and  let  ^  be  the 
value  which  the  second  derived-function  of  r{x)  takes,  when 
X  =  jCq.    Then  we  have  the  following  equations,  when  x  =  Xni 

r{x)~y^  =  Q,  (1) 

V(x)  =  0,  (2) 

r'V)-j3  =  0.  (3) 
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Not  as  the  last  two  equations  coexist  whea  x^Xa,  a  relation 
exists  between  them  which  can,  theoretically  at  least,  be  ex- 
pressed in  terms  of  j3  and  the  coefficients  of  the  original  func- 
tion, and  which  will  be  independent  of  x  and  x^ ;  oi*)  i°  other 
words,  X  may  be  eliminated  from  (2)  and  (3).  If  this  relation 
is  found,  and  is  arranged  in  terms  of  /9,  we  shall  have  an  eqna< 
tion  in  terms  of  /3,  the  signs  of  the  roots  of  which  will  enable  ns 
to  distinguish  maxima  and  minima ;  because  there  will  be  as 
many  maxima  values  as  there  are  negative  values  of  p,  and  as 
many  minima  values  as  there  are  positive  values.  In  many 
cases  however  this  process  will  not  enable  us  to  determine  the 
number  of  the  singular  valnes,  because  there  may  be  many  of 
the  same  value.     Thus  if  t{x)  =  sin^,  v'{x)  =  cmx,  v"(x)  = 

—  tvax;  and  we  have  to  eliminate  x  between  cos  .2  =  0,  and 

—  sin  *  —  ^  =  0 ;  whence  we  have  /3-  —  1  =0,  and  ^  =  I,  and 
/9=  —  1;  hence  sin  .7  has  one  minimum  value  and  one  maxi- 
mum value,  but  it  has  an  infinite  number  of  maxima  and  mi- 
nima, corresponding  to  the  infinite  number  of  the  roots  of  the 
equation  /'(a?)  =  0,  or  cos  ar  =  0. 

The  determination  of  the  required  equation  may  be  per- 
formed in  any  way  that  is  practicable,  although  it  is  in  most 
cases  beyond  our  power;  if  however  r{x)  is  a  rational  and  in- 
tegral function  of  x,  then,  because  (2)  and  (3)  are  satisfied  when 
X  =  xa,  they  have  a  common  measure  of  the  form  (x—Xi^", 
where  m  is  either  unity  or  some  positive  integer  greater  than 
unity;  and  if  we  proceed  by  the  ordinary  algebraical  process 
of  finding  this  common  measure,  we  shall  finally  come  to  a 
remainder  independent  of  x  and  in  terms  of  {8,  which  must  be 
equal  to  zero ;  and  if  the  terms  of  it  are  arranged  in  powers 
of  /9,  we  shall  have  an  equation  the  signs  of  the  roots  of  which 
will  fix  the  numbers  of  the  maxima  and  the  minima  of  the  ori- 
ginal function.    The  following  examples  illustrate  the  process. 

Ex.1.        Let      fix)    t=  3?'-2.a?-^x; 
,-.     r'{x)  =  3**-4a:  +  l, 
r"(x)  =  ex-i. 
If  we  proceed  by  the  ordinary  method  to  find  the  greatest  com- 
mon measure  between  8j:*— 4*4-1  and  3;f— 2— ^,  we  shall 
alter  two  divisions  come  to  the  remainder  jS'  —  1,  which  must 
be  equal  to  zero ;  whence  we  have  ^  =  + 1 ;  and  as  the  values 
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of  ^  are  one  positive  and  one  negative,  »o  the  singular  values  of 
r(x)  are  respectively  a  raiaimum  and  a  n 


Ex.2.  r(x)   =  a!»+ar»-2aV 

¥'{x)  =  3a^  +  2ax-2a\ 

?"(«)  =  &x  +  2a. 
If  we  proceed  as  in  the  last  example  we  shall  find  ^*— 7a'  =  0 ; 
so  that  p  =  ±7ia;  and  therefore  v{x)  has  two  singular  values 
which  are  respectively  a  maximum  and  a  minimum. 

If  one  of  the  values  of  /9,  deduced  from  the  result  of  the 
elimination  hetween  (2)  and  (3),  is  zero,  the  criterion  fails  fur 
a  singular  value,  or  for  the  particular  kind  of  it,  corresponding 
to  that  value  of  the  variable  which  makes  )3  =  0.  Of  this  cir- 
cnmstance  the  following  is  an  example : 

r(x)   =  8;c*-]6a^  +  24a^-ll, 

¥'{x)  =  I2{a^-4afl  +  ix), 

f'V)  =  12(3a!*-8a^i4). 
Now  in  pursuit  of  the  process  by  which,  as  in  the  preceding 
examples,  the  criteria  of  maxima  and  minima  have  been  deter- 
mined, let  us  endeavour  to  find  the  common  measure  of 
afl—ia^-i-ix  and  of  3a:*— 8*  +  4— ^;  then  the  first  remainder 
which  does  not  involve  a;  is  3^*— 32)3;  and  of  this  when  equated 
to  zero  the  roots  are  0  and  a  positive  quantity ;  so  that  cor- 
responding to  the  factors  which  make  f'(^)  to  vanish,  for  one 
r(x)  may  have  uo  singular  value;  and  the  other  gives  to  r(^)  a 
1  value,  viz.  —11. 


153.^  Let  thus  much  suffice  for  the  number  of  maxima  and 
the  number  of  minima  of  a  given  function  f(^);  and  let  us 
now  investigate  a  method  for  determining  the  greatest  and 
least  absolutely  of  all  the  singular  values  which  t(x)  has.  Since 
(I)  and  (2)  of  the  last  Article  are  both  satisfied  when  x  =  Xo, 
they  have  a  common  measure.  When  p(^)  is  transcendental, 
the  determination  of  this  relation  is  generally  beyond  our  powers ; 
but  when  f(x)  is  a  rational  and  integral  algebraical  function, 
it  can  be  found.  Por  if  we  operate  on  (1)  and  (2)  in  the  ordi- 
nary process  of  finding  the  greatest  common  measure,  we  shall 
finally  arrive  at  a  remainder  which  is  independent  of  x,  but 
which  involves  yo  and  the  coefficients  of  the  original  function  ; 
this  remainder  must  be  equal  to  zero;  and  thus  we  shall  have 
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an  equation  in  tennB  of  yn,  the  roots  of  which  will  be  the  nn- 
gular  ralaes  of  r(x) ;  and  thna  the  greatest  root  will  be  that 
value  of  f(jt)  which  is  absolutely  the  greatest,  and  the  least 
root  will  be  the  absolute  minimum.  The  process  is  illustrated 
by  the  followiog  examples. 

Ex.1.  F(*)  =  x'-Zx'+x, 

/(*)  =  Sa^*-4j?  +  l. 

If,  as  in  Art.  152,  yo  is  the  singular  value  of  p(;e),  and  if  we 
pursue  the  common  process  for  the  determination  of  the  com- 
mon measure  o(  x'~2x*  +  x—yo  and  of  3;r*— 4^4-1,  the  first 
remainder  which  is  independent  of  d?  is  Z7yt,'—iyo;  and  this  is 
to  be  equal  to  sero ;  so  that  the  two  singular  values  of  ^o  are 

4  . 

0  and  ^,  of  which  the  former  is  the  absolute  minimum,  and 

the  latter  is  the  absolute  maximum  of  all  the  relative  maxima 
and  minima. 

Ex.2.  !-(*)  =  a:i*-4oa!>~8o»a*+lla*, 

F'(ar)  =  4a^-12ffla!*-16o*x. 

If  we  proceed  to  find  the  greatest  common  measure  of 
r(x)—y<,,  and  of  p'(ir),  the  first  remainder  which  is  independent 
of  ar  is  yo*  +  109 a*y^  — ^6 a^yo,  of  which,  when'  equated  to 
zero,  the  roots  are  0,  8a*  —117a*:  whence  we  know  the  rela- 
tive maxima  and  minima,  and  therefore  the  absolute  values  also. 


Section  2.— On  maxima  and  msntma  of  implicii  Jvnctioru  of 
two  vnnodfes. 

154.3  Suppose  that  it  is  required  to  find  the  values  <tf  x  which 
make  y  a  maximum  or  minimum,  when  the  equation  connecting 
y  and  X  is  of  the  form,  u  =  r{x,  y)  =  c;  then,  by  Art.  48, 

^-_i^  (4) 

and  as  the  necessary  condition  of  such  a  singular  value  of  y  is, 

dy 
that  ~  changes  ngn,  and  as  a  change  of  sign  can  take  place 

,  it  follows  that  either 
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l-j-j  =  0  or  Qo ,  or  i-i-f  =  0  or  « .    Let  us  however  assume 

that  ~r-  is  not  indeterminate  in  form,  and  thus  that  (t')  and 
or  ^dx' 

(-f)  are  not  umultaneously  equal  either  to  0  or  to  ao  . 

Suppose  that  l-^t  =  0,  at  a  particalar  ndue  for  which  (7-) 
does  not  vanish  or  become  infinite,  thai  the  singular  value 
depends  on  the  sign  of  -7^,  see  Art.  150;  being  a  maximum 
or  minimum  according  as  •—  is  negative  or  positive ;  and  by 
Art.  Si,  equation  (122),  if  (^)  =  0, 
(^\ 


Q 


hence  if  this  expression  is  positive,  there  is  a  minimum,  and  if 
it  is  negative,  there  ia  a  maximum  value. 

This  method  however  of  determinii^  maxima  and  minima  it 

very  incomplete,  as  it  does  not  discuss  the  cases  where  {-j-ji 

or  any  other  of  the  partis]  derived-functions,  becomes  infinite ; 
and  it  is  therefore  to  be  taken  as  a  su^eatiou  of  the  manner 
in  which  such  problems  are  to  be  solved :  the  best  plan  is  to 
determine  the  special  maxima  and  minima  values  for  each 
problem  separately,  as  follows. 

Ex.  1.    It  is  required  to  find  the  maxima  and  minima  values 
of  tf,  having  given,  y^+jfi—^axp  =  0. 
dy  _       x'—ay  , 
dx  ~       y'—ax' 

which  =  0,  if  x'  =  ay,  that  is,  if  y  =  — ,  whereby  we  have 
firom  the  equation 

x»  =  !ta'x*; 

.-,     X  =  0,      y  =  0;         and     ar  =  2*a,      y  =  2*o. 
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thus  these  TtOues  correspond  to  k  maximum. 

If  J-  =  0,  V  =  0,  -r-  =  ^ .  which  must  be  evaluated  as  in 
Ar..l39-,      '       ■'^      0 


d. 

••■    E  =  0- "'■  =  '»• 

Section  3. — Maxima  and  minima  of  an  explicit  Junction  of 
two  independent  variables. 

155,]  Let  «  =  F{Jf,y)  be  the  explicit  fuuctioa  of  two  inde- 
pendent Tariables  x  aud  y,  of  which  the  maxima  and  minima 
are  to  be  determined. 

Now  observing  the  definition  of  maxima  and  minima,  given 
in  Art.  144,  viz.  that  a  maximum  is  greater,  and  a  minimum 
less,  than  any  and  every  value  of  the  function  in  its  immediate 
neighbourhood,  it  follows  that  if  xo  and  ^o  are  specific  values 
of  X  and  y,  which  give  such  a  singular  value  to  f  (x,  y) ;  then 
F(droiyo)  is  greater  or  less,  as  the  case  may  be,  than  any  value 
corresponding  to  the  variables,  whether  x  infiniteaimally  vanes 
while  y  does  not  vary,  or  whethei'  y  infinitesimally  varies  while 
X  does  not  vary,  or  whether  x  and  y  are  simultaneously  and 
infinitesimally  increased,  or  whether  as  ;r  is  infinitesimally  in- 
creased y  is  similarly  decreaued,  or  vice  versd.  This  property 
may  be  thus  expressed :  If  f  (xo,  yo)  is  a  maximum  or  a  miui- 
mum,  r(Xo  +  k,  yo±k)  is  less  or  greater  than  rfxtnya)  whateva 
are  the  signs  of  h  and  k,  which  are  infinitesimal  increments,  and 
in  whatever  manner  the  signs  arc  combined ;  and  also  whether 
^  =  0,  when  x  is  increased  or  diminished  by  A ;  and  whether 
h  =  0,  when  y  is  increased  or  diminished  by  k. 
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156.]  Tbis  being  tbe  deliDition  of  such  singuliur  values,  I  pn>> 
pose  to  extend  to  functions  of  two  variables  the  theory  of  criteria 
which,  in  Art.  150,  has  been  applied  to  those  of  one  Tariable. 

Let  ua  in  the  first  place  assume  that  neither  {-j-)  nor  {-r-) 

vanishes  for  the  values  :ro,  ^oi  then,  by  Art.  140,  (51), 

F(;ro  +  A,y„  +  *)-F(^o,y.)  =  [(g-)A  +  (g)*]^„  +  (,A 

the  meaning  of  tbe  Dotation  in  the  rigbt-hand  member  of  tbis 
equation  beiug  that  ^o  and  yo  &re  to  be  respectively  replaced  by 
a^„  +  Oh  and  ya  +  Ok,  where  $  is  the  general  symbol  of  some 
positive  and  proper  fraction.  Now  if  r  (^oi  Vo)  is  a  maximum 
or  a  minimum,  tbe  left-band  member  of  (6)  will  have  the  same 
sign,  h  am)  i  being  infinitesimal,  whether  h  and  k  are  positive 
or  negative,  and  when  either  one  or  tbe  other  of  them  is  abso- 
lutely zero ;  and  of  course  its  equivalent  must  be  sutiject  to  the 
same  condition.  But  these  circumstances  cannot  exist  in  the 
right-hand  member  of  (6) ;  that  is,  so  long  as  the  equivalent  of 
the  left-hand  member  takes  the  form  given  in  (6).  It  is  neces- 
sary therefore  that  it  should  have  another  form ;  and  such  it 
will  take  only  when,  for  x  ^  Xq  and  y  =  yo< 

©  =  ».   (S)  =  <" 

in  which  case,  by  reason  of  (51),  Art,  140, 
r  (afo-f-A,  yo+  *)  -y  C^o,  ffo) 


(7) 


o[(S)*'+^(||)**  +  (S?)*']-j,»» 


(8) 

If  the  left-band  member  satisfies  tbe  second  condition  above 
stated  for  a  maximum  or  a  minimum,  vis.  that  the  sign  of  it  is 
the  same  whether  either  k  or  k,  but  not  both,  is  zero,  it  is  uecea- 

sary  that  (j-j)  and  \-t-^  should  be  of  the  same  sign.     Also 

of  the  quadratic  expression  in  the  right-hand  member  the  first 
and  third  terms  are  the  same  whether  A  and  k  are  positive  or 
negative :  but  the  sign  of  the  second  term  may  be  either  positive 
or  negative,  according  as  h  and  it  have  tbe  same  or  different  signs ; 
it  is  necessary  therefore  that  the  relation  between  the  three  terms 
should  be  rach  that  the  sign  of  the  whole  expression  within  the 
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brackets  ahould  not  be  altered  by  changei  of  sign  of  h  and  k. 
This  coadition  will  be  obtained,  if  the  roots  of  the  expressicui 
are  imaginary ;  because  in  that  case  it  will  be  the  arithmetical 
sum  of  two  squares.  The  roots  of  a  qnadratic  are  imaginary,  if 
four  times  the  product  of  the  first  and  last  terms  is  greater  than 
the  square  of  the  middle  term :  that  is,  in  this  case,  if 

(g)(^)i.gr».„.h„(£^)'. 
If  this  condition  is  satisfied,  the  sign  of  the  right-hand  member 
of  (8)  is  the  same  as  that  of  ( j-j- )  or  (~r-f ) ;  und  theref<n« 
'('oi  Vo)  i"  B  maximum  or  a  minimum  acc(»ding  as  (^-i^j  and 
[js)  ftre  negative  or  positive.  Hence,  if  7<«o>yi>)  is  amazimiun 
or  a  minimnm,  when  s  =:  Xq  and  y  =:po, 

(-T-jj  and  (;r- ;)  <ire  of  the  same  sign, 

and  p(iro,  yo)  is  a  nLaximum  or  a  minimum  according  as  (^-3) 

and  (-j-f )  are  n^ative  or  positive.    The  inequality  (9)  having 

been  first  determined  by  Lagrange,  is  known  by  the  name  of 
Lagrange's  condition. 

Examples  of  illustratioa  are  given  in  a  subsequent  Article. 

157.]  If  when  x  =  x^,  and  y  =  yo,  i-r-j  =  (-3- 1  =  0,  and  also 

(S)  =  (^)  =  0  =  ».'be.b,(5.).All«>, 

ffO  +  VK.  " 

But  it  is  clear  that  the  right-hand  member,  being  of  aneven 
dimensions  in  terms  of  A  and  k,  will  change  sign  with  h  and  k ; 
Mid  therefore  if  the  equivalent  of  the  l^t-hand  member  takes 
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tiie  form  given  in  (11  >,  v(xo,  yo)  cannot  be  n  muumiim  or  a  mi- 
mmam.  If  therefore  all  the  first  and  the  second  derived-func- 
tions vanish  when  x  =  Xo  and  y  =  y^t  {x^,  y^  cannot  be  a  maxi- 
mum or  a  minimnm  unless  also  all  the  third  derived-fnnctions 
vaniab ;  in  which  case  the  equivalent  of  the  left-hand  member 
of  (6)  involves  fonrth  doived-functions,  and  the  sum  of  the 
powers  of  h  and  k  is  four  in  every  term.  This  circumBtance  is 
coDsisteDt  with  a  singular  value  of  J{xa,  yt),  if  the  biquadratic 
expresmon  in  terms  of  A  and  it  is  sabject  to  conditions  analo- 
gous to  that  given  in  (9),  so  that  it  should  not  change  sign  with 
k  and  k.  The  conditions  however  are  such  that  it  is  unneces- 
sary to  state  them.    And  the  singular  value  will  be  a  maximum 

or  a  minimum  according  as  ( j-;^)  ^i^d  (3-4)  are  negative  or 
positive. 

And  generally  if  f  {xo,  ya)  is  a  singolar  valne,  all  the  partial 
deiived-fanctions  vanish  for  the  particular  values  of  the  vari- 
ables ap  to  those  of  an  odd  order  inclusive;  and  those  of  the 
even  order,  which  are  the  first  not  to  vanish,  must  be  so  related 
that  the  sign  of  the  expression  inrolving  A  and  k  should  be  tha 
aame,  whatever  are  the  signs  of  A  and  it. 

168.]  Let  us  however  consider  the  subject  of  maxima  and 
ininimft  of  ftuctions  of  two  variables  from  another  point  of 
view.  If  F  (x,  y)  has  such  a  singular  value,  it  is  necessary  that 
it  should  exist  for  infinitesimal  variations  of  x  when  y  does  not 
vary ;  and  for  infinitesimal  variations  of  y  when  x  does  not  vary. 
If  the  function  fullils  the  former  of  these  conditions,  we  shall 
caU  it  an  ^r-partial  maximum  or  minimum ;  and  if  it  fulfils  the 
latter  a  y-partial  maximum  or  minimum.  And  when  these  par- 
tial maxima  or  minima  are  combined,  we  have  what  may  be 
culled  a  total  maximum  or  minimum.  The  criteria  of  such  a 
total  maximum  or  minimnm  are  now  to  be  discussed.  If  how- 
ever a  partial  maximum  or  minimum  is  combined  with  a  partial 
minimum  or  maximum,  the  valne  does  not  fulfil  the  conditions  of 
the  singular  values  which  are  given  in  Art.  144,  vis.  that  a  maxi- 
mum value  is  greater,  and  a  minimum  value  is  less,  than  each 
and  every  value  of  the  function  in  its  immediate  neighbourhood. 

Let  us  express  these  conditions  and  circumstances  mathe- 
matically.    If  F  {x,  y)  is  that  function  of  which  the  d^-partial 

singular  value  is  to  be  found,  it  is  necessary  that  (-j-)  should 
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change  its  sign  at  the  corresponding  valaea  of  x  and  y :  and 
thus  it  is  necessary  that  {-^)  should  be  equal  to  zero  or  to  in- 
finity: the  ease  where  f-j-l  =  oo  we  will  at  present  omit: 
and  according  as  (^)   at  the  critical  value  changes  its  sign 

from  +  to  —  or  from  —  to  + ,  so  ia  the  corresponding  sin- 
gular value  a  partial  maximum  or  a  partial  minimum. 

Similarly  for  the  ^-partial  singular  value  it  is  necessary  that 
\-j-)  should  change  its  sign  at  the  critical  value,  and  therefore 
that,  omitting  the  infinite  value,  1^1  =  0;  and  according  as 
the  change  of  sign  of  l-j-1  is  from  +  to  — ,  or  from  —  to  +, 

so  is  the  corresponding  singular  value  a  partial  maximum  or  a 
partial  minimum.  To  render  our  notions  as  free  as  possible 
from  confusion,  I  will  consider  first  the  subject  of  maxima,  and 
subsequently  that  of  minima. 

Now  as  the  total  maximum  arises  from  the  combination  of 
two  partial  maxima,  it  is  necessary  that  the  conditions  which 
they  require  should  be  simultaneously  satisfied.  And  therefore 
at  such  a  total  maximum  we  must  have 

©  =  ».     Ci)""- 

And  as  no  relation  is  given  between  dx  and  dy,  and  as  these 
equations  are  simultaneously  true,  the  quality  of  r  {x,  y),  which 
each  of  them  separately  represents,  is  also  true  for  all  infinitesi- 
mal variations  of  the  function  at  its  singular  value ;  and  con- 
sequently whatever  is  the  direction  along  which  that  variation 
takes  place. 

The  sufficiency  of  (12)  for  ail  directions  of  variation  of  the 
function  at  the  singular  value  may  thus  be  shewn.  Let  x  and 
y  be  expressed  in  terms  of  new  variables  f  and  7\  by  means  of 
the  following  equations,  wherein  the  a's  and  fi's  are  constanta, 

y  =  Ajf  +  finJ 
whence  we  have,  as  in  Art.  106, 


:]■' 
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ld£\  _  h  /^\  _ 

...    ,..^-«.M(g)  =  *.(|)-..@ 

(o,4,-«,»,)(|)=  -■>.(i-P  +  «.(r? 

And  thus  if  {-^-1  nud  ^-j-l  T&Dish,  (-j-J  and  (^1  also  vanish. 
And  therefore,  inasmuch  as  the  constants  in  (13)  are  nndeter- 
mined,  the  first  derivod-functionB  vanish,  whatever  is  the  direc- 
tion of  the  infinitesimal  variation  of  the  fuQCtion :  and  there- 
fore thus  far  the  conditions  of  a  total  maximum  are  Batisfied. 
Let  the  critical  values  of  :r  and  y  which  satisfy  (12)  be  xo  and 

yo;  we  have  to  examine  the  change  of  sign  which  (-5-)  and  [-t-j 

undergo  at  these  values.  In  certain  cases  this  change  may  be 
conveniently  determined  by  an  examination  of  the  critical  fac- 
tors themselves,  according  to  the  method  explained  in  Articles 
145  and  146.  In  the  general  case  however  the  following  pro- 
cess gives  the  required  criteria. 

Let  na  assume  that  for  the  critical  values  of  x  and  y  all  the 
second  derived-functions  do  not  vanish,  and  let  it  be  remem- 
bered that  we  are  investigating  the  conditions  for  a  total  maxi- 
mum.  Then  by  Art.  149,  if  for  the  critical  values  1^)  and  I -7-) 

vanish,  and  change  sign  from  -|-  to  — ,  the  following  ratios  are 
both  negnHYe,  via.  .  . 

the  total  differentials  being  taken  in  both  numerators,  so  that 
we  may  investigate  the  change  of  sign  of  the  first  partial  de- 
rived-fliuetionB  for  changes  of  not  only  the  corresponding  vari- 
able, but  also  of  both  the  variables  simultaneously ;  otherwise 
we  might  get  from  the  critical  values  singular  values  in  certain 
directions  and  not  in  all  directions.    Now 


^dx* 


^dx*'      ^dxdyi  dx' 
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D_  /rfF^  _  /  d*r\  dx       /rf»F\  g 

dy  ^dy'  "  ^dxdyl  dy  "^  ^dy*' '  ^    ' 

In  (17)  and  (18)  dx  and  dy  are  arbitnu?;  in  fact,  so  far  as  we 
have  proceeded,  dx  and  dy  in  (17)  need  not  be  the  same  as  the 
dx  and  dy  in  (18).  Let  ua  however  suppose  tliem  to  be  so :  and 
for  conTenience  of  expression,  let  us  substitute  as  follows : 

(S)=-  (S)=-  @)"     '"' 

To  examine  the  signs  of  (17)  and  (18),  let  us  assume  9  to  re- 
present some  quantity  to  which  both  may  be  equated ;  so  that 
we  have  ^dxMidy  =  &dx, 

adx  -i  cdy  =  0dy; 
which  may  be  written 

{A-S)dx  +  Jtdy  =  0,  (20) 

Bdr  +  (c-e)dy  =  0;  (21) 

whence,  elimiuating  dv  and  dy,  we  have  the  following  quadratic 
""''  (A-fl)(C-fl)-B»  =  0,  (22) 

fl'-(A  +  C)9  +  AC-B»  =  Oi  (23) 

of  which  the  two  roots  are  to  be  negative,  since  (17)  and 
(18)  must  be  negative,  ao  that  r(^o, yo)  may  be  a  maximum; 
therefore  all  the  coefficients  must  be  positive,  that  is, 

A  and  c  mast  both  be  n^^tive,  (24) 

and  AC— b'  must  be  positive.  (25) 

Hence  the  necessary  conditions  that  xa,  y<,  should  render  v{x,y) 
a  maximum  are  the  following : 


\dSil  "'°  \W 


*^'     (d^) ""'  {  a5)  ""•' '"  "'«"•''«. 


159.^  Similarly  to  detenniue  a  total  miDimum,  it  is  reqoisite 
that  it  should  be  a  partial  miDimum  of  a  partial  miuimum,  and 

therefore,  supposing  that  {j-j)'    I  .    ,  )■    (-7-5)   do  not  all 
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raaJBh  at  the  cnticnl  values,  that   (;j-)  =  0,  and  \-r)  =  0, 

and  that  ;t-(;j-)  and   r-l-j-j  should  be  positive ;  accordingly, 

following  the  process  of  the  last  Article,  the  tvo  values  of  6, 
and  therefore  the  roots  of  (23),  must  be  positive;  whence  it 
follows,  that  A  and  c  must  be  both  positive,  and  that  ac  — a* 
must  be  positive ;  and  therefore  the  conditions  that  Xo,  t/n  should 
render  r(x,y)  a  minimum  are,  that 

<«)      (£)  =  ».    ©  =  ». 


O)  (j~s )  *"''  (^"i)  """^^  ^^  positive, 


(y) 


dy* 


(27) 


\rfy»/       \dxdy' 

160.]  As  (23)  has  two  roots,  and  thus  gives  two  determinate 
values  to  6,  so  hy  reason  of  (20)  and  (21)  dx  and  dy  will  bear  a 
determinate  ratio  to  each  other;  it  may  perhaps  hence  be  in- 
ferred that  the  criteria  of  maxima  and  minima,  which  are  thus 
determined,  are  applicable  for  variations  of  the  original  func- 
tion in  only  two  certain  directions.  This  however  is  not  the 
case :  for  the  criteria  are  true  and  sufficient  whatever  is  the 
direction  of  variation  of  the  original  function  which  is  dne  to 
the  combined  variations  of  the  variables. 

Let  the  variables  x  and  y  be  replaced  by  new  variables  i  and 
ij,  with  which  they  are  related  by  the  equations  (13),  Art.  158; 
then  from  (15)  we  have 

<".».-«='.)'(g|)  =  V@-2*,*.(|i)  + V(0),(.8, 

^)  +  (a, ».  +  «, J,)  (|^)-«,4  '■'■'> 
d^v\         ,id'v\  I  d'r  \       ,id*v\ 


"■'■-"''■•'(si)  = -°'''(s?5)  +  <°' *•+">*■> (5fi) -"'''IS? 
(".«.-«.».)■($)  =  v(f)-.«.«.{^)-,  .,.(^).  (30. 

whence  we  have 

/£v\      i  d*F 

^dr,' 

and  therefore  whatever  is  the  sign  of  the  left-hand  member,  the 
same  also  is  that  of  the  right-hand  member.  If  therefore  the 
left-hand  member  is  positive,  and  thus  fulfils  the  condition  necei- 


'rfj'^'Vj,!/       Wrfy)    ~    Wf»/ W-s)       ijerf-)'      <^'* 
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sary  for  a  lingular  value,  the  right-haud  member  is  abo  positive, 
Bod  BJiiiiliu'ly  fulfils  the  required  condition.     Now  in  the  equa- 
tions (13),  which  connect  x,  y,  £,  and  i],  the  dii-ections  of  $  and  i} 
relatively  to  those  of  x  and  y,  or,  to  speak  geometrically,  the 
angles  through  which  the  coordinate  axes  are  turned,  depeud 
oil  0],  02,^1,  ^i  and  the  equivaleace  (31)  is  independent  of  these 
constants :  hence  if  Lagrange's  condition  is  aatisfied  for  any 
system  of  two  variables,  it  is  also  satisfied  for  every  other  sys- 
tem which  is  connected  with  it  by  two  linear  equations  of  the 
I    form  (13),  Art.  158;  and  therefore  if  Lagraoge's  condition  ia 
'        satisfied  for  the  infinitesimal  variations  of  the  variables  in  any 
one  direction,  it  is  satisfied  for  tfaeir  variations  in  all  directions. 
It  is  also  to  be  observed  that  if  the  right-hand  member  of 

(81)  is  positire,  then  ^m  (28)  and  (30)  (^)  and  (^)  have 
the  same  sign  as  [-7^)  and  (-t-^J  ;  ^ad  therefore  if  all  the 
conditions  of  a  total  maximum  or  minimum  which  are  given  in 
(26)  and  (27)  are  satisfied  for  one  direction  of  the  variation  of 
the  variables,  they  are  also  satisfied  for  all  directions  and  for  all 
the  circnmstances  of  such  total  singular  values  as  exist  at  the 
critical  values  of  the  variables. 

If  all  the  second  derived-functions  of  the  original  function 
vanish  at  the  critical  values,  the  preceding  results  come  to 
nought !  as  however  I  have  alluded  to  this  case  in  Art.  157,  it 
is  unnecessary  to  say  more. 

Some  examples  of  total  maxima  and  minima  of  functions  of 
two  variables  are  subjoined. 

161.]   Ex.  1.   To  determine  whether  any,  and  what,  values  of 
;r  and  y  render  x*y^xy*  —  axy  a  maximum  or  minimum. 
Yix,y)  =  se^y  +  xy^—axy; 
(-£l  =  ^xy  +  f-ay  =  y{%x-\-y~a); 
(^)  =  ^xy-\^a^-ax  =  a!(2y  +  ar— o); 

(£)  =  *»■  {^,)  =  »-»»-«.  ($)  =  »- 

therefore  putting  (^)  =  0,  and  {-r-)  =  0,  we  have  the  follow- 
ing systems  of  simultaneous  values : 
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0  y  =  0 


neitfaer  of  the  first  three  of  which  satisfy  Lagrauge'a  conditioD ; 
and  &om  the  lust  we   hare   (33)   and   ( j-j)   {KMitive,  and 

(rf^)  (^)  -  id^)'=  i-  "*^  "  *  P°^*^"  quontity; 
.*.    a'y+«y>— aary  is  a  minimnm,  yix.  —^,  when*  =  y=  5. 

Ex.  2.  To  find  a  point  within  a  triangle  for  which,  if  lines  are 
drawn  to  the  angles,  the  sum  of  their  squares  is  a  minimam. 

Take  a,  one  of  the  angular  points,  see  fig.  20,  of  the  triangle, 
for  the  origin;  and  let  the  baw  ab  =  a,  and  the  coordinates  to 
cbe  h,k;  and  let  the  coordinates  of  p  be  jr,  y,  and  the  sum  of 
the  squares  =  p(x,  y). 

.-.     r{x,y)  =  «»  +  y»+(a-x)*+y'+(A-ar)»  +  (*-y)*, 
=  S!t*  +  3y*-2{a  +  h)x-2ky+a*  +  h'  +  k>; 

(|)  =  6y-2*  =  0,it,  =  |; 

and  as  in  both  cases  the  change  of  sign  is  from  —  to  +,  we 
have  a  partial  minimam  of  a  partial  minimum,  and  therefore 
the  necessary  conditions  of  a  total  minimnm. 

Ex.  8.    Inscribe  the  greatest  triangle  in  a  circle. 

Fig.  21.  Let  one  of  the  angular  points  of  the  triangle  be  at  a, 
the  extremity  of  the  diameter  acb  ;  and  let  p  and  q  be  the  other 
angles;  let  ac  =  cb  =  a, 

pan  =  0,  QAB  =  0 ;  therefore  by  a  property  of  the  circle, 
PA  =  2  a  cost),  QA  =  Sacoa^; 

.-.'    area  of  triangle  =  f(0,<p}  =  „  ^ >*  x  Qa  x  am  {6 +41), 

=  2a*  cos  0  COB  <^  tin  ($+))>); 
.'.     {■—)  =  2a*co8^{co8dco>(0+^)  — sindsitt(0+0){, 
=  2a»co»^cos(2d  +  ^); 
(—}  =  2a'cosflcosC2*  +  fl); 
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•  ■•      (jgl)  =   -•4o'l!OJ0llill(2«  +  *); 

But  if  (^-^)  =  0,  and  (^)  =  0,  2tf  +  *  =  ^,  and  204(J  =  |; 

therefore  $  =  (fn=  -;  in  which  case  (-tt^)  and  (3—=)  are  both 
o  ''do  '  ^d<p 

negative,  .nd  (j^)  (^,)  -  (^)'=  9«'i  therefore  the  .hove 
critical  values  of  0  and  0  give  a  maximum :  and  as  0  =  0  =  ^ , 

the  triangle  is  equilateral.  Hence  the  greatest  triangle  that  can 
he  inscribed  in  a  circle  is  the  equilateral  one. 

163.]  In  the  e.,e  to  whieh  (g)  (|l)  -  (^)"  i.  .eg.- 

tive,  the  last  term  of  the  quadratic  in  $  of  equation  (23)  is  nega- 
tive, and  therefore  the  two  values  of  0  are  of  different  signs; 
whence,  by  means  of  (17)  and  (18),  it  follows  that  one  of  the 
partial  singular  values  is  a  maximum,  and  the  other  is  a  mini- 
mum :  and  therefore  the  conditions  requisite  for  a  total  maxi- 
mum or  minimum  are  not  fulfilled. 

And  if  (^)  (5^)  =  {^)  1  then  the  last  term  of  equa- 
tion (2S)  =  0,  and  therefore  one  value  of  ^  is  zero;  and  there- 
fore either  (17)  or  (18)  =  0,  and  therefore  either  (-j-)  or  (j-) 

undergoes  no  variation;  whereas  then  there  is  a  partial  maxi- 
num  or  minimum  with  respect  to  one  of  the  variables,  the 
other  is  such  that  corresponding  to  its  variations  the  function 
is  constant ;  hence  we  have  a  loau  of  such  partial  maxima  or 
minima. 

These  several  conditions  will  be  more  clearly  understood 
&om  the  geometrical  analogues  of  them  in  the  theory  of  curved 
surfaces;  which  however  it  would  be  premature  to  esplain  in 
this  place,  and  therefore  we  reserve  them  until  they  naturally 
arise  in  the  course  of  the  treatise. 
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Section  4, — Maxima  and  mmima  of  functiont  of  three  and 

more  independent  variable!. 
163.||  Firstly,  let  us  consider  a  fuDCtion  of  three  itidependcDt 
T&riables,  x,  y,  x,  of  the  form 

u  =  Y{x,  y,  2). 
Exteodiag  the  principles  of  Art.  158  and  159  to  this  more 
general  case,  it  appears  that  a  total  maximum  or  minimum  of 
a  function  of  three  variables  must  arise  from  the  combination 
of  three  several  partial  maxima  or  minima  with  respect  to  the 
several  variables.  And  also,  as  any  two  of  the  three  variables 
ma;  vary,  while  the  remaining  one  does  not  varr,  it  appears 
that  the  conditions  of  snch  a  combination  of  two  partial  maxima 
or  minima  must  be  fulfilled.     Which  conditions  are. 

(£)=»•  0"»-  (£)=«^ 

id*F\  (d'9\      I  d*e  \*  td'T\  /d'f\   _  1  rf'y  \» 

\dy*i  \dz*l     \dydzi        '    W  W      ^dzdx'  ' 

Vrf^vlrfyW  \dxdy'  ^  ' 
therefore  (^7— ij'  (j~i)'  {^"i)  must  be  of  the  same  sign ;  and 
the  singular  value  of  F  (jr,  y,  z)  is  a  maximum  or  minimum,  ac- 
cording as  they  are  negative  or  positive.  There  is  also  another 
relation  betweeu  the  several  partial  second  derived-fuactioas ; 

S(s)'  i©'  ""■  E(^)»»«'l«>«f'l'es.oe  sign,  and  b« 
negative  for  a  maximum  value,  and  positive  for  a  minimum ;  and 

ds  Vdi'  ~  ^d^>  "•"  ^d^f  di  ^  ^d^s'  dx '         ^    ' 

d^  ^dyl  '  ^d^l  d^  "•"  \d^l  "•"  \d^xf  dy  '  ^     ' 


"  (—\  —  /  d**  \  dx      I  d'r  \  dy      1'^"^] 
diWzi  ~  ^'^di'  d^  '^  \d^'  di  '^  ^d^l ' 
Now  for  couveoience  of  expression,  let 


I  d*r  \   _  I  d'r  \  _  /  rf'r  \ 
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and  as  (34),  (35),  (36)  are  to  be  of  the  same  sign,  let  as  employ 
a  process  of  reasoning  similar  to  that  of  Art.  158,  and  let  na 
assume  0  to  be  the  symbol  for  some  quantity  which  is  the  same 
in  all ;  then  the  following  system  results : 

{A—e)dit  +  Qdy  +  ¥dz  =  0-1 

o  rfr  +  (B-^  rfy  +  E  rfz  =  0  I ;  (87) 

vdx  +  %dj/+  (c—$)  dz  =  OJ 
whence,  by  cross-multiplication, 

(A-tf)(B-(»)(C-fl)-K»(A-tf)-F»(B-fl)-Q»(C-fl) 

+  2  sro  =  0 ;  (88) 
the  commoD  Discriminating  Cubic,  as  it  is  called,  and  which 
has  three  real  roots  i  and,  when  expanded,  becomes 

fl»-(A+B  +  C)fl*  +  (8C  +  CA  +  AB-E»-»*-0*)ff 

-(ABC  +  8BP0-AE>-BP»-Ca»)  =  0.      (89) 

Of  this  equation  the  three  roots  are  to  be  of  the  same  sign,  and 
the  result  is  a  maximum  or  a  minimum,  according  as  they  are 
negative  or  positive ;  therefore,  besides  the  former  conditions 
(3S)  and  (33),  the  following  expression  must  be  negative  for  a 
maximum  and  positive  for  a  minimum,  viz. : 

abc-(-2efg— AE»-Br*-CH».  (40) 

Hence,  that  a  function  of  three  variables  may  have  a  maxi- 
mum or  a  minimum  value,  the  criHcal  values  most  satisfy 
3-1-3  +1  (  =  7)  conditions,  viz.  three  of  equations  (32),  three 
of  equations  (33),  and  one  of  equation  (40). 

164.]  Lastly,  let  ns  consider  the  general  case ;  and  let 

T{Xi,Xt,...X,)  (41) 

be  a  function  of  n  independent  variables,  of  which  the  maxima 
and  minima  are  to  be  determined ;  and,  for  convenicaice  of 
notation,  let 


=  (".  1), 

)  = 

(«,3). 

'■'to." 

of  which  it 

is  to  be  observed. 

that 

(1,2)  = 

(8,1),.. 

.    (B, 

1)  = 

(1,«),  . 
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Noir  the  singular  valne  of  (41)  muat  arise  from  the  combi- 
Dation  of  n  similar  partial  singular  values  due  to  the  separate 
variation  of  each  of  the  n  variables ;  and  therefore  we  must  have 

(S)""-  (^)  =  °- (t)  =  °^      <«> 

also  -7 — {—, — ),  -; — (t— ), -} — (-; — \  are  all  to  be  of  the 

same  sign ;  negative,  that  is,  for  a  maximum,  and  positive  for  a 
minimum.  If  i)  is  the  quantity  to  which  each  may  be  equated, 
then  we  shall  have  the  following  equations, 

{(1.1)-$}  dxi  + (1,2) daft  + +  {!,«)  (ir„  =  0"| 

(2,1)4x1+ {(2.Z) -6} dx,+ +(2.n)dx„  =  0  I        ^^^ 

(n,l)dxi  +  (n,2)dxt+ +  {(n,n)-0}  dx^  =  oj 

whence,  by  the  elimiuatiou  of  the  n  qnaatities,  dxi,dxt, ...  dx^, 
there  will  result  an  equation  in  d  of  n  dimensions,  all  the  roots 
of  which  are  to  be  of  the  same  sign ;  and  according  as  they  are 
positive  or  negative,  will  the  corresponding  value  of  the  func- 
tion be  a  minimum  or  maximum. 

The  number  of  conditions  which  are  required  to  be  fulfilled 
may  thus  be  found :  As  the  total  maxtmam  or  minimum  arises 
from  the  combination  of  the  several  partial  singular  values,  all 
the  conditions  which  they  involve  must  separately  be  satisfied. 
Hoice  it  is  easy  to  see,  that  when  the  equation  in  6  has  been 
formed,  there  will  be  involved,  and  to  be  satisfied,  in  the  co- 
efficients  of 

fl"-',  n  conditions, 

«      ,   ^3- 

»(B-l)(»-2) 

'  '      raj  "  • 

in  the  constant  term,     .     .     1  condition ; 

the  sum  of  which  =  »i+      .  -      +  — — ^-^^ ■  + l-»  +  l, 

=  (1  +  1)--1, 
=  2"-l. 
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165.]  One  remarkable  example,  wherein  the  minimum  ralae 
of  a  fimction  of  many  Tariables  is  to  be  discovered,  deserves 
inBertioa.  The  problem  occurs  in  the  combination  of  observa- 
tions, all  of  ifhicb  are  subject  to,  and  are  supposed  to  be  affected 
with,  accidental  errors ;  and  the  object  is  to  determine  the  most 
probable  conclusion  from  the  series  of  given  results  which  are 
affected  with  these  errors.  The  process,  of  which  the  following 
is  an  outline,  is  generally  called  the  Method  of  Least  Squares. 

Suppose  that  there  are  n  unknown  quantities  xi,  Xt,  ...  x^; 
and  let  Ui,  Uj, ...  u„  be  m  other  quantities  connected  with  them 
by  m  given  equatious,  so  that  each  of  the  latter  is  a  given 
function  of  some  or  all  of  the  former.  Suppose  also  that  the 
values  of  Ui,Ut,...itM  are  capable  of  being  observed ;  from  these 
observations  the  values  of  ^i,  Xj, ...  x^  are  to  be  deduced. 

Let  the  observed  values  of  Ui,  u^,  ...u„  be  Oi,oi,  ...o^;  the 
observations  then  give  the  m  equations, 

u,— Oi  =  0,    Ut—Os  =  0,  ...  ti„— o,,  =  0,  (44) 

for  the  determination  of  the  n  unknown  quantities. 

If  m  is  less  than  n,  these  equations  are  insufBcient.  If  m  =  n 
they  are  generally  sufficient,  and  the  solution  of  the  problem  is 
determinate  and  unique.  Uut  if,  as  ia  usually  the  case  in  prac- 
tice, m  is  greater  than  n,  the  equations  are  more  than  sufficient. 
Still,  if  the  observations  were  absolutely  accurate,  the  equatious 
would  not  be  inconsistent,  and  every  sufficient  combination  of 
them  would  give  the  same  values  for  the  unknown  qnantitiea. 
As  however  the  observations  are  actually  liable  to  error,  the 
equations  (44)  will  in  general  be  iaconaiatent,  and  no  one  set  of 
values  of  Xi,  x^  ...x„  can  satisfy  them  all  at  once.  The  question 
is,  What  set  of  values  are  we  to  adopt? 

At  the  outset  it  may  be  observed,  that  the  simplest  way  of 
expressing  that  all  the  equations  (44)  subsist  at  once,  would  be 
by  the  single  equation, 

(Wi-Oi)V(«»-o»)*4-  ...  +(w»-o.)*  =  0.  (45) 

In  the  actual  case  it  is  impossible  to  satisfy  this  equation ;  but 
the  idea  obviously  suggests  itself  of  satisfying  it  as  nearly  as 
possible,  by  choosing  the  unknown  quantities  so  as  to  make  the 
expression  in  the  left-hand  member  of  the  equation  as  amall  as 
possible. 

The  question  whether  this  plan  really  gives  the  most  probable 
values  of  the  unknown  quantities  belongs  to  the  Theory  of  Pro- 
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babilitiea,  and  it  would  be  out  of  place  to  discuss  it  here.  The 
ame  may  be  said  of  the  modifications  to  be  introduced  when 
the  observations  are  not  all  equally  liable  to  error ;  and  of  the 
method  of  estimating  the  precision  of  the  results.  It  may  be 
observed  however,  that  an  obvious  way  of  giving  greater  in- 
fluence to  the  better  observations  is,  to  multiply  each  term  in 
the  left-hand  member  of  (45)  by  a  positive  number  representing 
the  goodness  or,  aa  it  is  called,  the  weight  of  the  corresponding 
observation ;  and  this  is  in  fact  the  method  indicated  by  theory ; 
so  that  the  function  of  which  the  minimum  is  to  be  determined  is 


ffi{iti  —  Oi)*  +  fft{v%—Oi)'+  ■■■  +ffm(u»-o^y;  (46) 

where  ffuff*f-ffm  &fc  the  weights  of  the  several  observations; 
and  are  proportional  respectively  to  the  number  of  times  an 
observation,  of  arbitrary  fixed  habiJity  to  error,  is  to  be  repeat- 
ed, in  order  that  the  arithmetical  mean  of  its  results  may  be 
entitled  to  the  same  degree  of  confidence  as  the  single  result  of 
the  observation  in  question.  The  estimation  of  these  weights 
is  the  business  of  the  observer;  and  for  our  purpose  they  are  to 
be  considered  as  given  constants. 

Now  if  we  can  find  the  values  of  Xi,  ^1,  ...Xn  which  make  the 
expression  (46)  a  minimum,  we  may  substitute  them  in  the 
functions  Uy  Uj, ...  tia,  and  the  results  may  be  called  the  calcu- 
lated values  of  these  functions ;  and  the  differences  between 
these  calculated  values  and  the  observed  values  Oi,  Og,  ...o„  may 
be  called  the  apparent  errors  of  the  observations :  they  would 
he  the  true  errors  if  the  calculated  values  ui,  Uj,  ...  u^  were 
absolutely  correct.  Putting  Ei,  Ei,  ...  e,,  for  these  apparent  er- 
rors, we  have  tti— Oi  =  Ei,  ...  0.-0.  =  £«>  And  the  expression 
(46)  become,       ,.„.+,„,.+  ,.. +,.^.; 

and  this  ia  to  be  a  minimum.  In  the  case  in  which  the  weights 
of  the  observationB  are  equal,  representing  their  common  value 
by  unity,  we  have  simply  ei*+  ej»+  ...  +  £«■,  which  is  to  be  a 
minimam ;  and  thus  in  this  case  the  method  consists  in  deter- 
mining the  unknown  quantities  so  that  the  sum  of  the  squarea 
of  the  apparent  errors  of  the  observatiotts  may  be  a  minimnm. 

Let  as  ^mbolize  (46)  by  a;  then  as  xi,  xt,...x„  are  )nde>- 
pendent  variables,  and  as  a  is  to  be  a  minimum, 
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uid  from  these  n  equatioDs  the  valoes  of  the  n  nnknowD  qnin- 
titiei  jri,;rj,  ...;r,  are  to  be  found.  The  algebraical  solution  of 
these  equations  is  in  general  impracticable,  nnleas  the  functions 
Ml)  I'll  -  ■■  I'm  OK  all  linear ;  but  as  the  problems  which  occur  in 
practice  may  be  reduced  to  this  form,  the  difBcuIty  does  not 
actually  arise.     This  simplification  is  effected  as  follows : 

A  set  of  i4>proximate  values  of  the  unknown  quantities  is  first 
obtained  in  any  wny  that  is  practicable,  or  is  previously  known. 
Let  these  be  called  fj,  fj, ...  (.;  and  let  their  unknown  errors 
l>c  <i£i,  <i£ti  •■■  t'fio  ^  ^^^^  ^^^  ti-ue  ralues  are  i]+d$,,  £t-i-d£i, 
...  €»  +  dlni  and  let  d£i,  d^, ...  di^  be  treated  as  small  quan- 
tities, of  which  the  squares,  higher  powers,  and  products  are  to 
be  neglected.  Suppose  the  equation  expressing  tii  in  terms  of 
Xi,  Xt, ...  «■,  to  be 

«l  =  ^{Xi,Xi,...Xn); 

then  we  have 

Ki  =  *(f I  +  rffi.  it  +  d(t, ...  U  +  d£n) ; 
and  expanding  this  by  (56)  of  Art.  142,  and  omitting  all  terms 
involving  higher  powers  than  the  first  of  the  erron,  ve  have 

..  =  *«.,«.  ...W  +  {f)^£,+  (^)^&+...+(^)«.,. 

in  this  equation  i^(fi,fi,  ...  f„),  (-j?-).  ■■■  (;jc")  "*  ^  given 
quantities,  so  that  «i  is  reduced  to  a  linear  fum;tioD  of  the  new 
unknown  quantities  d(i,  d^, ...  d(^.  A  similar  reduction  may 
be  effected  with  Ui,U3,  ..,«„;  so  that  finally  the  equations 

Wl  — Ol  =  0,   Mj  — Oj  =  0,  ...  «»  — o„  =  0, 
which  are  given  by  the  observations,  are  all  reduced  to  the  linear 
form. 

If  then,  as  lieretofore,  we  substitute  X|,  Xt, ...  x^  for  d£j,  d^t, 
...  rfffl,  and  a,  di,  Ot, ...  k„  for  the  constants,  we  may  a 

Mi  =  a  +  «ia;i  +  tt,arB+  ...  +anX„' 

Wj  =   b-^  biXi-{^  btXt+  ...  +  l>„x„   ! 


(47) 


u,.  =  *  +  ii^,4  kiXai- ,..-{  k„x„ 
and  the  expression 

ffi(ui-o{f  +  ffi(u,—Oa)^+...  +ff„(u^~oJ*, 
or         ^iEi'+...  +y»B,»», 
is  to  be  a  minimum. 
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Here  however  we  may  remark  that  if  each  of  the  eqaation§ 
«i— Oi  =  0, ...  u.  — o_  =  0,  la  multiplied  by  the  aquare  root  of 
the  weight  of  the  observation  by  which  it  was  obtained,  and  if 
U],  Oi,  ...  are  then  written  instead  of  {ffi]^tti,  {jii}^Oi,  ..-  and 
(1,01, ...  instead  of  {ffi}^a,  {^i}iai, ...  the  problem  will  be  re- 
duced to  the  form  in  which  ffi=ff,  =  ...  =ff„=l,  so  that  this 
is  the  only  owe  which  need  be  considered. 

Let  u*  be  the  sum  of  the  sqanres  of  the  errors  thus  modified, 
which  is  to  be  a  minimnm;  then  we  have 

«»  =  Ei*+Ej*  +  ...  +E„»; 
.-.      aUU  =  0  =  EidEi  +  EjrfBj+  ...  4E„rfE„; 

and  replacing  dEi,  dBi, ...  dE„  by  their  values  from  (47)  and 
(48),  and  arranging  the  terms  as  coefficients  of  dxi,  dxt, ...  dx^, 
we  have  q  ^  (a,Ei+A,E,+ ... +*iE„)(ir, 

+  (fl,Ei-i  *jE2+ ... +*sB_)<ira 


+  {a-i5i  +  4<,Ei+  ...  +A„E„)iir„; 
and  as  .ti,  j^j,  . , .  ^„  are  assumed  to  be  independent  of  each  other, 
the  coefficients  of  each  of  the  difierentials  in  the  right-hand 
member  of  the  equation  is  equal  to  zero;   so  that  replacing 
El,  Et, ...  Eh  by  their  values  given  in  (47)  and  (48)  we  have 
(oi*  +  V+.--+*i')iri  +  (aiag  +  6i42  +  ...  +  *i*j)*i  +  ... 

...  +(Oia„  +  iiA„  +  ...+*i*,)ar„ 
+  ai(o-oi)-f6i(4-Oj)  +  ...+Ai(*-o-)  =  0, 
(a»Oi  +  Mi  +  — +  Ml)  a!i  +  (ajHV +  ■-.+*»*)  iya+-. - 

..■+(«s«»  +  M.  +  -"  +  *a*«)a^, 
H-ai(a-Oi)  +  A,(i-o,)  +  ...+A,(A-o„)  =  0, 

(o,Oi +  Mi+...  +  *fl*i)«i  +  (".a* +  *»*»+••■  +  *-*«) -Pi  +  ■■• 
...  +  (a,*  +  6„*-)-...+V)ir„ 
+  a„(a-Oi)+A,(6-Og)+...-fi,(i-o.)  =0; 
whereby  we  have  n  linear  equations  containing  n  unknown 
quantities ;  these  may  therefore  be  determined ;  and  the  values 
of  them  thus  found  will,  according  to  the  method  of  Least 
Squares,  be  affected  with  the  least  possible  risk  of  errors.  Now 
without  going  farther  into  the  subject,  and  without  introducing 
the  convenient  symbols  which  Gauss,  to  whom  we  are  in  great 
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measure  indebted  for  the  method,  has  introduced,  I  may  remaA 
that  the  practical  rules  for  forming  the  final  simultaueouB  equa- 
tions, aa  appears  from  the  preceding  system  of  equations,  are 
the  following.  Multiply  each  equation  by  the  coefficient  of 
Xi  in  itself,  then  the  BUm  of  all  thua  multiplied  is  the  first  final 
equation.  Again,  multiply  each  by  the  coefficient  of  .z^,  and  the 
sum  of  all  thus  multiplied  is  the  second  final  equation :  and  so 
on  for  all  the  equations.  It  is  evident  that  we  thus  obtain  n 
final  equations  from  which  the  n  unknown  quantities  may  be 
determined.  Two  examples  are  subjoined  for  the  purpose  of 
illustrating  the  process. 

I66.3  Examples  of  the  method  of  least  squares. 
Ex.  1.    Let  there  be  four  linear  equations  involring  three  un- 
known quantities,  and  of  the  following  form : 

wi  =  x—y+2z, 

Ut  =  Sx+2y—5z 

tt,  =  ix+y  +  'iz, 

ut  =  —x  +  Sy  +  Sz; 
and  let  us  suppose  that  observations  are  made,  and  that  by 
them  111,  Ui,  Ua,  U4  are  found  severally  to  be  8,  5,  21, 14;  then 
the  errors  of  the  several  equations  will  be  Ui—S,  «]— 5,  t^— 21, 
Ut— 14 :  and  if  u*  is  the  sum  of  their  sqnares  we  have 

u'  =  («i_8)»  +  («,-5)»  +  (ws-21)»  +  (ttt-14)S; 
and  as  «'  is  to  be  a  minimum, 

«n«  =  0  =  (tti— 8)(fai  +  {Mi— 5)rf«,  +  (MB-21)rfaB  +  («4-14)(6(4j 
in  which  substitatiDg  from  the  preceding  equations,  and  equating 
to  zero  the  coefficients  of  dx,  dy,  and  dz,  we  have 

Wi  +  3«j  +  4u8—   114—  88  =  0  T 

— «1  +  2Ms+     Ug-l-SUt- 

2w,— 5«a+4«3  +  8tt4— 107  =  0  J 
and  substituting  in  terms  of  x,  y,  z,  we  have 
27a?+  6y 
Gx  +  l5y  +  z 

y  +  54iz  = 

whence  x  =  2.470,  y  =  3.551,  z^l .916 ;  and  these  are  the 
most  probable  values  of  the  variables. 


'  =  »! 

'  =  oJ 

lave 
=    SSi 
=    70  U 
r  =  107  J 
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Ex.  2.    Let  there  be  only  one  unknown  quantity  x,  for  which 
the  values  a,,  at,...a^  have  been  found  by  m  observations  of 
equal  weight.    We  have  then  to  determine  x  so  that 
ix~a,)'  +  (v-at)*+...+ix-a^)*  =  u* 

may  be  a  miDimum.  Differentiating  this  expression  and  equating 

to  zero  the  differential,  because  u  is  to  be  a  minimum,  we  have 

»»jf— fli— Oj— ...  —  a^  =  0; 

,  ^  _  ai  +  at+—  +am 
m 
Thus,  assuming  the  validity  of  the  method,  the  best  value  for  x 
is  the  arithmetic  mean  of  the  values  given  by  the  observations. 
It  was  in  fact  by  assuming  this  result  as  an  axiom,  that  Gauss 
first  demonstrated  the  validity  of  the  method.  But  this  is  not 
self-evident,  and  is  not  properly  axiomatic ;  and  in  fact  no  de- 
monstration has  yet  been  given  perfectly  free  from  difficulty,  so 
&r  as  I  know. 

If  the  weights  of  the  observations,  instead  of  being  equal, 
were  ffi,  gt,...g^,  the  function  of  which  the  minimum  value  is 
to  be  determined  would  be 

gi(x—aif  -V gtix-tH)* Jt ...  +  g^ix-Om)*; 
and  the  resulting  value  of  x  is 

g\ai-¥  gtai+  —  +gmam 

3\-¥gt+-.-\-gm 


Section  5. — On  maxwna  and  mimma  afjunctioJis  of  variables 
when  aU  are  not  independeat. 

167-3  ^  problem,  which  frequently  occurs,  is  the  determina- 
tion of  maxima  and  minima  of  functions  of  many  variables, 
when  certain  relatioiis  between  the  variables  are  given,  so  that 
all  those  involved  in  the  original  functional  equation  are  not 
independent.  Thus  suppose  that  we  have  to  determine  the 
singular  values  of 

M  =  FCx.y.x,...),  (49) 

which  is  a  function  of  n  variables ;  and  suppose  besides  that  m 
equations  connecting  these  variables  are  given,  viz. 
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yyiar.y.z, )  =0,] 

Vt(,x,y,z, ) 


:.;! 


[167. 


(50) 


'm('>',y,'!' )   = 

Id  order  to  appl;  the  method  which  has  beea  explained  ia  the 
preceding  Section,  it  would  be  uecessarf  to  eliminate  m  varia- 
bles between  m  + 1  equations,  by  which  means  u  would  become 
a  function  of  n  —  m  variables,  all  of  which  would  be  independent 
of  each  other ;  and  then  forming  the  partial  derived-functions 

{-}-),  irfit  \a~)'  ^^^  number  of  which  is  n  —  m,  and 

equating  each  to  0,  there  would  be  n—m  equations,  from  which 
we  could,  theoretically  at  leaat,  determine  the  n~m  variables. 
This  method  however,  though  theoretically  possible,  is  frequently 
attended  with  great  difficulty  on  account  of  elimination ;  and,  if 
the  original  expressions  are  symmetrical,  the  symmetry  is  de- 
stroyed by  it ;  in  which  case  it  is  better  to  proceed  aa  follows : 

It  is  plain  from  What  has  been  said,  that  as  there  are  n  —  m 
variables  entirely  independent  in  their  variations,  we  have 
n  —  ffl  conditions  to  make ;  which  will  be  equivalent  to  equating 
to  0  the  fl  — ffi  partial  derived-functions  with  respect  to  these 

variables  o{  r{x,y,2, ).     Differentiating  the  functions  in 

order,  and  remembering  that  nu  =  0,  because  u  is  to  be  a 
1  or  a  mi 


dx  + 


li  =  0  =  (■ 


we  have 

— ) 


&)"- 


rrf?i\ 


»  =  (^)<^  +  ('^)*  +  (S=)^- 


the  meaning  of  which  is,  that  x,  y,  z, do  not  vary  inde- 
pendently of  each  other,  but  consistently  with  the  conditions 
involved  in  the  last  m  equations.     Hence  to  eliminate  dx,  dy, 

dz, multiply  these  last  equations  severally  by  indeterminate 

quantities,  Ai,  Ai,  As, A., ,  and  add  to  the  first ;  and  collecting 

the  coefficients  of  dx,  dy,dz^ we  have 
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Which  eqaation  is  subject  to  n  conditions,  viz,  n  —  m,  on  ac- 
connt  of  n  —  rn  independent  variables  being  involved,  and  m  on 

accoant  of  m  indeterminate  moltiplien  Ai,  Aj,  A3, A,,  having 

been  introduced.     Let  these  conditions  be,  that  the  coefficient 
of  each  differentiid  ia  eqnal  to  0 ;  therefore 


between  which  equations  Ai,  Aj, ...  A^  are  to  be  eliminated,  snd 
x,y,z,  ...  determined ;  and  these  will  be  the  values  correspond- 
ing to  a  maximum  or  a  minimum  value  of  f  {x,  y,  z, ... ). 

The  sign  of  the  second  differentinl  coefficient  will  determine 
whether  the  particular  value  is  a  maximum  or  a  minimum : 
but  in  most  cases  where  this  method  is  applicable,  the  form  of 
the  fionction  at  once  decides  whether  it  admits  of  a  maximum 
or  of  a  minimum. 

168.]  In  the  case  in  which  only  one  equation  is  given  con- 
necting the  n  variables  involved  in  the  given  function,  whose 
maximum  or  minimum  value  is  to  he  determined,  the  above 
results  assume  a  particular  form,  by  means  of  which  the  pro- 
cess is  much  simplified. 

Let  u  =  t(x,y,z,...)  (53) 

be  the  function  of  which  the  maximum  or  minimum  value  is 
to  be  determined;  and  suppose  the  variables  to  be  subject  to 
the  relation  expressed  by  the  equation 

f{x,y,z,...)  =  c;  (54) 

then  differentiating  (58)  and  (54),  and  putting  d  u  =  0,  because 
ti  ifl  a  maximum  or  a  minimum,  we  have 

FBICB,  VOL.  I.  N  a 
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"=«=(£)'^+(^')  *+(£)*+ <^^) 

./=0=(|)^  +  (|).,  +  (^)^+ (56, 

whence,  maltiplyiog  (55)  b^  bd  iudeterminate  multiplier  A,  and 
subtracting  (56)  from  it,  we  have 

and  by  virtne  of  the  ailment  of  the  last  Article,  equating  to 
sero  the  several  coeffidents  of  dx.  A/,  dz,...  we  have 

(^\        {^\        {^\ 

\  =  ^^=  Jy-=J5L=  (58) 

\^'         \^/        \dzi 
that  is,  the  ratio  of  the  coefficients  of  the  same  differentials  in 
(55)  and  (56)  is  constant. 

The  algebraical  criterion  for  discriminating  between  a  maxi- 
mum and  a  minimum  is  too  complicated  to  be  of  «aj  service 
even  in  this  particular  case. 
169.]  Examples  illnstrative  of  the  preceding  processea. 
Ex.1.  To  determine  the  minimum  value  of  ir*+^'4-r*,  having 
given  p=:ax+bj/  +  cz,  where  p,  a,  b,  c  are  constants. 
Let        tt'  =  ie'  +  y*+^,  p  =  ax  +  by  +  cz.  . 

.-.    UDK  =  xdx+ydy  +  zds  =  0, 
0  =  adx  +  bdy  +  edz; 
therefore  by  reason  of  the  last  Article, 

?  _  y  _  £  _  ^+y'+'g*  _  ^ 
a~  b  ~  c  ^  ax+by  +  cz  ~  p 


{a'+b'  +  c*}i       {a»+ft>  +  c»}i 
P 


,  hy  Preliminary  Theorem  I ; 


ap  bp 

t  = -^ — i — =.      1/ = -^ — i— 


The  above  is  the  solution  of  the  problem.  To  find  the  shortest 
distance  from  the  ongin  to  a  giiven  plane. 
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Ex.  2.  To  determine  the  plane  triangle  of  given  perimeter, 
and  of  maximnm  area. 

Let  the  area  of  the  triangle  =  u,  and  the  sides  be  x,  y,  z, 
and  the  given  perimeter  =  2  h. 

,-.     %B  =  x-\-y-¥z,        and      «*  =  8{8— ar)(B— y)(B— z); 

therefore  differentiating  the  former  equation,  and  taking  the 
logarithmic  differential  of  the  latter,  we  have 

0  =  dx  +  dy+dz, 

Znu  ^    dx  dy  ^     _  n. 

u     ~  8— a?       8— tf       a—z  ~     ' 


28 


that  is,  the  triangle  is  equilateral. 

In  precisely  the  same  manner  it  may  be  shewn  that  of  all 
figures  of  a  given  number  of  sides  and  of  given  perimeter,  the 
equilateral  and  equiangular  one  is  the  greatest. 

Hence  also  it  follows  that,  of  all  plane  figures  of  giren  peri- 
meter, the  circle  is  that  whose  area  is  the  greatest. 

For  let  3  b  be  the  given  perimeter,  and  n  be  the  required 
number  of  sides; 

.',     each  side  = : 

n 

and     .-.    the  area  =  —  cot  -* 
n         n 

It  ^n       n' 

Bnt  the  last  factor  continually  increases  aa  -  decreases,  and 

attains  a  maximnm  when  n  =  00 ;  in  which  case  the  polygon 
becomes  a  cird^  which  is  therefore  the  greatest  of  all  plane 
figures  under  a  given  perimeter. 

Ex.  3.  To  divide  a  nnmber  a  into  three  parts  x,  y,  z,  so  that 
x^y'z^  may  be  a  maximum. 

u  =  x'yz'',        .'.    log«  =  mlogaf  +  nlogy +ploga'; 

a  =  x  +  y  +  zi 
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*  —  n  —  "^^^      nrfy      pdz 

0  =  dx  +  dy  +  dz; 
I  _  p  _  m-i-n+p  _  m+  n  +p 
f~z~  ar  +  y  +  z  ~  a 


v  =  - 


m-\-n-\-p        "        m  +  n+p  m  +  n+p' 

•i+it+p 


Ex.  4.  To  determine  the  greatest  quadrilateral  figure  which 
can  be  contained  by  four  given  straight  lines  a,  b,  c,  e. 

Fig.  22.  Let  ab  =  o,  bc  =  i,  cd  =  c,  da  =  e;  the  angle 
ABC  =  &,  ADC  =  ^;  tt  =  the  area. 

.*.    «  =  5  (oAsinfl  -^cevm^} ; 

and      (AC)'  =  o'  +  i*— 2a6coatf  =  c*  +  «*— 2ccco80; 

.■.    on  =  0  =  g  {ab  co»6  dB+  ce  coa^  d^}, 

0  =  2(i&rin^<f0~2i:e8in<^(f^; 

C08g  _  COT^, 

sin  fl  ~       sin  ^ ' 
.-.     tanfl=-tan0;  .-.     0  =  180^-0; 

that  is,  0  +  ^  =  180°,  and  the  opposite  angles  of  the  quadri> 
lateral  figure  are  tt^ther  equal  to  two  right  angles,  and  the 
quadrilateral  is  such  as  can  be  inscribed  in  a  circle. 

Ex.  6.  To  determine  the  maximum  and  minimom  values  of 
the  central  radii  vectores  of  an  ellipse,  and  their  relation  to  a 
pair  of  conjugate  axes. 

Let  the  ellipse  be  referred  to  a  pair  of  conjugate  diameters, 
whose  lengths  are  2ai  and  2&i,  as  the  coordinate  axes ;  and  let 
»  be  the  angle  between  the  axes,  and  r  be  the  length  of  any 
central  radius  vector;  then  the  equation  to  the  ellipse  is 

Also  r'  =  «•  +  2jFy  COS  M  +  y*. 

■■■     ^.<*'+^*  =  ». 
and  ( J?  +  y  cos  u)  <£]?  +  (y+'cosa>)<fy  =  rdr  =  0; 
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therefore  employing  au  iDdeterminate  multiplier,  we  hare 

j^  +  A{ir  +  yco8w)i(te  +  j  J^  + A(y  +  ircos  w)|  rfy  =  0; 

and  equating  to  0  the  coefficients  of  dx  and  dy, 

•     — j  +  X.(x  +  tfCO»ti>)  =  0,  -^  +  A(y-|-a:co8w)  =  0; 

whence,  multiplying  the  former  by  x  and  the  latter  by  y,  and 
adding,  j         , 

^  +  ^+A(*»  +  a*yco8»  +  jf»)  =  0; 

.-.     1  +  Xr»  =  0,  .-.     x=  -^; 

and  substituting, 

whence,  by  cross  multiplication, 

Let  a  and  b  be  the  greatest  and  least  values  of  the  radii  vec- 
tores,  so  that  a*  and  b'  will  be  the  roots  of  the  last  equation ; 
then  by  the  theory  of  equations, 

a*  +  b*  =  Oi» + Ai»,  a*  b*  =  fli*  bi*  (sin  «)» ; 

by  means  of  which  the  values  of  a  and  b  may  be  easily  de- 
termined. 

By  a  similar  process  may  we  determine  the  analogous  rela> 
tions  of  the  principal  axes  of  an  ellipsoid  to  any  system  of 
conjugate  axes. 

Ex.  6.    To  inscribe  in  a  sphere  the  greatest  parallelepipedon. 
Let  s*  +  y*  +  z*=  a*  be  the  equation  to  the  sphere ;  and  let 
u  be  the  content  of  the  parallelepipedon. 

.'.     u  =  8xt/z; 
and  taking  the  logarithmic  differential, 

Dtt  __      _  (ir      dy      dz 
u   ~      ~   X        y        z  ' 
also  0  =  xdx  +  ydy  +  zdz; 
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•••  '''y'  =  ''  =  -^'        ■■■  '"y'^-j^' 

and  the  volume  of  the  parallelepipedoa  =  — |-  ■ 

Ex.  7.   To  find  a  point  within  a  triangle,  such  thatth^*sum'5]?  J" 

the  lines  drawn  from  it  to  the  angular  points  mny  be  a  minimum. '  ' 

Fig.  20.     Let   p   be  the   required   point;   and  let  ap  =  x, ■• 

BP  ■=  y,    CP  =  Z,    BC  =  a,    CA  =  b,    AB  =  C,    BPC  =  0,    CPA  =  ^, 

APB  =  ^ ;  u  =  sum  of  the  required  lines ;  wherefore  we  have 

u  =  x-^y-\-z;  (59) 

a*  =  y*  — 2yr  C08fl  +  «*~| 

*•  =  z*-iz:rcoBit,+x^  I;  (60) 

c*  =  ar'— 2:r5C08^  +  y*  J 

e+<p  +  ^  =  2-n.  (61) 

Whence,  by  differentiation, 

DU=  0  =  dx  +  dy  +  dz;  (62) 

O={y—zcoa0)dy-iiz—ycm0)dz+yztau0d0   "] 
0  =  (z-~xcoaif>)dz  +  0'?—zconp)dx  +  zxmi<t>dip   >  ;   (68) 
0=  (iT— yco8^)(ir+ (y— jrcos^)*^ +  jryBin^(^  J 

0=  de  +  d-p  +  d^.  (64) 

Now  observing  that  we  have  six  variables  involved,  which  are 

connected  by  four  equations  (60)  and  (61 ),  two  are  independent ; 

multiplying  therefore  the  equations  (68)  severally  by  x,  y,  z,  and 

adding,  we  have 

{xi,y-^^z)—yz{caa^-^co&'<^)}dx+{y{z-\^x)—zxi'Boay^-i&>'»9)}dy 
+  {z(j7+y)— a^(co8fl  +  co8^)}<fe 
+  j?yi{aintfrf^  +  sin<^d0  +  Bin^(f^}  =  0.  (K) 
Whence  multiplying  (62)  and  (64)  by  two  indeterminate  multi- 
pliers, and  adding  them  to  (65),  and  equating  to  zero  the  co- 
efficients of  the  variables,  we  have 

sin  0  =  sin  <^  =  sin  i|r ;  .-.     $  =  ^  =  ^=.  120^. 

Let  therefore  three  s^ments  of  circles  be  described  on  the 
sides  of  the  triangle,  each  containing  an  angle  of  120^ ;  these 
will  meet  in  a  point,  which  point  will  be  that  required. 
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CHAPTER  vm. 

APPLICATION  OP  THE  PSECEDIHG  PBINCIPLES  TO  THE 
THEOBT  OP  ALGEBBAICAL  EXPEE3SI0N3. 

170.]  In  the  preaeiit  Chapter  I  shall  take  the  following  to 
be  the  type  of  an  algebraical  expression  of  the  nth  degree,  and 
for  convenience  of  reference  shall  symbolize  it  by/(j'), 
x~-piX^-^+p%x''-*-p3X''-^+ ...  ±p^^ix+p„  =  0=/(a!),  (1) 

the  upper  or  lower  sign  being  taken  according  as  n  is  odd  or 
even ;  n  being  integral  and  positive ;  and  no  Pactional  or  nega< 
live  powers  of  x  being  iuvolved  in  the  expression ;  pi,  pi, ...  p^ 
beiBg  constant  coefficients,  real  or  imaginary,  and  the  coefBcient 
of  the  highest  power  of  x  being  nnity. 

A  root  of  such  an  expression  is  a  value  which,  when  substi- 
tuted for  the  unknown  quantity  x,  makes  the  whole  to  vanish ; 
thus,  if  a  ia  a  root  of /(«), 

/(«)  =  0. 

An  imaginary  or  impossible  expression  is  of  the  form 

fl  +  jyZl;  (2) 

which,  as  was  explained  in  Art.  60,  always  admits  of  being  put 

into  the  form,  , . 

r(costf+ v— 1  sinfl), 

of  which  r  is  called  the  Modulus ;  and 

r'  =  a»  +  *'  =  (fl  +  ^/^A)  {a-'/^b),  <3) 

the  latter  pair  of  imaginary  foctors  being  called  conjugate  to 
each  other. 

Now  of  such  general  algebraical  expressions  as  (1),  almost 
all  the  properties  which  are  proved  in  the  usual  text-books  on 
the  Theory  of  Equations  arise  &om  considering  them  in  their 
resolved  or  analytical  form ;  that  is,  as  made  up  of  factors  of 
the  form,  x—a,  x—f>,  ...  x—a  +  ^-J  —  1,  a?— o— ^^/— 1 ...  ; 
snch  are  the  relations  which  exist  between  the  roots  and  the 
coefficients,  between  two  equations  the  roots  of  one  of  which 
are  symmetrical  functions  of  those  of  the  other,  &x.     But  a 
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general  treatment  of  the  subject  requires  the  expre8si<HiB  to  be 
considered  in  their  gytUhetical  or  unresolved  state ;  and  we  pro> 
pose  in  the  following  Articles  to  exhibit  such  properties  of  them 
in  their  compounded  state,  as  &11  within  the  grasp  of  the  pre* 
ceding  principles. 

la  the  first  place  I  must  remark  on  the  cotUinoity  of  such 
expressions ;  and  I  shall  hereby  be  led  to  ahew  that  every  equa- 
tion, be  its  dimensions  odd  or  even,  has  a  root.  In  other  words, 
I  shall  prove  that  a  value,  real  or  imaginary,  exists,  which  when 
substituted  for  x  in  /(*)  makes  fix)  =  0. 

If  it  is  thought  that  an  unfair  assumption  is  made  in  the 
following  Articles  in  the  extension  to  imaginary  quantities  of 
processes  of  differentiation  which  have  been  hitherto  applied  to  ' 

possible  quantities,  let  it  be  borne  in  mind  that  the  principles 
of  differentiation  as  unfolded  in  the  first  and  second  Chapters  i 

require  only  the  law  of  continuity  to  be  satisfied  in  the  func- 
tions to  which  they  are  applied,  and  that  imaginary  quantities 
satisfy  that  law  as  well  as  possible  ones.  And  I  would  also 
observe  that  logarithmic  and  circular  functions  are  related  to 
each  other  by  means  of  the  exponential  equivalents,  and  that 
these  involve  symbols  of  impossibility ;  and  as  we  have  intro- 
duced and  operated  on  each  of  these  in  the  previous  Chapters, 
our  processes  have  been  applied  to  impossible  as  well  as  to  pos- 
sible quantities. 

171.]  Positive  real  values  may  be  assigned  to  ;ir  in  (1)  so 
great  that  the  correapondiug  value  of  x"  shall  be  greater  than 
the  sum  of  all  the  following  terms. 

Let  us  take  the  case  which  is  most  unfavourable,  that  namely 
in  which  all  the  terms  are  positive,  and  in  which  consequently 
their  sum  is  greater  than  it  would  be  if  some  of  the  terms  were 
negative.  Let  pi,  be  the  greatest  of  all  the  positive  coefficients 
—pi.  Pi,-  +Pni  then 
—piX'-^-i-ptx'^-'^  ...  +y„  is  less  thanp*{jr"-'  +  ar"-*+  ...  +x  +  l}, 


is  less  than  pn  - 


-1' 


-    - -is  less  than  p» = , 

^  x  —  l 

and  therefore  is  less  than  x",  ifpi,  =  x  —  l ;  that  is,  itx=pt+'l, 
x"  is  greater  than  the  sum  of  all  the  subsequent  terms;  and 
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a  fortiori,  if  v  ia  greater  than  j>jt  + 1 ,  ^r"  is  ao  much  greater  than 
the  sum  of  rH  the  terms  after  j;" :  and  thus  b;  increasing  x, 
f{x)  becomes  greater  and  greater,  and  in  the  superior  limit  when 
3e  =  <xi,  f{x)  also  becomes  infinite.    Thus  in 

«a  +  6ar'  +  7jr  +  4  =  0, 
if  we  substttnte  8  for  x,  x'  is  greater  than  the  sum  of  all  the 
other  terms.   Hence  it  appears  that  for  values  of  jt  greater  than 
a  certain  assignable  quantity,  as  x  increases,  /(J^)  increases ; 
and  ultimately  becomes  infinite,  when  j?  =  co . 

II  x=0,  then  f(x)  =  +p^ ;  and  if  n  is  odd,  /(«)  =  —  00 , 
when  ar  =  —  00 ;  hence  if  an  equation  is  of  uneven  dimensions, 
/(*)  changes  sigin  from  —00  to  +00  aa  x  increases  from  —00  to 
+  00 ;  and  as  such  change  of  sign  of  f(x)  can  take  place  only 
when  /{x)  =  0,  it  follows  that  an  equation  of  odd  dimensions 
has  at  least  one  real  root :  and  that  root  will  be  positive  or  n^a- 
tive  accordiog  as  the  constant  term  of  the  equation  is  negative 
or  positive. 

Hence  also  it  follows  that  an  equation  of  even  dimensions 
has  two  real  roots  if  the  last  term  is  negative,  of  which  one  is 
positive  and  the  other  is  negative ;  because  f(x)  will  change  its 
sign  from  +  to  — ,  and  again  from  —  to  -f .  as  ^  increases 
from  —  00  through  0  to  +  00 . 

As  X  continuously  varies,  aof(x)  continuously  varies;  for  let 
A  be  an  increment  of «,  and  let  us  suppose  that/'(;E)  does  not 
vanish ;  then  by  (21),  Art.  116, 

f(x+b)-f{x)  =  h/'(x  +  eh); 
the  right-hand  member  of  which  is  lufiuiteatmal,  if  h  is  infi> 
nitesimal;   therefore  f{x-\-h)—f{x)   is  infinitesimal;  that  is, 
f(x)  varies  continunualy  as  its  subject- variable  continuously 
varies. 

\i/(x)  is  of  even  dimensions, /(;ir)  has  at  least  one  minimum 
value;  because /'(:i?)  will  be  of  odd  dimensions,  and  will  change 
sign  from  —  to  + ,  as  ^  increases  firom  —  00  to  +  ao  >.  and  cor- 
responding to  the  value  of  x  at  which  the  change  of  sign  takes 
place  will  f{x)  attain  a  minimum  value.  Thus  much  as  to  the 
values  off(x}  when  2  is  replaced  by  a  real  quantity. 

172.]  Having  thus  shewn  that/(j:)  continuously  increases  up 
to  +  00 ,  as  X  increases  upwards  from  a  certain  real  value,  I  will 
now  shew  that  if  for  x  we  substitute  in  /(x)  the  most  general 
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fijrm  of  an  ima^nary  ezpresdoD,  vii.  y+z  \/— 1,  /(y  +  z  V— 1) 
does  Dot  admit  of  a  maximum  or  a  minimum,  but  cootinnously 
either  increascB  or  decreases. 

Let  us  replace  x  infix)  by  y  +  Z'Z—l;  then  expanding  by 
Taylor's  Series,  we  have 

-  ^^z"*'  S3  +/"<»>ro3  + •  <■" 

of  which  right-hand  member  the  possible  and  impossible  parts 
may  be  separated,  and  the  whole  expression  may  be  equated 
to  p  +  Qv^— 1 ;  if 

p=/(y)-/"(y)^ +/'"(!/)  i;^ ,  (6) 

Q  =/'(y).-/"'(y)^  +r(j,)  j^ ;         (6) 

and  where  f  and  q  are  functions  of  two  independeni  variables  y 
and  z.    Now  differentiating,  we  have 

—\  —  (^\  (—\ (^^ 


\dzf  ^dyi ' 


\dy^)  ~  \dy^'  ~  ~  ^dP'^      \^'  ~       ^^&'  ~  ~  ^dz*' ' 
-^-^)  and  \-f-j)  being  necessarily  of  different  signs,  the 

conditions  of  Art.  168  and  169  cannot  be  satiBfied,  and  f  does 
not  admit  of  a  maximum  or  minimum  value ;  similarly  also  it 
is  plain  that  q  does  not  admit  of  a  maximum  or  minimnni ; 
hence  f(y  +  z  v^— 1)  is  not  a  function  admitting  of  a  maximum 
or  minimum ;  and  therefore  goes  on  continaonsly  increasing  or 
decreasing,  as  the  variables  continuously  vaiy. 

173.]  Hence  we  can  shew  that  if /(ar)  is  a  function  of  jf  of 
the  form  (1),  one  or  more  values  of  x  of  the  form  y  +  zV— 1 
exist,  which  when  substituted  for  x  render  f(x)  =  0 ;  in  other 
words,  we  can  hence  prove  that  every  eqoatiou  has  a  root. 

Let  y  +  zv  —I  be  replaced  by  r(coB0  +  V— 1  sind),  and 
f(y  +  s  ■/— 1)  by  K  (cos  t  +  V  — I  sin  i),  r  and  b  being  the 
moduli  respectively  of  y  +  z-/—l  and  of /(y  +  i-/— 1),  and  8 
and  T  being  real  circular  arcs ;  then,  if  it  can  be  shewn  that 
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wme  Talue  o{0ia  such  as  to  render  a  =  0,  y  and  z  are  lucli  as 
to  mak,e/(y  +  «v'— 1)  =  0,  and  it  is  proved  that  the  equation 
/(2)  =  0  haa  a  root. 

Since      /(y  +  «\/— 1)  =  a  (cos  t  +  V^  sin  t),  (7) 

.-.    fiy—z-Z—l)  =  b(co8T— \/— laiuT);  (8) 

whence         r»  =/(y  +  «V'^)  x/(y  —  zV^^).  (9) 

Now  to  take  the  moat  general  case,  let  us  suppose  that  all 
the  deriyed-functions  ot  f{x)  up  to  the  mth  exclusively  vanish 
when  a?  =  y  +  aV  — 1;  viz.  that 

/'(J,  +  ^yrT)  =  0,/"(y  +  ^^/:^T)=0,.../— i(y  +  ay3l)  =  0; 
whence  also, 

/'(y-^^/^)  =  0,/"(y-«^/'^)  =  0,.../— >(y-»y^)  =  0. 

Then,  by  means  of  Leibnitz's  Theorem,  see  Art.  55,  taking  the 
mth  differential  of  a,*  in  (9),  and  neglecting  terms  which  vanish, 
we  have 

Let  Bm  and  p  be  the  moduli  respectively  ot /^(y  +  zv  —I) 
and  tk/  + «/"— 1  dz ;  and  let  t_  and  r  be  the  corresponding  area, 

so  that  

/"(y+zv*^)  =  a„  (cos  T,  + -/^  sin  T,>,  (10) 

/-(y-«y=T)  =  m,{cosT.-^^^8inT.)t  (11) 

rfy±rf«y^   =  p(co8T+ y^siuT);  (12) 

■'■    ('^±(foV— 1)"  =  p"(co8mr+  -/— 1  sininr);  (18) 

makii^  which  snbstitntionB, 

d".R»  =  2eb„p"C08(t„— t  +  bit).  (14) 

Now  as/(y  +  ^v^— 1)  does  not  admit  of  a  maximum  or  mini- 
mum value,  so  r*,  being  the  square  of  a,  and  thus  necessarily 
a  positive  quantity,  does  not  admit  of  a  maximum  value ;  but 
it  must  have  a  minimum  value;  that  derived -function  of  it 
therefore,  which  is  the  first  not  to  vanish,  must  be  consistent 
with  such  a  singular  value.  But  on  examining  (14)  r  is  arbi- 
traiy,  and  d'-t.'  will  evidently  change  sign,  when  r  and  there- 
fore when  dy  and  dz  receive  certain  values  j  as,  ttx  instance^ 
o  0  2 
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change  t  to  th w,  and  the  aign  of  rf".R*  will  be  changed ; 

and  sach  a  change  is  inconsistent  with  R*  being  a  miaifflam. 
The  apparent  difficulty  hovever  is  obviated  if  one  of  the  other 
factors  of  </".&*  vanishes;  but  a_  and  />"  do  not  vaobh,  and 
therefore  it  follows  that  the  only  condition  which  is  coamsteot 
with  a*  being  a  minimum  value  is,  a  =  0 ;  this  therefore  is  the 
minimum  value ;  whence,  by  means  of  (7), 

/(ff  +  «V^)=Oi  (15) 

and  therefore  there  always  are  some  values  of  y  and  z  such  that 
equation  (15)  is  satisfied;  and  therefore  every  equation  of  the 
form  (1)  has  a  root. 

Also  from  (8)  it  follows  that  if  r  =  0, /(y— ev'^)  =  0; 
and  therefore  if  one  of  a  conjugate  ptdr  is  a  root  of  an  equatioD, 
the  other  conjugate  is  also  a  root. 

If  in  the  general  form  of  the  root  2  =  0,  the  root  is  possible } 
but  if  z  has  a  finite  value,  the  root  is  imaginary. 

174.]  Taking  a  to  be  the  general  symbol  for  the  root  of  an 
equation,  we  may  thus  prove  that  the  equation  is  divisible  by 
x—a  without  a  remainder. 

Let/(^)^0  be  the  equation;  thwi,  since  a  is  a  root,/(o)  =  0. 

Observing  now  that  Taylor's  Series  does  not  fail  for  a  fbnc- 
tion  of  «,  such  as  we  have  assumed  f{x)  to  be,  and  that  the 
(n  +  l)th  derived-function  vanishes,  because /(«)  is  algebraical 
and  of  a  dimensions,  by  means  of  (84),  Art.  74,  we  have 
f(x)  =/{a  +  ;e-a), 
=  /(«)+/'(«,fZ^+/"(«)(^  +  ...  +/"{a)gi^-,  (16) 

and  because /(a)  =  0,  the  second  member  is  divisible  by  (jt— a). 

The  converse  proposition  is  evident;  viz.  that  if  ^c— a  is  a 
factor  of /(a?),  /(a)  =  0,  or  a  is  a  root  of  the  equation. 

Hence  we  conclude  that  if  any  function  of  the  algebraical 
form  assumed  in  equation  (1),  Art.  170,  vanishes  for  a  particular 
value  a  of  the  variable,  the  function  has  a  factor  of  the  form 
x—a;  nud  it  is  owing  to  i/«  vanishing  that  the  function  vanishes. 

175.]  Hence  also  it  follows,  that  every  equation  has  m  many 
roots  as  it  has  dimensions,  and  no  more. 

For  dividing  f(x)  in  equation  (16)  by  (x—a),  the  highest 
power  of  X  that  remains  is  a?"-',  being  that  which  is  involved 
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in  tlie  last  term  of  it,  viz.  in  (x—a)'-^ ;  whence  au  expression 
of  B  — 1  dimensions  results;  which  ogHin,  by  virtue  of  Article 
17S,  has  a  root,  and  therefore  is  again  divisible  by  a  factor  of 
the  form  x~a;  whereby  the  expression  is  depressed  to  one  of 
n  — 3  dimensions;  and  if  a  similar  process  is  repeated  n  —  l 
times,  we  shall  finally  hiive  an  expression  of  one  dimension, 
which  will  give  the  last  root;  nnd  thereby  the  equation  will 
have  been  resolved  into  n  faclon. 

Thus  suppose  the  n  roots  to  be  Oi,  Oj, ...  a.,  then 

/(;r)  =  (iT-Bi)  (a— aa) ...  (j:-a„).  (17) 

Also  it  is  manifest  that  no  other  value  than  one  of  the  n 
roots  can,  when  substituted  for  x,  make  any  simple  factor,  and 
thereby  the  whole  expression,  to  vanish;  and  therefore /(^]  has 
only  n  roots ;  some  of  which  however  may  be  equal ;  and  there- 
fore although  all  the  n  roots  may  not  be  different,  yet  there  can 
never  be  fewer  than  n  simple  factors. 

Again,  if  the  coefficients  of  the  several  powers  of  x  in  f(x) 
are  real,  and  /(x)  has  impossible  roots,  they  must,  as  observed 
above,  enter  in  pairs ;  so  that,  if  o^  and  Oj  are  two  imaginary 
roots  which  are  conjogate  to  each  other, 

flj  =  o  +  j9 y^  =  p  {cos 0  +  -/^-i  sin  9], 
aj  =  o  — ^v'^  =  p{cosfl- V^Tsinfl} ; 

.-.     {x—at)(x—aj)  =  (x—tt)^  +  0*  =  x*'-2pa!Qoa0+p*, 
which  quadratic  expression  is  essentially  positive;   aud  by  a 
similar  composition  of  other  conjugate  factors  we  have, 
/(x)  =  (x-a,)  (ar-Oa)...{(a:-oi)*  +  A»}  {(J7-a,)»4ft'}...;(18) 
and  therefore /(jr)  is  the  product  of  factors,  simple  or  quadratic. 

176.]  On  the  algebraical  relation  of  /(x)  to  its  derived- 
function. 

lietf(x)  be  a  function  of  the  form  (1),  which  has  all  its  co- 
efficients real  quantities  and  all  its  roots  real  and  unequal ;  and 
let  the  roots  of/(x)  be  ai,ai, ...  a„;  so  that 

fix)  =  x'-PiX'-^+PjX-'*-  ...  ±p,-ixTp«.         (19) 
=  (w-a,)  ix~tH) ...  ix-a,),  (20) 

the  upper  or  lower  sign  being  taken  in  (19)  according  as  n  is 
odd  or  even,  and  the  roots  being  arranged  in  order  of  magni- 
tude, viz.  ,„,, 
'                        Oi  >  «s  >  a,  >  ...  >  a„;                            (31) 
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then,  taking  the  derived-fuDctions   of  both  the  meoabers  of 

(19),  we  have 

f\a:)  =  war"-'  — (»  — l)p,a:"-*+  ...  ±Pn-i, 

=  i^-at)  (x-Oa) ...  {x-a^)  +  (T-a,)  {x-Oi)  ...{x-a^ 
+  (-»-«!)  («— Oj)  ...  ix—a„)  +  ... 

...  +  (x-Oi)  (x-a,)  ...  (*-«,_!).  (32) 
Let  x=aii  then  observing  that  all  the  parts,  except  the  first, 
of  the  second  member  of  (32)  disappear,  and  that  by  virtue  of 
the  arrangement  of  the  roots,  as  indicated  by  (21),  every  factor 
of  the  first  part  is  positive,  it  follows  that,  if  j  =  Oi,  fix)  is 
positive;  similarly,  if  ^  =  Oj,  f(x)  is  negative;  there  is  there- 
fore some  value  of  x  between  Ci  and  0%  which  makes  f'(x) 
vanish ;  a  root  therefore  oi  f'{x)  lies  between  at  and  oi.  Simi- 
larly we  have  the  following  results ; 

if  X  =  fli,   /'(x)  is  positive, 

jr  =  Oi,   fix)  is  negative, 
0  =:  og,   f(x)  is  positive, 


X  =  a„  f'(x)  is  positive  or  n^ative,  accord- 
ing aa  n  is  odd  or  even.  Hence  the  roots  otf{x)  are  real,  and 
lie  between  the  roots  otfx). 

Let  the  roots  of /'(«)  be  oi,  ot,  ■-.  a*-i,  arranged  in  order  of 
descending  magnitude,  then  they  stand  to  the  roots  affix)  in 
the  relation  indicated  in  the  following  table ; 


whence  it  appears,  that  the  greatest  root  affix)  is  greater  than 
the  greatest  root  affix),  and  the  least  root  off(,x)  is  less  than 
the  least  root  oi  f(x).  It  is  on  account  of  this  particular  rela- 
tion of  the  roots  off{x)  to  the  roots  affix),  that/'(iir)  is  some- 
times called  the  limiting  eqaation  o{f(x). 

Hence  also  it  follows,  that  if  all  the  roots  of  an  equation  are 
real,  all  the  roots  of  each  of  its  successive  derived-functions  will 
be  real  also. 

These  results  admit  of  the  following  geometrical  interpreta- 
tion :  Let  the  curve  represented  in  fig,  23  be  that  whose  equa- 
tion is  y  =  fix).  As  fix)  has  n  real  roots,  f(.x),  and  therefore 
y,  =  0  at  n  points  corresponding  to  them ;  that  is,  if  OAi  =  an 
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oAg  =  at, ...  the  curre  cats  the  axis  of  ^  at  Ai,  Ai,  ...  that  is,  in 
n  points.     As  f(x)  only  =  +  00 ,  when  x=  ±m  ,  the  ordinate 

is  finite  for  all  values  of  x  betweeo  si  and  oj,  oj  and  a^, ; 

and  hy  the  last  Chapter,  as  f'(x)  =  0,  and  changes  si^  when 
j?  =  ai,  =  as,=  ...,f(x)  is  a  maximum  or  minimuni  correspond- 
ing to  these  roots  of /"(iP),  and  therefore  we  have  maxima  or 
minima  ordinates  at  points  intermediate  to  A|  and  k%,  Aj  and 
Aa, ...  An_i  and  a^;  that  is,  obi  =  ai,  obj  =  a^,....  Also  as  n  is 
odd  or  even,  so  will  the  carve  towards  the  left,  when  x  =  —00, 
be  below  or  above  the  axis  of  x. 

177.]  Hence  it  appears  that,  if /(f)  has  m  roots  equal  to 
each  other,  f'{x)  has  (m  — 1)  roots  equal  to  each  of  the  equal 
roots  oif{x);  for  if  (ii  =  ai  =  ...  =*!»,  then  a]=:aj=  ...  =o,h_i, 
aa  the  a'l  are  intermediate  to  the  a'a ;  which  proposition  is  also 
thus  manifest. 

Ijet  m  roots  o(/(x)  be  equal  to  one  another  and  to  a,  and  let 
Qx  symbolize  the  product  of  the  other  n— m  roots,  then 
/(x)  =  (ar-fl)-Q,; 

and/'(x)  has  m  — 1  roots  equal  to  a,  that  is,  to  each  of  the  m 
equal  roots  of/(«). 

Hence  i£/(x)  has  equal  roots,  they  may  be  determined  by 
the  method  of  finding  the  ^eatest  common  measure  ot  f(x) 
and  fix),  and  f(x)  may  be  depressed  by  as  many  dimensioas 
as  it  has  equal  roots. 

The  latter  proof  of  this  proposition  manifestly  reaches  the  case 
of  eqoal  imaginary  roots  which  the  former  may  not  resolve. 

178.]  Such  information  does  Infinitesimal  Calculus  afford  as 
to  the  continuity  of  algebraical  expressions,  as  to  the  possibility 
of  the  resolution  of /(«)  into  simple  and  quadratic  factors  cor- 
responding to  the  roots,  and  as  to  the  relation  between  the 
roots  o{f(x)  and  of  its  derived-function.  1  proceed  now  to  a 
theorem  of  great  importance)  one  indeed  which  theoretically 
completes  this  part  of  the  subject;  inasmuch  as  we  are  hereby 
enabled  to  determine  the  number  of  real  roots,  and  that  of  the 
imaginary  roots  of  an  equation.  It  was  discovered  a  few  years 
ago  by  M.  Sturm,  and  the  memoir  containing  it  was  presented 
by  him  to  the  French  Institute,  and  published  in  the  "  M^ 
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moires  present^  par  divers  savants  a  I'Acsdemie  des  Sciences," 
Tom.  VI,  1835.  It  is  now  generally  known  by  the  name  of 
"  Sturm's  Theorem,"  and  is  one  of  the  greatest  modern  dis- 
coveries in  Algebraical  Analysis.    The  problem  is  as  follows : 

Given  au  equation  f(x)  =  0,  which  has  real  coefficients ;  it  is 
required  to  determine  the  number  of  real  roots  which  it  con- 
tains, and  the  limits  of  them. 

First  let  f{x)  be  cleared  of  eqval  factors  by  means  of  the  last 
Article,  so  that  no  two  roots  ot f{x)  are  equal  to  each  other; 
then  we  have  the  following  theorem  : 

Let  f(x)  be  a  function  of  x  of  real  coefficients,  of  which  f{x) 
is  the  derived-function ;  let  f{x)  be  operated  upon  by  /'(.r>  in 
the  way  of  finding  the  greatest  common  measure,  but  with  the 
peculiarity  of  the  sign  of  a  remainder  always  being  changed 
before  it  is  made  a  divisor;  and  let  this  process  be  continued 
until  it  termiDates  by  giving  a  remmnder  independent  of  x,  and 
which  does  not  vanish,  because  f{x)  has  no  equal  &ctors ;  let 
the  successive  remainders  thus  modified  be  symbolized  by 

Mx),   Mx),  ...f„-iix); 
so  that  we  have  the  following  system  of  equations ; 
fix)  =  fix)  q,-Mx),  -, 

fix)  =f(x)qt~Mx), 
.  Mx)  =/,(x)  g,-Mx).  >  (23) 


/-sW   =/«-t(x)qn^i-fMx);J 

f^-iix)  being  the  last  factor  and  consequently  independent  of  a:. 

Let  a  and  ^  be  two  numbers  of  which  a  is  the  less,  r^ard 
being  had  to  its  sign ;  substitute  a  for  x  in  the  series 

/W.  f(^).  M^),  -A-^ix),  (24) 

and  write  down  in  the  same  order  the  signs  of  the  results ;  and 
count  the  number  of  sequences  of  two  terms  having  contrary 
signs  in  this  series  of  results ;  and  suppose  a  to  be  that  number. 
Again,  substitute  ^  in  the  same  series  of  functions,  and  count 
as  before  the  number  of  sequences  of  two  terms  with  contrary 
signs,  and  suppose  it  to  he  equal  to  b. 

Then  there  are  a  — b  roots  of/(-c)  lying  between  a  and  ^; 
that  is,  the  number  of  the  excess  of  variations  of  signs  in  suc- 
cessive terms,  when  a  is  substituted  for  x,  over  that  when  j3  is 
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substitatecl  for  x,  is  the  number  of  renl  roots  of  f{x)  greater 
than  a  and  less  than  fi. 

This  ia  Sturm's  Theorem ;  but  before  I  proceed  to  the  proof 
of  it,  I  most  make  two  obserrations  on  the  aeries  of  ftmctiotia 
in  (24).  (1)  No  two  consecutive  fuactions  can  vanish  for  the 
same  value  ot  x;  for  if  two  consecutive  terms  vanish,  when 
x  =  c,  say  fi{c)  and  /,_i(c),  then  by  reason  of  (23),  /(_t(c) 
=/(_s(c)=  ...  =  0,  and  nltimately /'(c)  and /(c)  vanish  ;  which 
last  values  can  coexist  only  when  f{x)  has  two  or  more  equal 
roots,  and  this  circumstance  is  contrary  to  our  first  assumption : 
and  therefore  ve  conclude  that  no  two  successive  functions  of 
the  series  (24)  can  simultaneously  vanish.  (2)  No  function  of 
the  series  can  be  identically  zero ;  for  suppose /(.r)  to  be  always 
zero ;  then  from  (23) 

/,-»(*)  =  ?*/.-i(«), 
and  thus  the  value  of  x  which  makes  /-i(x)  to  vanish  will  also 
make/^i(j;)  to  vanish;  that  is,  two  consecutive  functions  will 
aimultaneonsly  vanish;  and  this  has  just  been  shewn  to  be  im- 
possible. 

Now  I  will  proceed  to  the  proof  of  the  theorem ;  let  ns  sup- 
pose a  to  be  a  root  ot/(x) ;  and  in  the  series  (24)  for  jr  let  a— A 
be  substituted;  then  by  equation  (16),  Art.  114,  the  series  of 
iiinctions  becomes 

f'{a)~f"{a  +  6h)h, 
fiia)-/i\a  +  eh)h, 
Ma)-A'ia  +  8h)h, 


in  each  of  which  we  may  suppose  A  to  be  such  an  infinitesimal, 
that  the  terms  involving  it  must  be  neglected  when  added  to  a 
finite  quantity;  then,  since  a  is  a  root  of /(f),  /(a)  =1  0,  and 
therefore  the  signs  of  the  series  of  terms  are  the  same  as  those  of 
-f'(a),    /'(a),    /i(a), (25) 

Again,  let  o-fA  be  substituted  for  x  in  the  series  (24) ;  then 
the  sigDB  of  the  series  of  results  are  the  same  as  those  of 

na),    f'ia).    Ma),    Ma), ;  (26) 

vrhereas  then  of  (25)  the  first  two  terms  are  affected  with  oppo- 
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•ite  ai^H,  aad  the  first  two  terni§  of  (26)  have  the  Bame  aigna ; 
therefore  by  making  x  iDcrease  from  a  quantity  a  little  below 
a  real  root  to  a  quantity  a  little  above  it,  a  vaiiatioD  of  sign  in 
the  uriea  of  functions  (24)  is  loat ;  that  is,  what  was  a  sequence 
of  opposite  signs  has  become  a  sequence  of  the  same  signs. 

Also  a  Bimilar  loss  of  variation  of  signs  takes  place  whenever 
X  passes  through  a  root ;  and  therefore,  if  we  make  x  to  grow 
b;  infinitesimal  increments  from  a  to  ^,  every  time  that  its 
value  becomes  that  of  a  real  root  of  the  equation  the  series  of 
signs  of  fix),  f(x),  ft(x),  ...  loses  a  variation.  And  a  loss  of 
change  of  sign  occurs  orUy  under  that  circamstance.  For  let  ns 
suppose  it  to  occnr  otherwise ;  it  is  evident  that  it  can  be  only 
when  a  sign  of  one  or  more  of  the  other  functions  is  changed, 
and  that  is,  when  one  or  more  of  them  become  sero.  We  have 
above  shewn  that  two  consecutive  functions  do  not  simalta- 
neonsly  vanish ;  let  ns  now  suppose  that  fi  {x)  =  0,  when  x=c, 
and  that  it  changes  its  sign  at  that  critical  value ;  then  since 
from  (23) 

/,-,(«)  =  ?m/*{c)-/it.(c), 

■■•    /.-i(0=  -/--fi(c);  (27) 

neither  of  which  can  vanish ;  and  therefore  as  x  passes  through 
c  their  signs  are  the  same  whether  x  is  infinitesimally  less  or 
infinitesimally  greater  than  e.  But/_i(c)  and  j^+i(c)  are,  as  is 
clear  from  (27),  of  opposite  signs ;  and  therefore,  whatever  are 
their  signs  respectively,  and  whatever  change  of  sign^(fr)  under- 
goes as  X  passes  through  c,  the  only  possible  arrangements  and 

changes  are  (1)  from  +  +  —  to  + ,  (2)  from  H to 

+  +  — .  (8)  from  —  +  +  to +,  (4)  from +  to 

1-  +  ;  snd  in  each  of  these  cases  no  change  of  sign  is  lost : 

in  all  there  is  one  and  only  one  sequence  of  two  terms  affected 
with  contrary  signs.  We  conclude  therefore  that  a  loss  of 
change  of  sign  can  take  place  only  in  the  first  two  functions  of 
the  series,  and  only  when  x  passes  through  a  root  oif(x). 

Hence  we  finally  conclude  that  there  are  as  many  real  roots 
between  a  and  j3  as  there  are  more  variations  of  sign  for  a  than 
for^. 

In  calculating  the  successive  values  of  the  series  of  functions 
(24)  we  may  observe  that  any  function  may  be  multiplied  or 
divided  by  a  positive  but  not  by  a  n^^tive  quantity ;  because 
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tlte  taga  would  thereby  be  changed,  and  it  is  from  the  aigna 
tluit  the  proposition  ia  deduced. 

179.]   Ei.l.     x»-ff>-4;r+8  =  0  =/<«). 

3«»-2ar-4)  8*«-8«»-12»+9  {x 
»*»— 2«*—  4« 


-    «■• 

-  8»-(9: 

or 

_8»> 

-24»  +  27  (- 

_S»> 

+   2«+   4 

-261+28; 

.-.    /,(.)  =  26»-28. 

26^- 

-28)  78i'- 

-52»- 

-104  (3i 

re*". 

-69» 

17« 

-104 

442»- 

-2704  (17 

442  ;c. 

-  891 

-2818; 

.-.    /(«). 

=  vt'- 

-»"-4»  +  8, 

r(') 

=  3a:> 

-2,-4, 

/.(») 

=  26i 

:-23, 

/.(*) 

=  2818. 

of  which  wriea 

of  functions,  corr 

valuea 

,  are 

•hen 

X  =  -2 

,     -, 

+  .  -.  +, 

»=  -1 

.     +, 

+  .  — .  +, 

«  =  0, 

+  , 

— ,  ->  +, 

*=  1, 

-, 

-,  +.  +, 

>=  2, 

-, 

+,  +,  +. 

»  =  8, 

+  , 

+  ,  +,  +■ 

Hence,  as  a  change  of  sign  is  tost  in  passing  tram  a:  =  —  2  to 
«  =:  —  1,  a  root  lies  between  —  2  and  —  1 ;  and  as  changes  are 
ppa 
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agiuD  lost  in  passing  from  x  =  0  to  x=  1,  and  from  ^  =  2 
to  X  =  S,  two  other  roots  lie  sevenill]r  between  0  and  1,  and 
between  2  and  3.  Thus  the  equatiou  has  three  real  roots,  the 
positions  of  which  hare  been  determined. 

180.]  Hence  follows  a  method  of  determining  the  whole 
number  of  real  and  imaginary  roots  of  an  ezpreasioa  of  the 
form  f{x)  =  0. 

Whatever  is  the  number  and  value  of  the  real  roots,  they 
must  be  between  —  ao  and  +x;  let  us  therefore  form  as  above 
the  series  of  functions 

/W,  /'{«),  AW,  M^),-A-i(»). 
the  number  of  which  is  generally  n  + 1,  f{x)  being  of  n  dimen- 
sions ;  and  let  +  oo  or  a  very  huge  quantity  be  substituted  for 
X,  so  that  the  signs  of  the  functions  are  the  same  as  the  signs 
of  the  first  terms;  let  m  be  the  number  of  variations  of  signs 
of  consecative  terms  of  this  series. 

And  now  let  —  oo  be  substituted  for  :r,  then  the  signs  of  the 
functions  of  even  dimensions  will  be  the  same  as  before,  but 
the  signs  of  those  of  odd  dimensions  will  be  the  contrary. 

There  will  therefore  in  the  latter  substitution  be  as  many 
variations  of  succeeding  terms  as  there  were  permanences  in 
the  former,  that  is,  there  will  be  n—m  variations. 

And  as  all  the  real  roots  are  comprised  within  these  limits, 
their  number,  by  Sturm's  Theorem,  is  n  —  m  —  m  or  n  —  2m, 
and  therefore  the  number  of  imaginary  roots  is  2m, 

There  exist  therefore  as  many  pairs  of  imaginary  roots  as 
there  are  variations  in  the  signs  of  the  first  terms  of  the  func- 
tions /{a:), /(*),/,  (a?),  .../,_!(*). 

En.  1.  fix)  =  x>-Spx+2q, 

f'(x)  =  Sx'-ap, 
/i(x)  =px-g, 
A(x)  =  ;>'-?». 
The  series  of  signs  of  the  first  terms  is  the  same  as  that  of 


If  therefore  p  is  negative,  there  is  one  variation,  and  there- 
ore  only  one  real  root ;  and  if  p  is  positive,  there  is  one  real 
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itMit  when  p'  IB  less  than  q*,  and  when  p'  is  greater  than  q^  all 
the  roots  are  real. 

Before  I  pa«s  ou  to  another  subject,  I  would  observe,  as  it 
was  originallf  remarked  by  Storm  himself,  that  the  preceding 
process  would  be  equally  applicable  it  f'(x)  were  replaced  by 
any  other  function  of  ^  of  n  —  1  dimensioos,  of  which  no  two  or 
more  roots  are  equal,  and  of  which  no  root  is  equal  to  a  root  of 
y{x).  But  aa  such  a  function  could  only  generally  be  found,  if 
-we  knew  the  roots  off(x),  and  as  these  are  not  known,  so  the 
only  available  function  with  which  we  may  first  operate  on  /(x) 
in  the  way  of  finding  the  greatest  common  measure  is  /'(f), 
because  its  relation  to  /(jr)  fulfills  all  the  conditions  which  the 
process  requires.  Hence  it  is  not  quite  left  to  our  choice  to 
take  for  its  first  divisor  any  function  of  n  — 1  dimensions  that 
we  please. 

The  functions  in  (24)  are  called  the  Sturmian  luuctious.  The 
general  forms  of  them  were  given  without  proof  by  Mr.  Syl- 
vester in  the  Philosophical  Magazine,  Dec.  1839 :  and  were  sub- 
sequently demonstrated  by  Sturm  himself  in  Liouville,  Tome 
VII,  p.  356.  Other  inquiries  connected  with  them  will  be  found 
in  Liouville,  Tome  XII,  p.  54,  by  M.  Borcbardt;  Tome  XIII, 
p.  269,  by  Mr.  A.  Cayley ;  in  a  paper  by  Mr.  A.  Cayley  lately 
(Feb.  17, 1857)  read  to  the  Royal  Society.  The  insertion  of  the 
resnlts  is  evidently  beyond  the  scope  of  the  present  work,  and 
the  student  desirous  of  further  information  must  have  recourse 
to  the  original  memoirs. 

181.]  Fourier's  Theorem. 

The  following  process  was  arranged  by  Fourier  to  separate 
the  real  and  impossible  roots  of  an  equation ;  but  aa  it  only  in- 
dicates a  number  which  the  sought  number  of  real  roots  does 
not  exceed,  the  discovery  of  M,  Sturm  renders  it  almost  useless ; 
however,  as  it  advantageously  exhibits  the  relations  between  the 
successive  derived-functions  in  an  algebraical  point  of  view,  it  is 
right  to  insert  it  in  a  treatise  on  Infinitesimal  Calculus. 

Let  /(x)  be  a  function  of  x  of  the  form  (1),  Art.  170,  and 
let  it  be  cleared  of  equal  factors ;  and  let  us  suppose  all  its 
coefficients  to  be  real ;  let  the  several  derived-functions  of  it  be 
formed,  whereby  we  have  a  series, 

f(x),    fix),    fix),  ...fix);  (28) 
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and  let  a  sad  fi  be  two  numbers  of  which  a  Ib  the  less ;  then 
there  cannot  be  more  real  roots  of /(x)  between  a  and  /3  than 
the  excess  of  the  number  of  alterations  of  sign  in  the  above 
series  of  functions,  when  a  is  snbstitnted  for  #,  over  the  nnmber 
resulting  from  the  substitution  of  ;3. 

For  suppose  a  to  be  root  of  the  equation  f(x)  =  0 ;  then, 
since /(a)  =  0,  by  the  snbstitution  of  n— A  for  »  in  the  above 
functions,  the  aeries  (28)  becomes,  when  A  is  infinitesimal, 

-/'(a) A,    /-(fl),  .../'(a); 
and  when  a-i  A  is  substituteil  for  x, 

f(a)h,  f'(a),...r(a); 
and  thus,  supposing  none  of  the  derived-functions  to  vanish, 
the  passage  of  the  substituted  quantity,  from  a  value  a  little 
below  a  real  root  to  one  a  little  above  it,  causes  a  variation  of 
sign  to  be  exchanged  for  a  permanence;  and  pari  ratione  as 
sach  a  variation  will  be  lost  whenever  the  substituted  quantity 
passes  through  a  root,  it  follows  that,  as  many  real  roots  as 
there  are  lying  between  a  and  ^,  so  many  losses  of  variations 
of  signs  at  least  will  there  be  in  the  series  of  functions,  when 
we  pass  gradually  from  a  to  /3. 

At  least,  I  say;  for  the  series  of  signs  may  also  be  affected 
by  the  vanishing  of  any  of  the  subsequently  derived-functions ; 
for  suppose  A  to  be  such  as,  when  substituted  for  t,  to  cause 
/"*(«)  to  vanish,  and  A  to  be  an  infinitesimal;  then,  if  b—h  ia 
substituted  for  x.  we  have  for  f^-'(x),  /'(;f),  /'"+'{*). 

/'-'(«),      -/'*H*)A,     /'+'(«);  (29) 

and  when  A-i-  A  is  substituted  for  x, 

/'-HA),     /'*'(A)A,     /'-^M*).  (80) 

If/'-MA)  and/'^+'(6),  viz.  the  first  and  last  terms  of  (29)  and 
(30),  are  of  contrary  signs,  then  we  shall  have  a  variation  and  a 
continuance  both  in  (29)  and  (80),  so  that  no  change  will  be  lost. 
But  if  /'-'  (A),  /'♦'  (A)  are  of  the  same  sign,  then  in  (29)  we 
shall  have  two  variations,  and  in  (SO)  two  continuations,  so  that 
tuio  changes  of  sign  will  be  lost. 

Similarly  it  may  be  shewn,  that  if  many  successive  derived- 
functions  vanish  for  a  particular  value  of  2^,  an  even  number  of 
variations  of  sign  may  disappear. 

There  may  therefore  be  losses  of  variation  of  sign  in  the 
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aeries  of  functions  given  in  (28)  at  other  valuei  of  ;r  than  roota 
of /(f),  bat  variationa  must  nevertbelesa  be  exchanged  for  con- 
tinuations at  the  roota;  therefore  the  Theorem  girea  only  a 
namber  which  is  no/  leu  than  the  number  of  real  roots.  The 
advantage  of  Sturm's  Theorem  is,  that  it  gives  the  exact  number 
of  real  and  of  imaginary  roots. 

182.^  The  rule  commcmly  known  by  the  name  of  Des  Cartes' 
Bule  of  Signs  is  a  particnlar  case  of  Fonrier's  Theorem ;  viz. 
in  the  general  equation  /{x)  =  0,  the  number  of  positive  roots 
cannot  exceed  the  number  of  variations  of  signs  of  the  succes- 
sive  terms,  and  the  negative  roots  the  number  of  continuations 
of  signs. 

Firstly,  let  jt  =  0,  in  the  series  of  functions  (S8) ;  then  the 
signs  o{f(x),f(x),...f''{x)  are  the  same  as  those  of  the  several 
and  successive  terms  affix)  taken  from  right  to  left;  and  when 
X  =  00 ,  the  signs  of  the  functions  ar«  all  positive.  Hence  there 
can  be  no  more  real  positive  roots  than  there  are  changes  of 
sngn  in  the  saccessive  terms  off{x). 

Secondly,  let  x  =  —°°,  then  the  series  of  functions  form  only 
Tsriationa  of  sign,  of  which  there  are  of  course  n,  and  therefore 
the  namber  exceeds  the  number  of  variations,  when  a?  =:  0,  by 
the  nnmber  of  permanences  in  the  terms  of  the  equation.  Hence 
the  number  of  negative  roots  cannot  etceed  the  number  of  con- 
tinnations  of  signs. 

188.]  Taylor's  Series  also  furnishes  a  method,  which  was 
invented  by  Newton,  for  finding  a  number  greater  than  the 
greatest  root  of  an  equation. 

Let  f(x)  =  0  be  an  equation  of  n  dimensions  of  the  form 
(1),  Art.170,  and  for  x  let  us  substitute  y-i^h;  so  that 

/(y  +  A)  =  /(A)  -I  /'(A)|+/"{A)^  +  ...  +/'*CA)  1^3^. 

Suppose  such  a  value  to  be  giveu  to  A  as  to  make  /(h), 
/'(h),  ,../"(A)  all  positive,  then  by  Fourier's  Theorem  no  root 
of  the  equation  can  lie  between  h  nnd  +  oe  ;  therefore  A  is 
greater  than  the  greatest  positive  root. 

181.]  Taylor's  Series  is  also  useful  for  approximating  to  a 
root  of  an  equation. 

Suppose  two  values  a  and  ^,  of  which  a  is  the  less,  and  the 
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difference  between  which  ia  amtill,  to  h&ve  been  found,  wbicli, 
when  substituted  for  x,  give  I'esults  with  different  aigus;  then 
a  root  of  the  equation  lies  between  them.  To  determine  it,  let 
QS  auppose  the  root  to  be  a  +  A;  then  /(a4A)  =  0;  but  by 
Art.  116,  equation  (21), 

/(a+A)=/(a)+/'(a  +  flA)A, 


A  =  - 


/(«) 


and  neglecting  6h  when  added  to  a,  aince  A  is  small,  we  hare 

A=~^;  (31) 

in  which  caae  however /'(a)  ought  to  be  lai^  in  comparison  of 
/(a),  otherwiae  the  reaalt  ia  inconaiatent  with  our  supposition 
of  A  being  small. 

And  here  I  muat  conclude  thia  inquiry.  I  have  inveatigated 
the  theory  of  algebraical  expresaious  so  far  as  the  principles  of 
Infinitesimal  CiJcnlus  cast  light  on  them ;  and  I  have  inci- 
dentally given  one  or  two  theorems  which  enable  us  to  deter- 
mine approximate  values  of  the  roots.  A  systematic  inquiry 
into  the  discovery  of  roots  of  equations  would  take  me  through 
the  theory  of  quadratic,  cubic,  and  biquadratic  equations  in 
their  moat  general  form ;  and  would  carry  me  on  to  the  great 
discovery  of  Abel,  that  the  roots  of  an  equation  of  a  degree 
higher  than  the  fourth  cannot  generally  be  expressed  in  an 
algebraical  form ;  and  to  make  the  subject  complete  I  should 
also  have  to  discuaa  the  theory  of  simultaneous  equations,  and 
of  elimination ;  and  I  should  in  the  course  of  such  discussion 
enter  on  the  subject  of  determinants.  All  thia  is  manifestly 
beyond  the  scope  of  the  present  work.  To  the  student  how- 
ever who  desires  information  on  the  profound  investigations  of 
the  ablest  mathematicians  in  these  subjects,  I  would  recom- 
mend the  study  of  (1)  Cours  d'Algebre  Sup^eure,  par  J.  A. 
Serret,  2""e  edit.,  Paris,  1854 ;  (2)  some  memoirs  in  the  works  of 
Abel,  edited  by  Holmboe,  Christiania,  1839 ;  (3)  the  memoirs  of 
Evatiate  Galois  in  Liouville's  Journal.  He  will  also  in  M.  Ser- 
ret's  treatise  find  references  to  the  different  sources  whence  he 
may  derive  information  on  these  and  kindred  subjects. 
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PART    11. 

GEOMETRICAL  APPLICATIONS. 


CHAPTER  IX. 

ON  GEOMETBT. 


Section  1. — On  the  adjuttmeni  of  the  Prmnples  of  Geometry 
and  Itfftnitesimat  Caleulut. 

185.]  It  will  by  this  time  have  become  tolerably  plain  to  the 
attentive  reader,  that  the  characteristic  property  of  Number, 
which  is  the  foundation  of  Infinitesimal  Calculus,  is  that  of 
continuous  and  infinitesimal  g^wtb;  and  that  Differentiation 
is  the  mathematical  expression  of  the  Law  of  Continuity.  Now 
our  object  in  the  following  pages  is  to  apply  the  propositions 
which  have  been  proved'  above  to  questions  of  pure  geometry ; 
and  therefore  it  is  necessary  bo  to  modify  or  enlarge  the  princi- 
ples of  that  science,  as  to  adjust  them  to  those  of  Infinitesimal 
Calculus. 

As  it  is  not  however  our  intention  to  write  a  treatise  on 
the  principles  or  difficulties  of  Elementary  Geometry,  we  shall 
rather  enuntiate  axioms  and  definitions,  and  state  results,  than 
prove  propositions,  leaving  the  last  to  be  effected  by  our  appli- 
cations; neither  shall  we  discuss  the  methods  by  which  we  have 
arrived  at  them,  in  the  belief  that  a  rational  understanding  of 
the  first  Chapter  of  the  present  Treatise  is  sufficient  to  explain 
tbem.  In  accordance  with  illustrations  therein  given,  we  have 
introduced  the  ideas  of  motion  and  of  timits ;  motion  perhaps  as 
haviog  to  do  with  the  generation  of  geometrical  quantities,  but 
chiefly  as  involving  the  property  of  infinitesimal  divisibility, 
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whicli  ia  necessary  to  a  due  conccptiou  of  the  latter  property  of 
limiis;  motion  buwevcr,  as  we  hnve  introduced  it,  does  not  en- 
croach on  the  subject  of  meclianicB,  wherein  we  treat  of  motiou 
as  the  effect  of  certain  causes,  and  discuss  its  circumstances,  as, 
for  example,  the  particular  law  of  force  which  produces  it,  the 
velocity  with  wliich  the  moving  material  changes  position,  which 
necessarily  involves  time,  and  so  on :  hut  in  what  follows  we 
consider  motion  as  a  simple  act,  a  primary  conception  as  a 
quality  of  matter ;  and  if  it  tends,  us  it  does,  to  give  clearness 
to  our  first  geometrical  conceptions,  it  is  nothing  but  a  servile 
adherence  to  an  inferior,  though  customary  method,  wliich  would 
hinder  us  from  introducing  it. 

It  is  conceived  tlint  all  geometrical  quantity,  whether  linear, 
superficial,  or  spatial,  is  from  its  very  nature  capable  of  increase 
or  decrease  to  au  infinite  extent.  A  line  may  be  very  long,  nay 
of  an  infinite  length,  or  very  short;  space  may  be  very  small, 
such  as,  so  to  speak,  it  would  require  a  microscope  of  almost 
infinite  power  to  render  visible,  or  it  may  be  very  large.  When- 
ever sucli  quantities  vary,  they  vary  in  accordance  with  the  law 
of  continuity ;  they  cannot  pass  from  one  magnitude  to  another 
without  passing  through  nil  intermediate  magnitudes ;  they  grow 
larger  and  larger,  or  less  aud  less.  This  capability  of  increase  ' 
or  decrease  is  involved  in  our  idea  of  geometrical  quantity;  it 
is  necessary  to  its  completion ;  niid  if  it  ia  omitted,  our  Dotions 
fall  short  of  the  properties  of  the  subject-matter  of  the  science. 

There  are  however  limits  within  which  this  variation  is  in- 
cluded; the  superior  limit  of  geometrical  magnitude  of  the  con- 
crete kind  called  apace  is  infinite  space:  so  of  superficial  and 
linear  magnitudes,  the  superior  limits  are  respectively  infinite 
superficies,  and  a  line  of  infinite  length. 

The  inferior  limit  of  all  these  is  the  same,  the  geometrical 
zero,  a  point. 

186.]  Of  the  definitions  of  geometrical  quantities  founded  on 
such  notions,  the  following  arc  useful  for  our  present  object. 

I.  A  point  is  the  inferior  limit  of  geometrical  space. 

II.  A  spliere  is  the  locus  of  a  point  of  space,  which  is  always 
at  the  same  distance  from  a  given  point. 

III.  A  plane  is  the  surface  of  a  sphere,  the  radius  of  which 
is  infinitely  great. 
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IV.  A  circle  is  the  locns  of  s  point,  which  is  always  at  the 
Bame  distance  from  a  given  point,  all  the  points  being  in  one 
plane. 

V.  A  straight  litie  is  the  arc  of  a  circle,  the  radius  of  which 
is  infinitely'great. 

VI.  A  triangle  is  a  plane  figure  contained  by  three  straight 
lines  meeting  one  another,  two  and  two. 

VII.  And  if  the  triangle  is  isosceles,  the  sides  of  Ihat  tri- 
angle, having  a  finite  base  and  the  vertex  nt  an  infinite  distance, 
nre  parallel  straighi'linea. 

As  this  is  not  intended  to  be  an  accurate  treatise  on  the  prin- 
ciples of  geometry,  many  words  are  used  which  have  not  been 
defined,  as  line,  locas,  &c. ;  tbese  however  are  to  be  taken  in 
their  ordinary  significations:  and  it  is  to  be  observed,  with 
respect  to  these  definitions  and  conceptions,  that  the  surfaces, 
lines,  &c.  they  refer  to,  are  only  approximations  to  the  accurate 
ones.  But  they  are  such  approximations  as  may  differ  from  the 
real  ones  by  quantities  as  smalt  as  we  please;  and  as  these  small 
quantities  may  be  infiniteHimals,  such  that  it  would  require  an 
infinity  of  them  to  make  a  finite  quantity,  and  as  we  do  not  take 
an  infinite  number  of  them,  these  differences  must,  in  conform- 
ity with  what  has  been  said  in  the  first  Chapter,  be  neglected, 
and  our  de6nitions  are  rigorously  exact. 

Having  defined  a  plane,  as  we  have  done,  to  be  tbc  limiting 
spherical  sarface  when  the  radius  becomes  infinitely  great,  it 
follows  that  the  extreme  positive  side  of  the  plane,  when  con- 
tinued, runs  into  the  extreme  negative  side;  that  is,  having 
traced  the  plane  as  far  as  we  can  on  the  positive  side,  we  meet 
it  again  on  the  negative ;  and  although  the  surface  appears  to 
be  discoutinuous,  it  is  not  in  reality  so :  the  positive  side  being 
continued  into  the  negative,  and  the  apparent  discontinuity 
arising  &om  the  defect  in  our  power  of  apprehending  and  sym- 
bolizing such  quantities.  Thus  then,  if  we  have  any  continuous 
cnrve  traced  on  the  plane,  and  the  curve  runs  off  to  the  extreme 
positive  side  of  the  plane,  we  ought  not  to  consider  it  to  stop 
or  to  have  points  of  discontinuity,  but  we  must  consider  the 
branches  of  it  to  be  continued,  and  must  look  for  them  on  the 
negative  side  of  the  plane.  We  may  borrow  from  the  figure  of 
the  earth,  and  our  mode  of  determining  position  on  its  surface, 
Qq  3 
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aa  illuatration  of  what  is  here  intended.  We  measure,  say  from 
the  meridian  of  Qreeawich,  degrees  along  the  equator  to  ISdP 
east  longitude;  and  then,  instead  of  proceeding  further  on  and 
measuring  in  the  same  direction,  we  measure  backwards,  and 
reckon  degrees  of  longitude  west :  and  what  would  be  181°  east 
longitude  becomes  179°  west.  If  then  east  corresponds  to  the 
positive  direction,  west  does  to  the  negative. 

It  is.worth  remarking  how  exactly  our  notion  of  a  plane  coin- 
cides with  the  deiinition  which  I  have  given.  We  speak  of  the 
surface  of  water  as  a  plane ;  whereas  it  is  a  portion  of  the  sur- 
face of  a  sphere,  whose  radius  is  very  large  compared  with  the 
area  we  take,  say,  4000  miles  compared  with  a  few  inches. 

So  again  aa  to  our  conception  of  a  straight  line.  A  straight 
line  being  a  particular  case  of  a  circle,  is  a  continuous  line ;  it 
does  not  terminate  at  positive  infinity  or  at  negative  infinity; 
but  the  two  branches  of  the  line  are  connected  with  one  another, 
running,  if  we  may  so  apeak,  round  the  circle  of  which  the  radius 
is  infinity,  and  joining  together.  If  then  we  take  any  given 
point  on  the  circle  as  the  origin,  the  distance  to  the  opposite 
extremity  of  the  diameter  of  the  circle  is  positive  infinity,  and 
we  do  not  measure  or  follow  the  line  farther  in  this  direcHoo, 
but  considering  the  line  to  be  continued  beyond  that  point,  we 
meet  it  on  the  oppoute  side,  and  measure  it  backwards.  There 
is  no  point  of  discontinuity  in  the  line :  the  line  proceeds  in  the 
same  direction;  it  has  been  positive  infinity;  the  pole  or  ex- 
tremity of  the  diameter  of  the  circle  has  been  passed,  and  then 
the  line  becomes  negative  infinity.  The  illustration  above  given 
from  the  figure  of  the  earth  aptly  iltuatrstes  our  meaning  in 
this  case.  Considering  any  meridian  to  be  the  very  large  drcle, 
and  taking  any  place  on  it  to  be  the  origin,  the  "  antipodes"  to 
it  becomes  either  positive  infinity  or  negative  infinity,  accord- 
ing as  we  measure  in  the  positive  or  negative  direction;  the 
sign  of  the  quantity  changes  immediately  after  the  pole  has 
been  passed,  and  what  was  positive  infinity  becomes  negative 
infinity.  Therefore  in  this  point  of  view  infinity  is  not  a  quan- 
tity incapable  of  increase,  for  the  line  may  be  continued  round 
and  round  the  meridianal  circle  as  often  as  we  please ;  there  is 
no  limit  to  the  quantity  :  the  limit  is  to  our  powers  of  symbolT 
iziug  such  quantities. 

It  is  worth  observing  too,  that  the  definition  given  of  parallel 


,,GoogIc 


j87-]  and  of  infinitesimal  calculus.  301 

straight  liDfiB  enablea  uo  to  avoid  the  difficulty  connected  with 
our  fint  introduction  to  tlie  tlieory  and  properties  of  such  lines. 
If  we  shew,  as  Flayfair  has  done,  that  the  exterior  ang;lea  of  a 
triangle  are  together  equal  to  four  right  angles,  it  follows  that 
the  interior  angles  are  equal  to  two  right  angles:  but  if  the 
base  of  a  triangle  remains  finite,  and  the  vertex  is  removed 
farther  and  further,  the  vertical  angle  becomes  less  and  less, 
and  diminishes  without  limit;  in  which  case  the  sum  of  the 
base  angles  is  equal  to  two  right  angles,  and  the  aides  become 
parallel  stnught  lines;  whence  the  properties  of  such  lines, 
which  are  enuntiated  in  the  xxixth  proposition  of  the  first  book 
of  Euclid,  immediately  follow. 

A  good  illustration  of  this  theory  occurs  in  the  Phenomena 
of  Parallas.  If  the  angles  subtended  at  the  centre  of  the  earth 
by  the  sun  and  any  fixed  star,  whose  parallax  has  not  been  dis- 
covered, are  observed  when  the  earth  is  in  perihelion  and  at 
aphelion,  it  is  found  that,  notwithstanding  the  extreme  delicacy 
of  our  instruments,  the  sum  of  these  two  angles  is  exactly  equal 
to  two  right  angles.  Taking  then  the  two  positions  of  the  earth 
to  be  the  extremities  of  the  base  of  a  triangle,  and  the  line 
passing  through  the  sun's  centre  and  terminated  by  them  to  be 
the  base,  and  the  fixed  star  to  be  the  vertex,  it  api>ears  that, 
although  the  base  of  the  triangle  is  190,000,0U0  of  miles,  the 
angle  subtended  by  it  at  the  vertex  is  too  small  to  be  measured, 
and  the  two  lines  drawn  to  the  star  from  the  earth,  at  the  two 
positions  of  it,  are  to  all  appearance  parallel  straight  lines. 

187.]  In  corroboration  also  of  what  has  here  been  stated,  the 
following  are  a  few  out  of  a  great  many  striking  instances : 

Id  differentiating  tan  $,  we  have 
d.tan  e 
de      '' 

which  is  necessarily  a  positive  quantity ;  and  therefore  by 
Theorem  I,  Art.  110,  0  and  tanfl  are  always  increasing  and 
decreasing  simultaneously,  and  therefore  as  0  increases  tan  0 
increases.  Now  as  6  approaches  to  90°,  tan  6  becomes  -i-  =« ; 
and  immediately  after  0  has  passed  90^,  tan  9  becomes  —  oc-, 
indicating  that  negative  infinity  is  positive  infinity  increased; 
that  is,  as  6  has  increased  and  passed  through  90^,  tan  Q  has  in- 
creased from  +  M>  to  —  ix> .     And  so  again,  as  Q  increases  from 
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90"  to  180°,  tnn  $  is  continually  increasing  from  —  »  to  0,  and 
passes  through  0,  and  increases  to  4  w ,  which  ia  tlie  value  of 
tan  6  when  6  =  27(f;  and  so  on,  as  0  increases,  tan  0  is  con- 
tinually increasing,  travelling,  if  we  may  so  say,  ronnd  the 
circle  of  which  the  straight  line  along  which  tan  0  lies  is  con- 
ceived to  be  the  limit,  when  the  radius  of  the  circle  is  infinitely 
great.  It  is  impossible  not  to  remark  how  exactly  this  illustra- 
tion agrees  with  what  has  been  said  in  Chapter  I  on  the  order 
of  infinitesimals.  For  corresponding  to  every  180°  through 
which  0  turns,  tan  B  passes  from  0  to  m ,  and  on  through  ao 
to  0  again ;  that  le,  the  path  through  which  tan  0  has  travelled 
is  infinite,  although  $  bas  passed  over  only  a  finite  angle ;  and 
therefore,  when  0  has  revolved  through  360^  and  540°  and  720°, 
and  so  on,  tan  0  has  travelled  over  a  length  of  line  equal  to 
twice,  three  times,  four  times,  &c.,  the  infinite  length  corre- 
sponding to  a  revolution  of  d  through  180'' ;  and  thus  we  have 
infinities  bearing  a  finite  ratio  to  each  other.  Conceive  more- 
over 0  to  have  revolved  an  infinite  number  of  times  through 
180°,  then  the  distance  over  which  tau  0  will  have  travelled  will 
be  an  infinity  of  infinities,  that  is,  will  be  (infinity)* ;  and  thus 
we  obtain  difi'erent  orders  of  infinity. 

Again,  sappose  the  following  problem  to  be  given :  To  find 
the  maximum  and  minimum  values  of  y,  when 

*       (a.-3)' 
.      dy^_  (j?+2)(jr  +  12) 
'  ■     dx  (x-3)* 

y  =  ao  ,  when  f  =  3 ;  but  as  -^  does  not  change  its  sign,  this 

value  of  y  ia  neither  a  maximum  nor  a  minimum.    How  then  is 

the  result  to  be  interpreted?   As  follows:  Since -^  is  negative, 

y  decreases  as  x  increases,  and  when  j?  is  a  little  less  than  3, 
y  =  —  ae  :  but  when  x  is  a  little  greater  than  8,  y  =  -\-<n  ; 
therefore,  as  a:  has  passed  through  3,  the  value  of  y  has  changed 
from  —00  to  +  00  ,  but  y  has  decreased  during  this  progressive 
increase  of  x,  therefore  +  so  is  —  oc  decreased ;  therefore  y  has 
not  reached  a  minimum  or  a  maximum  value  when  x=S,  be- 
cause it  bas  not  become  —  ae,  and  then  returned,  but  it  has 
gone  on  decreasing.     And  if  we  draw  a  graphical  representa- 
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tion  of  tite  curve  correspoitdiug  to  the  equation,  such  hs  thitt  iu 
fig.  24,  the  phenomena  expltun  themselves.  Tlie  curve  on  the 
negative  side  of  the  axis  of  y  is  of  the  form  cb,  where  ob  =  2 ; 
And  if  OA  =  a,  the  curve  is  continually  approaching  the  line 
drawn  through  a  parallel  to  the  axis  of  y,  and  wheu  x  is  nearly 
3,  y  is  —  00 :  but  when  x  is  greater  than  8,  ^  is  +  »;  that  is, 
the  curve  has  crossed  the  asymptote  nt  the  pole  of  the  circle  of 
iufinite  radius  opposite  to  a,  and  has  returned  in  the  direction 
E  F,  the  branch  in  the  direction  of  e  being  a  continuation  of  that 
in  the  direction  of  d.  Siroilarlv  the  branch  in  the  direction  r 
would,  if  produced,  unite  itself  to  tliat  in  the  direction  c,  havit^ 
crossed  the  axis  of  x  at  the  pole  opposite  to  o. 

In  corroboration  of  this  tlieory,  it  will  appear  that  whenever 
a  curve  is  of  the  form  tig.  21,  if  the  criteria,  which  will  be  dis- 
cussed in  the  next  Chapter,  are  applied  at  points  such  as  those 
where  the  branch  e  meets  the  branch  u,  and  crosses  the  asymp- 
tote, we  have  the  characteristics  of  a  point  of  inflexion ;  and  if 
the  curve  be  such  as  in  fig.  25,  we  have  the  cfaaractenstics  of  a 
point  of  embrataement ;  and  whenever  such  as  is  represented  in 
fig.  26,  the  conditions  of  a  maximum  ordinate. 

And  so  again  whenever  a  branch  of  a  curve  continues  to  in- 
finity, it  always  returns  in  some  way  or  another ;  and  in  what- 
ever manner  a  rectilineal  asymptote  is  drawn,  no  branch  of  the 
curve  ever  goes  off  asymptotic  to  it  without  returning  in  one 
of  the  ways  indicated  iu  the  figures  24,  25,  26 ;  and  it  seems 
impossible  to  account  for  such  phenomena  except  on  the  theory 
espUuned  above,  viz.  that  the  plane  and  the  straight  line  are 
respectively  the  superior  limits  of  the  sphere  and  the  circle, 
when  the  radii  become  infinitely  lai^e*. 


Section  2. — On  Ike  extension  of  symbols  of  direction. 

I88.3  In  algebraical  geometry,  and  therefore  in  the  applica- 
tions of  the  Difi'erential  Calculus  to  the  theory  of  plane  curves, 
we  meet  with  symbols  of  two  distinct  characters;  symbols  of 
quantity,  such  as  a,b,c, x,y,z,  9,^,^, when  sym- 

*  For  a  further  eluddatioo  of  many  points  in  elementary  geometry  more 
□r  lenti  connecteil  with  the  present  tiubject,  I  would  refer  the  reader  to  a  small 
IVeatisc  on  the  Difficulties  of  lilementary  Ueometry,  by  F.  W,  Newmao,  M.A., 
formerly  Fellow  of  BaUiol  College,  Uxford  i  Longman  aod  Co.,  London,  IBil. 
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bolical  respectively  of  lines  and  angles :  and  symbols  of  direc- 
tion, +  ,  — ,  -h  V'(  — ),  —  v'C  — ),  &c.  Our  object  is  so  to  enlarge 
onr  power  of  interpreting  symbols  of  tbis  second  kiad  as  to 
comprehend  those  which  are  usually  called  Impossible  or  Ima> 
ginary,  of  which  however  we  shall  discuss  only  two,  vis.  4-  >/—, 
—  ^/  — ,  or  as  they  may  be  written,  in  accordance  with  the  index 
law,  +(-)*,  -(-)**. 

Ax  to  symbols  of  quantity,  it  is  to  be  observed  that,  when  we 
symbolize  a  line  by  a,  we  do  not  mean  that  a  is  the  absolute 
length  of  the  line;  for  all  lengths  cau  only  be  relative,  and 
there  must  be  some  modulus  or  standard  to  compare  them  with  ; 
but  we  intend  a  line  which  is  in  length  a  times  some  arbitrarr, 
though  for  the  time  lixed,  standard  unit.  So  a  line  symbolized 
by  &  is  a  line  b  times  in  length  some  unit.  Thus  then  a,  b  are 
numerical  quantities ;  not  concrete  magnitudes,  but  abstract 
quantuplicities,  the  subject-matter  of  arithmetical  algebra,  and 
therefore  subject  to  its  laws ;  they  do  not  designate  the  absolute 
lengths  of  liues,  but  the  number  of  times  a  certain  concrete 
unit  is  to  be  taken.  So  again  if  an  area  is  symbolized  by  a  b, 
a  and  b  are  abstract  numbers,  which  must  be  multiplied  to- 
gether by  the  taws  of  arithmetical  algebra,  and  their  product  is 
the  number  of  times  the  superficial  unit  is  to  be  tak^i.  Let  it 
therefore  be  carefully  borne  in  mind  that  this  is  the  meaning  of 
the  several  symbols  of  quantity,  whether  constant  or  variable, 
which  we  shall  use  in  the  following  Chapters.  Suppose  that  we 
have  a  line  symbolized  by  a,  and  that  we  fix  upon  a  certain 
point  as  the  origin  from  which  lines  are  to  be  measured,  any 
line  drawn  from  it,  equal  in  length  to  a  times  the  linear  unit, 
will  fiilfil  the  requirements  of  the  single  symbol  a.  But  inas- 
much as  an  indefinite  number  of  equal  lines  may  be  drawn 
from  any  one  point,  thus  far  we  have  no  means  of  determining 
which  of  all  such  lines  is  intended ;  hence  arises  the  necessity 

*  For  a  fuller  explanation  of  the  principles  of  eicphuning  these  and  auch 
like  aymbola,  we  would  refer  to  Etudes  PbiloiophiquM  snr  la  Science  du 
Caloul,  par  M.  F.  Vallte,  Svo.  Paris,  ia41 ;  and  for  the  general  tbeory  of  the 
meaning  of  (  +  )«  to  Dr.  Peacock's  Alj^ebra,  Svo.  Cambridge,  vol.  i.  1B43, 
vol.  ii.  1845 ;  to  Mr.  Warren'a  Treatiee  on  the  Square  Root  of  N^rativa 
Uuanti^,  8vo.  Cambridge,  1S28;  and  to  taaaj  papers  in  the  Cambridge 
Mathematical  Jounia],  of  wUch  for  tbe  moat  paK  Mr.  Gregoiy  waa  the 
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of  some  other  symbols  to  indicate  direction,  or,  as  the;  are 
called,  symboUtif  direction  or  affection.  One  or  tvo  of  the  most 
simple  cases  of  these  we  iwoceed  to  explain,  feeliog  assured  that 
the  principle  of  explanation  is  so  entirely  in  harmony  with  the 
usual  meaning  of  +  and  —  that  it  onght  not  tu  be  omitted  in 
an  elementary  treatise ;  and  also  chiefly  becaase  it  enables  us 
to  shew  that  an  algebraical  curve,  though  apparently  discon- 
tinuous and  confined  within  certain  fixed  limits,  is  not  in  reality 
so,  but  extends  to  infinity  in  all  directions.  Other  puts  of  the 
theory,  some  of  which  are  as  yet  not  sofficieatly  established,  we 
omit,  as  unsuited  to  our  present  object. 

189.^  Suppose  o,  fig.  27,  to  be  the  point  frbm  which  lines 
are  to  be  measured,  and  o\  =  a  times  the  linear  unit  to  be 
drawn  from  o  towards  the  right  hand.  Now  since,  as  we  said 
above,  any  line  drawn  from  o,  a  times  the  linear  unit  in  length, 
will  be  symbolized  by  a,  it  is  necessary  to  fix  on  some  oriffi- 
noting  direction ;  suppose  this  to  be  ua,  and  any  line  measured 
from  o  towards  a  to  be  affected  with  the  symbol  of  direction  + ; 
if  then  a  line,  after  it  has  undergone  any  operation  or  a  series 
of  operations,  comes  into  the  position  oa,  it  is  still  to  be  sym- 
bolized by  +  :  and,  if  the  line  is  a,  by  +  a.  Such  au  opera- 
tion we  might  conceive  to  be  a  reciprocating  one,  the  line  at 
one  time  being  in  the  position  oa,  and  at  another  in  the  posi- 
tion o'a',  having  moved  sideways,  and  assumed  all  intermediate 
positions.  Or  we  may  conceive  that  the  line  oa,  see  fig.  28, 
has  revolved  round  the  point  o,  and,  having  turned  in  the  plane 
of  the  paper  through  Mlf,  has  again  come  into  its  original 
position,  and  so  on  continually ;  and  it  is  manifest  that  as  often 
as  it  has  revolved  through  any  multiple  ofS&f,  it  has  assumed 
its  original  position  oa,  aud  is  therefore  to  be  symbolized  by 
-t-  a.  So  also  there  are  many  conceivable  ways  in  which  the 
line  may  have  moved,  and  that  periodically,  and  ut  the  end 
of  a  complete  period  be  in  the  position  oa.  But  have  we  any 
other  customary  mode  of  indicating  direction,  to  serve  as  a 
guide  which  of  these  conceivable  operations  to  take?  We  have. 
Whenever  a  line  equal  in  length  to  a  is  measured  from  o  to- 
wards the  left,  we  symbolize  it  by  —a-,  if  therefore  either  (  — ) 
were  a  symbol  for  the  operation  of  one  oscillation  having  been 
performed  on  the  line,  i.  e.  the  line  having  passed  into  the  posi- 
tion o'a',  see  fig.  27:   or  (— )  symboliaed  the  hne  oa,  fig.28, 
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having  been  tamed  through  180^,  either  would  Recount  for  the 
n^ative  si^  of  affection,  and  (  — )  would  be  the  symbol  of  the 
operation ;  but  under  the  fint  hypothesis,  the  line  at  one  stage 
of  the  process  will  be  half  on  the  positive  side  of  the  origin  and 
half  on  the  uegative ;  if  therefore  the  operation  is  continuous, 
which  it  is,  in  passing  from  +  to  — ,  there  should  be  some 
symbol  to  indicate  that  particular  stage;  it  does  not  however 
appear  that  we  have  any  symbol  of  the  kind ;  and  snch  a  mo- 
tion, and  a  line  in  such  a  state,  we  do  not  use  nw  contemplate 
in  our  ordinary  geometrical  conceptions.  Let  us  therefore  con- 
sider whether  we  have  not  symbols  to  indicate  a  line  in  any 
intermediate  position  between  oa  and  oA|,  conceiving  the  line 
to  pass  from  the  one  position  to  the  other  by  means  of  a  revo- 
lution through  180°. 

As  we  said  before,  whenever  the  line  is  measured  from  o  in 
the  direction  oa,  it  is  to  be  affected  with  a  +  sign.  Taking 
therefore  o  as  the  origin  of  line,  and  oa  as  the  direction  Une 
from  which  symbols  and  operations  of  affection  are  to  be  ori- 
ginated, whenever  a  line,  us,  for  example,  oa,  has  turned  an 
integral  number  of  times  through  360°,  it  is  to  be  affected  with 
the  sign  with  which  it  started.  If  therefore  it  was  affected  with 
the  -I-  sign  at  first,  indicating  that  it  started  from  oa,  and  if 
+  is  the  symbol  of  turning  through  360^,  after  one  revolution 
the  symbol  of  affection  is  +  on  the  back  of  +,  that  is,  accord- 
ing to  the  index  law,  +*;  similarly  after  two  revolutions,  +'; 
and  after  (n  — 1)  revolutions,  -f".  Supposing  therefore  that 
the  line  which  is  of  the  length  a,  when  along  the  originating 
direction  oa,  is  unaffected  with  any  sign :  +  a  means  that  the 
line  has  turned  through  360^,  and  has  come  again  into  the 
position  whence  it  started;  and  so  -(-"a  means  that  a  line  of 
length  a  has  revolved  n  times  from  the  direction  of  origination, 
and  is  in  the  position  o  a  ;  whence  it  appears,  in  accordance 
with  the  arithmetical  meaning  and  law  of  +,  that  +  is,  for 
symbolical  purposes  of  direction,  equivalent  to  +  ",  n  being  a 
whole  number. 

In  conformity  then  with  the  algebraical  law  of  indices  -I-  ^  is 
the  symbol  of  that  operation,  which,  being  performed  twice  suc- 
cessively, brings  the  symbol  into  the  value  + ;  that  is,  if  +  sig- 
nifies turning  the  line  through  360^,  ( -f.  )i  indicates  turning  it 
through  180^;  but  —  symbolizes  this  operation, 
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.-.     +i=  -.  and  (-)»=  +; 
or  the  operation  symbolized  by  (— )  performed  twice  succes- 
aively  is  equivalent  to  the  operatioa  sig^nified  by  + ,  and  means 

turning  a  line  through  ZGCf.  Similarly  again  ( + )  ~i~  is  equi- 
valent to  —  i  for  it  is  equivalent  to  -t-"*i  =  +''(  +  )i=  +"  — ; 
and  this  coincides  with  the  usual  ambiguity  in  the  sign  of  -|  i, 
for  it  may  as  far  as  the  form  +♦  teaches,  be  either  +  or  — . 
If  therefore  tbe  +,  whose  root  is  to  be  extracted,  is  raised  to 
an  even  power,  its  root  is  to  be  aSected  with  a  positive  sign ; 
but  if  the  +  is  +  *"+',  then  the  square  root  is  +"  +  *,  which  is 
equivalent  to  — ,  and  the  root  must  be  affected  with  the  nega- 
tive sign.  Hence  also  it  is  plain  that  A/i—a)  x  V(— <i)i  which 
equals  Va^  can  only  be  —a;  because  tbe  -|-,  with  which  a*  is 
affected  under  the  radical,  is  of  only  tbe  first  power. 
Therefore  we  have  shewn  that  in  symbolical  geometry 
1st, 


+    •     =  -.J 


2<!, 

190.^  So  again  -f  ^  symbolizes  that  operation  wliich,  being 
performed  twice  sueeeasivelf ,  is  equivalent  to  4-  ^,  that  is,  to  ( — ) ; 
and,  being  performed  fonr  times  successively,  is  equivalent  to  \  ; 

.:  +*  =  (-)'; 
and  therefore,  as  —  indicates  that  a  line  is  to  be  turned  through 
180°,  so  <— )^  means  that  a  line  is  to  be  tnmed  through  90°. 
Whenever  then  a  line  is  affected  with  (— )^  which  is  equivalent 
to  -h  ^,  as  its  symbol  of  direction,  that  line  is  to  be  drawn  at 
right  angles  to  the  original  direction  of  origination,  viz.  in  the 
direction  OAg,  see  fig.  28;  and  whenever  the  symbol  of  direction 
is  -I-*,  which  =  -1-1-1-*=  — (  — )i,  the  line  which  is  affected 
with  it  is  to  be  drawn  in  the  direction  oaj.  Similarly  -|-  ~*~  in- 
dicates  a  line  drawn  in  the  direction  OAg,  and  -|-  «  a  line 
drawn  in  the  direction  oaj.  So  also  +n  meaus  that  the  line 
with  which  it  is  affected  is  to  be  drawn  at  an  angle  of  —  -  to 
tbe  originating  direction  oa. 

191.^  We  have  inserted  the  above  metliod  of  explaining 
symbols  of  direction,  which  are  usually  termed  Impossible  and 
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Imaginary  and  passed  over  in  silence,  because  it  is  clearer  to 
tbe  perception  than  another  method  which  has  received  copious 
elucidation  from  Dr.  Peacock  and  Mr.  Warren:  that  viz.  in  which 
cos  &  4-  \/  — 1  sin  6  is  considered  as  the  symbol,  and  whereby, 
when  it  is  affixed  to  a  line,  say  p,  the  direction  is  indicated  in 
which  the  line  is  to  be  drawn ;  thus 

p  (cosd+  v''— 1  sintf)  (1> 

represents  a  line  of  length  p  drawn  at  an  angle  6  to  the  origi- 
nattng  direction.  The  two  methods  coincide  at  those  points 
which  will  be  most  useful  in  the  sequel ;  thus  let  6  =  0,  theu 
the  line  represented  by  (I)  is  p,  and  coincident  with  the  zero 
operation,  that  is,  with  the  line  of  originatiou ;  let  d  =  90°,  the 
line  becomes  p  v  — 1,  and  is  at  right  angles  to  tbe  originating 
direction ;  let  0  =  180°,  and  the  line  is  —  p,  that  is,  is  the  ori- 
ginating line  produced  backwards;  let  B  =  27Cf,  and  (1)  be- 
comes —  -J—X  p,  and  is  in  a  direction  at  right  angles  to  and 
below  the  originating  direction ;  and  if  fl  =  360^,  the  line  be- 
comes -I-  p,  and  lies  in  its  original  direction. 

In  accordance  then  with  the  interpretation  of  -J —\  which 
such  a  symbol  as  (1)  thus  used  involves,  it  will  be  observed 
that  (1)  correctly  represents  two  sides  of  a  rectangle ;  that  is, 
fig.  S9,  if  OF  =  p  and  foh  =  0,  oh  =pco8  6  and  PH  =  psin  d, 
and  as  Fu  is  affected  with  V  —  1,  it  is  to  be  measured  in  a 
direction  fh,  which  is  perpendicular  to  oh  ;  which  lines  there- 
fore cannot  be  added,  or  subtracted,  as  they  are  not  in  the 
same  line,  but  we  may  by  an  eitension  of  interpretation  sup- 
pose (1)  to  represent  the  diagonal  of  of  the  parallelogram,  of 
which  OM  and  hf  are  the  two  containing  sides. 

It  is  also  to  be  observed,  that 

cos  fl  4^  -/^  sin  fl  =  e*"'-»,  (2) 

and  that  therefore  e*'^~^  may  be  used  as  a  symbol  of  direction ; 
wherein  $  expresses  the  angle  of  inclination  to  the  originating 
line  of  the  line  which  the  symbol  affects. 

192.J  To  apply  these  principles  to  the  delineation  of  plane 
curves  from  their  equations,  suppose  y  =f{x)  to  be  the  equa- 
tion to  the  curve ;  since  .r  and  y  have  already  preoccupied  the 
two  directions  at  right  angles  to  each  other  in  the  plane  of  the 
paper,  which  is,  and  conveniently  so,  called  the  plane  of  r^er- 
ence,  we  must  seek  for  some  other  course  by  which  a  line, 


,,  Google 


191-]  ON  SYMBOia  OF  DIRECTION.  8<)9 

which  hu  been  measured  in  the  positive  direction,  may  be 
made  to  turn  through  180^  into  the  negative.  Such  we  shall 
have  if  it  is  made  to  revolve  in  a  phme  to  which  the  other  axis 
is  perpendicular;  as,  for  instance,  let  «  revolve  in  a  plane  at 
light  angles  to  the  axis  of  y,  then,  whenever  x  is  affected  with 
+  (  — )i,  it  is  to  be  measured  in  a  plane  passing  through  the 
axis  of  y,  and  perpendicular  to  the  axis  of  x.  Similarly  if  y 
is  affected  with  ±  (~)^,  it  is  to  be  drawn  in  the  plane  pass- 
ing through  the  axis  of  x,  and  perpendicular  to  the  axis  of  y. 
Thus  it  appears  that  an  equation  between  x  and  y  may  repre- 
sent not  only  a  onrve  in  the  plane  of  the  papcTj  but  also  carves 
in  the  planes  at  right  angles  to  it,  passing  through  the  axes 
of  J!  and  y. 

Let  us  consider  the  following  examples : 

The  equation  to  the  ellipse,  referred  to  its  centre  as  origin, 
and  principal  axes  as  coordinate  axes,  is 

fl»  +  i«  -  ^ ' 

whence  we  have        9  =  ±  -  {a*— ar*}4,  (3) 

and  X  =  ±  ^  (A*— y*}*:  (4) 

and  therefore  neither  y  nor  x  is  affected  with  +  ■/^,  as  long 
as  dr  is  less  than  +  a,  and  y  is  less  than  ±  b. 

But  let  X  be  greater  than  +  a,  then  we  may  write  (3)  in  the 
form  . 

y=   +-/^-{a'»-o*}i;  (5) 

which  equation,  short  of  the  symbol  v^,  represents  an  hyper- 
bola whose  transverse  axis  is  2  a,  and  conjugate  axis  2  b,  and 
whose  asymptotes  are  as  drawn  in  Rg.  30 ;  but  which  hyperbola, 
when  the  V  —  l  is  introduced,  is  in  the  plane  containing  the 
line  a'oa,  and  perpendicular  to  the  plane  of  the  paper,  and  ia 
delineated  by  the  dotted  line;  also  as  the  equations  to  the 
asymptotes  are  • 

y  =  +  -y^-i  -  X,  (6) 

they  lie  in  the  same  plane  as  the  eurres,  and  are  represented 
by  the  Unes  ol  and  ol'. 

Simihirly,  when  y  is  greater  than  +  b,  we  have 
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which  represents  an  hyperbola  in  the  plane  passing  through 
the  line  bob'  and  perpcudicnlar  to  the  plane  of  the  paper,  and 
which  is  delineated  by  the  dotted  lines  of  the  figure,  viz.  sbs' 
and  tb't';  and  the  equations  to  its  asymptotes  are 

X  =  +V~^y.  (8> 

Thus  the  general  equation  to  the  ellipse  not  only  represents 
the  ellipse  in  the  plane  of  the  paper,  but  also  two  hyperbolie  io 
planes  containing  the  coordinate  axes  and  perpendicular  to  the 
plane  of  reference. 

Similarly  the  equation 

ar*  +  y»  =  a\ 
in  addition  to  the  circle  in  the  plane  of  ary,  expresses  also  two 
rectangular  hyperbolte  in  planes  perpendicular  to  it,  and  con- 
taining the  axes  of  x  and  y. 

Again,  consider  the  equation  to  the  parabola,  viz. 
y*  =  imx; 
.-.     y  =  +2(m^)4; 
and  therefore  the  curve  is  in  the  plane  of  the  paper  for  all 
positive  values  of  x ;  but  let  x  be  negative,  and  we  have 

y  =   +  2^— (mar)4; 
which  expresses  another  equal  parabola,  but  turned  in  the  oppo- 
site direction  and  in  a  plane  perpendicular  to  that  of  the  paper, 
as  is  indicated  by  the  dotted  curve  of  fig.  31. 

Many  other  examples  of  the  same  kind  will  occur  in  the 
sequel.  The  explanation  of  such  impossible  symbols  is  neces- 
sary to  n  due  adjustment  of  geometrical  interpretation  to  the 
law  of  continuity;  for  no  algebraical  formula  can,  so  far  as 
is  known,  give  points  of  discontinuity,  neither  therefore  ought 
the  geometrical  representative  to  exhibit  sucb ;  but  it  does  so, 
unless  we  interpret  those  quantities   which  are  afTected  with 

The  preceding  Section  is  but  a  mere  sketch  of  a  method  of  ex- 
tensive application,  and  of  only  one  part  of  it,  vie.  of  that  which 
relates  to  +  ■■/—  ;  in  solving  cubic  equations,  and  in  tracing 
the  curves  which  they  represent,  we  shall  meet  with  such  sym- 
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bols  as  i  +  )^,  (  — )*,  &c.,  which  indicate  that  braoches  of  the 
curve  exist  in  planes  inclined  at  120',  &c.  to  the  plane  of  the 
paper ;  but  the  full  development  wonld  occupy  more  space  thtui 
can  be  given  to  it  in  an  elementary  treatise. 


Section  3. — On  the  generation  o/gome  plane  cttrve*  of  higher 
ordert,  and  on  their  equationa. 

193.^  The  reader  is  supposed  to  be  familiar  with  the  prin- 
cipal properties  of  the  straight  line,  the  circle,  and  the  three 
conic  sections  as  exhibited  in  their  algebraical  equations ;  yet, 
as  more  copious  Illustration  vill  be  required  in  the  succeeding 
Chapters  than  they  afford,  it  is  necessary  to  insert  an  account 
of  the  modes  of  description,  and  the  equations  of  some  curves 
of  a  higher  order;  moat  of  which  possess  historical  interest  from 
the  labour  bestowed  on  them  by  ancient  mathematicians. 

In  the  first  place  let  it  be  observed,  that  the  equation  to  a 
curve  may  sometimes  be  expressed  by  means  of  a  subsidiary 
angle :  the  elimination  of  which  from  the  given  equations  will 
produce  the  better-known  equation  to  the  curve. 

Thus  the  equation  to  the  ellipse  may  be  put  in  the  forms, 

y  =  iBin^r  ■  ■     fli  "^  A»  - '■  ^"^ 

The  hyperbola  may  be  expressed  by 

a.  =  asec(?)  .      £l_y*  =  l  (10) 

y  =  «tanO('  "  '     o»       ft»  "  ^-  ^*"' 

Other  examples  of  the  same  kind  will  be  found  in  the  sequel. 
194.]  The  Cissoid  of  Diocles.    Fig.  34. 

Dkfinition. — ^If  at  equal  distances  from  o  and  a,  the  two 
extremities  of  a  diameter  of  a  circle,  two  ordinates  u  q  and  n  s 
are  drawn,  and  if  os  is  drawn  cutting  uq  in  f,  the  locus  of  the 
ptBut  F  is  the  Cissoid  of  Diocles. 

Let  oc  =  cB  =  CA  =  a  =  the  radius  of  the  circle;  om  =  x, 
HF  =  y. 
Then,  by  the  geometry,  ou  :  hp  ::  on  :  ns; 
but  on  =  OA  — AN  =  OA  — OM  =  2a~-x, 

Ns  =  HQ  =  {oM  X  ma}4  =  (2ajF— »*)*; 
anbstatnting  which  values  in  the  above  proportion,  we  have 
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y  _  {2aK—a!*)i 


(U) 


The  equation  represents  the  curve  described  in  fig.  34 :  the 
dotted  part  being  that  out  of  the  plane  of  the  paper,  and  whm 
y  is  affected  with  ±  \^— ^;  and  aa  the  equation  to  the  Ainda- 
mental  curve,  viz.  the  circle,  also  expresses  a  rectangular  hy- 
perbola out  of  the  plane  of  reference,  that  part  arises  from  the 
hyperbola  having  been  operated  upon  in  a  manner  analogous 
to  the  circle  iu  the  above  generation  of  the  curve. 

The  equation  will  be  subsequently  completely  analysed ;  but 
certain  salient  points  of  it  are  at  once  evident  from  the  geo- 
metrical description.  Thus  the  curve  lies  equally  above  and 
below  the  axis  of  x;  it  passes  through  o  and  b,  and  has  for  an 
asymptote  the  line  drawn  through  a  and  perpendicular  to  oca  ; 
it  lies  out  of  the  plane  of  the  paper  to  the  left  of  o  and  to  the 
right  of  A ;  iu  the  fig.  oe  =  a,  o  d  =  3a. 

If  (13)  is  expressed  in  terms  of  polar  coordinates,  the  equa- 
*'*•""  r=3«sintftanfl.  (18) 

195.]   The  Witch  of  Agnesi.    Fig.  35. 

Def. — In  the  ordinate  hq  of  a  circle  a  point  f  is  taken,  so 
that  mp:iiiq:;oa:oh;  the  locus  of  the  ptnnt  p  is  the  Witch 
of  Agnesi. 

Let  oc  =  CA  =  a,  OH  =  x,  mf  =  y. 

Then,  by  the  definition,  mf  :  hq  ; :  oa  :  oh  ;  but 
MQ  =  {2o*— »*}*;  .-.     y  :  {2ax—x^\i  ;;  2o  ;  x;    (14) 

...     j,.  =  4„.5frf,  j=+8„{?^J'.      ,16) 

The  dotted  parts  of  the  curve  are  out  of  the  plane  of  reference, 
and  arise  from  an  analogous  operation  being  performed  on  that 
rectangular  hyperbola,  out  of  the  plane  of  the  paper,  which  the 
equation  to  the  fundamental  curve  also  represents. 

Although  we  are  obliged  to  reserve  the  complete  discussion 
of  equation  (15)  until  the  next  Chapter,  yet  it  appears  that 
the  curve  cuts  the  axis  of  x  at  a,  and  that  the  axis  of  y  is  an 
asymptote ;  aud  that  the  ordinate  is  affected  with  +  -/^  when- 
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ever  x  is  n^ative,  and  whenever  x  ii  greater  than  2a;  in  the 
fig.  oB  =  os'=  2a. 

196.]  The  Conchoid  of  Nicomedes.    Fig.  36. 

Dsv. — A  point  a  and  a  straight  line  eoe'  bring  given,  firom  a 
a  straight  line  aqp  is  drawn  cutting  oe'  in  q,  and  p  ii  anch  that 
q  F  ii  always  equal  to  a  given  straight  line  o  B ;  the  locus  of  the 
point  F,  in  the  different  pooitiona  of  aqp,  is  the  Conchoid  of 
Nicomedea. 

From  a  draw  ao  at  right  angles  to  eoe',  and  let  oa  =  ii;  let 
thettraight  line  qF  =  oB  =  i;  oh  =  t,  UF  =  y. 

^  .       ,.  .  AO  HP  AO  +  HP  «  +  B 

Then,  by  the  geometry,  —  =  —  =  — = ^ ; 

•'  °  '      OQ  HQ         OQ  +  HQ  X 


■■  "--+,- 

PQ*  =   HP*  +  HQ*, 

-=>-^{'-^r> 

»•»■  =  (*•-!,•)  («+»)■, 

(16) 

,= +e±i!(j._y.)i. 

(1?) 

ition  it  appears  that  x  =  as , 

,  when  y 

=  0,  and 

therefore  that  boe'  is  an  asymptote. 

The  line  eoe'  is  called  the  ruk  of  the  conchoid,  and  pq  or 
OB  the  modulue.  If  the  line  b  is  measnred  from  q  towards  a 
instead  of  along  aq  produced,  then  another  curve  is  generated 
which  is  called  the  Inferior  Conchoid,  and  is  refn'osented  in  the 
figure. 

(1)  If  b  is  less  than  a,  the  upper  and  lower  conchoids,  as 
shewn  in  the  figure,  are  somewhat  similar  in  form. 

(2)  1(  6  =  a,  the  lower  conchoid  passes  throngfa  a,  and  is 
somewhat  like  the  lower  conchoid  drawn  in  the  figure,  but 
without  the  loop. 

(3)  If  b  is  greater  than  a,  the  lower  conchoid  has  an  oval  or 
loop,  a  double  point  of  which  is  at  a,  and  is  that  drawn  in  the 
figure. 

The  equation  may  be  easily  expressed  in  polar  coordinates. 
Let  a  be  the  pole,  and  fao  =  6,  af  =  r; 

.:.     r  =  aaiec0±b,  (18) 

FBicx,  vol.  i.  B  s 


,,  Google 


(21) 


314  THE  LEMNieCATA.  [*97' 

the  upper  and  lower  aigna  referriDg  respectively  to  the  upper 
and  lower  conchoids. 

197.]  The  Lemoiscata  of  James  Bernoulli.    Fig.  37. 

Def. — If  from  the  centre  of  an  equilateral  hyperbola  per- 
pendiculars are  drawn  to  the  tangents,  the  locus  of  the  points 
of  intersection  is  the  Lemniscata. 

Let  X  and  y  be  the  current  coordinates  of  the  lines  fq  and 
op;  and  let  X",  y'  be  the  coordinates  to  q,  the  point  on  the 
hyperbola  at  which  the  tangent  is  drawn ;  the  equations  to  the 
hyperbola  and  the  tangent  are  respectively 

x''-y'*  =  a*,  (19) 

xx'-yy'  =  a»;  (20) 

whence  the  equation  toopi8y=— ^x; 

* y_. 

'  '     ¥~       y" 
and  multiplying  each  term  of  (SO)  by  one  or  other  of  these 
equalities,  we  have 

a*x  o'w 

V  —    "'■^  '  _  _    °'y 

~  **  +  y*  *  ^  ~      x*  +  y*' 

and  therefore,  by  means  of  (19), 

(x*  +  y*r  =  i^ix'-y').  (22) 

The  curve,  as  is  manifest  from  the  generation  of  it,  consists 

of  two  ovals,  meeting  in  a  double  point  at  o ;  the  tangents  to 

which  are  coincident  with  the  asymptotes  of  the  hyperbola,  and 

form  angles  of  45°  ou  each  side  of  oa. 

The  polar  equation  is 

r»  =  o»co8  2tf.  (23) 

198.]  The  Logarithmic  Curve.    Fig.  32. 

No  better  definition  of  the  curve  can  be  given  than  that  ex- 
pressed by  its  equation, 

y  =  a';  (24) 

which  means  that  the  abscissa  is  the  logarithm  of  the  ordinate 
to  the  base  a. 

Hmce,  when  37  =  0,  y  =  a"  =  l;  when  x  =  l,  y  =  a;  when 
»  s=  oa ,  y  =  eo;  when  «=— eo,y  =  0. 
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Therefore  oa  ^  1 ;  and  as  the  ordinate  recedes  farther  from 
oy,  it  iDcreases  and  idtimately  becomes  infinite ;  and  as  s  de- 
creasea,  that  is,  increases  negatively,  y  decreases,  and  the  axis 
of  #  is  an  asymptote  to  the  carve. 

199.3  T*>e  Catenary.    Fig.  83. 

The  catenary  is  the  curve  in  which  a  perfectly  flexible  and 
oniform,  though  heavy,  string  hanga,  when  suspended  in  vacuo 
from  two  points. 

Let  ox  =  X,  MF  =  y,  oc  =  c;  its  equation  is 

[;  (25) 

where  e  is  the  Napierian  logarithmic  base ;  but  as  a  knowledge 
of  mechanics  is  requisite  for  a  determination  of  the  equation, 
the  discussion  of  it  will  be  found  in  Chapter  Y  of  the  third 
volume  of  our  work.  It  is  manifest  however  that  when  x  =  0, 
y  =  c;  and  as  the  equation  is  not  altered  when  —  af  is  written  for 
4-  X,  that  the  curve  is  symmetrical  with  respect  to  the  axis  of  y. 

200.]  The  Tractory,  or  Equitangential  Curve.    Fig.  38. 

Def. — If  AF  is  a  curve,  such  that  pt,  the  length  of  the  tan- 
gent intercepted  between  the  point  of  contact  and  the  axis  of  x, 
is  always  equal  to  oa;  then  the  locus  of  p  is  the  equitangential 
curve. 

Let  OM  =  J!,  lit  =  y,  oa  =  PT  =  a ;  then  the  definition  of 
the  curve  above  given  leads,  as  will  be  seen  in  the  next  Chapter, 
to  an  equation  of  the  form, 

dx  {o»-y»}*  ^     ' 

and  the  equation  to  the  curve  is  that  of  which  (36)  is  the  derived- 
function,  and  is  therefore,  as  vrill  be  seen  in  Vol.  II,  Chap.YI, 

This  curve  is  sometimes  considered  as  generated  by  attaching 
one  end  of  a  string  of  constant  length  a  to  a  weight  at  a,  and 
by  moving  the  other  end  along  ox;  the  weight  is  supposed  to 
trace  out  the  curve :  hence  arises  the  name  TVactory  or  Trac- 
trix.  But  the  mode  of  generation  is  incorrect,  unless  we  also 
consider  the  friction  produced  by  traction  to  be  infinitely  great, 
BO  that  the  weight's  momentum,  which  is  caused  by  its  motion, 
may  be  instantly  destroyed. 
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201.]  The  Cycloid.    Figi.  89  and  40. 

Dbf. — A.  cycloid  ia  the  curve  traced  out  by  a  point  in  the  dr* 
camferenoe  of  a  circle,  as  the  circle  rolls  along  a  fixed  atiaight 
line. 

(a)  Let  the  given  straight  line,  fig.  89,  be  taken  as  the  axis 
of  X,  and  the  radius  of  the  rolling  circle  be  a,  and  the  origin  be 
at  the  point  o,  where  the  generating  point  p  is  in  contact  with 
the  fixed  line ;  and  let  rpq  be  a  position  of  the  generating  cir- 
cle, Buch  that  04  ia  equal  to  the  arc  pq.  Let  s  be  the  pcont  in 
the  line  oab,  at  which  the  generatiog  point  is  again  in  cmtact 
with  it,  so  that  oae  =  the  circumference  of  the  circle  =  Zva. 
Bisect  OE  in  A,  and  at  a  draw  the  ordinate  ab  =  2cp;  then  by 
the  geometry  of  the  figure,  b  is  the  highest  point. 

Let  OM  =  Jf,  MP  =  y,  cp  =  cQ=  o,  pcQ  =  f. 

Then,  since  oq  =  the  arc  pq,     oq  =  aO; 
.-.     ar  =  OM,  y  =  NF, 

=  oq  — MQ,  =;  CQ— CN, 

=  a0—aam0;  =  a—acoaS; 


(28) 


.-.     a?  =  a(fl  — siutf)) 
y  =  a  verain  0     J  ' 
which  two  equations  are  those  to  the  cycloid,  when  the  starting' 
point  is  the  ori^n ;  and  if  0  is  eliminated,  we  have 

,  '■.'-■  x=  aver8in-i^-{2oy-y»}l.  (29) 

'   J  Since  sin  0  and  verain  0  have  the  same  values  whenever  9  is 

,-  increased  by  2ir,  or  by  4ir, it  appears  from  (28)  that  the 

values  of  y  recur  whenever  a:  ia  increased  by2irfl,or  by  ina...; 
hence  there  is  a  series  of  curves  similar  and  equal  to  obe  placed 
along  the  atraight  line  oab,  parts  of  which  at  o  and  i  are  drawn 
in  the  figure ;  this  is  evident  from  the  mode  of  generation  of 
the  curve. 

The  line  oae  ia  called  the  baae,  and  ab  the  axi«,  and  b  the 
highest  point  of  the  cycloid. 

(|3)  It  ia  also  frequently  convenient  to  refer  the  cycloid  to 
the  highest  point  as  origin,  and  to  its  axis  as  the  axis  of  x,  in 
which  caaQ  its  equation  may  be  found  as  follows. 

Fig.  40,  Let  bpt'  be  the  circle  in  its  generating  position, 
F  being  the  generating  point,  the  arc  fr  being  equal  to  the  line 
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bb;  from  F  let  HP  be  drawo  at  right  angles  to  oa,  and  let  oqa 
be  a  semicircle  described  on  tbe  axis  oa. 

Let  0H  =  #,  ut  =  y,  oc  =  cq  =  CA  =  a,  qco=  9. 

Tben  since  ab  =  the  semi-ciTcamference  =  kft',  of  which 
the  parts  bb  and  arc  rp  are  equal,  therefore  ab  =  the  arc  ft' 
=  the  arc  oq,  on  aoconnt  of  the  similar  positions  and  equality 
of  the  two  semidrcles ;  whence 

y  =   VY,  X  =   OH, 

=   MN-f-NP,  =  OC  — CM, 

=  AB  +  HQ,  =  a—atxad, 

=  arcoQ-j-cqsinqcM,  =  aversin  6; 

=  a$-k-atau$; 

whence  we  hare, 

y  =  .(»  +  8m«)  1 

»  =  o(l-(».»)!'  <■"' 

which  two  equations,  taken  aimultaneously,  are  those  to  the 
cycloid ;  and  by  the  eliminatioa  of  $  we  have 

y  =  a  verain-'-  +  {2(M!— *'}*.  (31) 

202.]  The  Companion  to  the  Cycloid.    Fig.  41. 

It  appears  irom  the  first  of  equations  (30)  of  the  last  Article, 
that  the  ordinate  to  the  cycloid  is  equal  to  the  suin  of  the  ordi- 
nate of  the  circle,  vis.  mq  of  fig.  40,  and  of  a  part  produced,  yiz. 
rq,  which  is  equal  to  the  intercepted  arc  oq;  but  if  the  ordi- 
nate to  a  circle  is  produced  until  the  whole  is  equal  to  the  in- 
tercepted arc  of  the  circle,  the  locus  of  the  extremity  is  called 
the  Compaoion  to  the  Cycloid. 

Let  OM  ■=  X,  MP  =  y,  oc  =  ca  =  a,  qco  =  6;  then,  since 
MP  is  equal  to  the  arc  oq, 

"^"^  \:  (82) 

which  two  equations  are  those  to  the  companion  to  the  cycloid ; 
and,  if  B  is  eliminated,  we  have 

y  =  a  versin"'  - .  (33) 

203.]  Epitrochoidal  and  Hypotrochoidal  Curves.  Figs.  42, 46. 
Dbp. — Ab  epitrochoid  ia  the  curve  generated  by  a  point  within 
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or  without  the  circumference  of  a  circle,  which  rolls  on,  that  is, 
outside,  another  circle  of  ^ven  radius. 

If  the  generating  circle  rolls  inside  the  ^ven  circle,  the  gene- 
rated curve  is  called  the  Hjpotrochoid. 

And  if  the  generating  point  is  on  the  circumference  of  the 
rolling  circle,  it  is  called  an  Epicycloid  or  Hypocycloid,  accord- 
ing as  it  rolls  without  or  within  the  fixed  circle. 

We  shall  consider  the  epitrochoid  to  be  the  normal  case,  and 
deduce  the  equations  to  the  other  curves  from  its  equations  by 
changing  the  signs  and  values  of  the  constants. 

Let  o,  the  centre  of  the  fixed  circle,  be  the  origin,  and  q  be 
the  centre  of  the  generating  circle,  and  f  the  generating  point ; 
and  suppose  b,  in  the  line  qbp,  to  have  been  originally  in  con- 
tact with  the  fixed  circle  at  a,  and  let  oa  be  the  axis  of  x;  see 
fig.  42. 

Let  0M  =  ir,  MP  =  y,  QOA£=d,  0E  =  04  =  a,  qR  =  qB  =  A, 
QF  =  mb.  Then,  since  one  circle  rolls  on  the  other,  the  arc 
AB  =  the  arc  bb; 

.-.     RQB  =  ^ff,  qpL  =  180''~^fl; 


=  (a-\-b)coae  — mb  COS  {^~)0;  (34) 

y  =  MP, 
=  WQ  — qL, 
=  (a  +  b)xn$-~mbsm[~~)e;  (35) 

and  (84)  and  (35),  taken  simultaneously,  are  the  equations  to 
the  epitrochoid. 

If  the  generating  circle  rolls  inside  instead  of  outside  the 
fixed  circle  the  sign  of  b  must  be  changed,  and  the  curve  is  an 
hypotrochoid ;  the  equations  to  which  are,  fig.  43, 

X  =  C«— fi)  cosd  +  mAcos— T—  0 

y  =  (a—b)  nnd  —  mb  taa     ,     0 

204.]  And  if  m  =  1,  the  generating  point  is  on  the  circum- 
ference of  the  rolling  circle,  and  the  curves  become  respectively 
the  epicycloid  and  the  hypocydoid ;  and  the  equations  are 


,,  Google 


105.]  THE  CARDIOID.  319 

y  =  (B  +  A)  sin  6—6  sin  f"T^"J  0 
and  *  =  (a— i)co8fl  +  AcoB(— T— )  # 

y  =  (a— A)  "in  ft  — isinf— r— )  C 

the  curves  expreased  by  which  are  those  dotted  respectively  in 
Sgs.  42  and  43. 

When  a  and  b  are  commensurable  numbers,  the  branches  of 
the  curve  re-enter  after  a  certain  number  of  revolutions  of  the 
generating  circle :  in  which  cases  the  subsidiaiy  angle  0  may  be 
eliminated,  and  the  equation  expressed  in  an  algebraical  form  ; 
bnt  when  a  and  b  are  incommensurable,  the  branches  never  re- 
enter, and  the  equation  can  only  be  expressed  in  a  transcen- 
dental form  equivalent  to  the  above  equations. 

Some  varieties  of  the  above  curves,  in  which  the  equations 
assume  particular  forms,  are  subjoined. 

205.J  Suppose  that  the  generating  circle  of  the  epicycloid  is 
equal  to  the  fixed  circle,  then  a  =  b;  and  equations  (37)  become 

X  =  2acoa6  —  acoa2$,  y  =  2a  sin  9  —  a  an  26 ; 

whence,  squaring  and  adding, 

aj'  +  y*  =  5a*— 4a*  cos  fl, 
jr*+y*— a»  =  4o*(l  — cosfl). 
Again,  x  =  2a  cosd  — a  {2(costf)*  —  l} ; 

.'.     x—a  =  2aco8fl(l  — cosfl), 
y  =  2aBind(l  — cos^); 
.-.     (a;-o)»+y>  =  4o»(l-co8(l)«; 
.-.     («»  +  y*-o*)«=  4a»{(*-a)'  +  y»};  (39) 

which  is  the  equation  to  the  curve  expressed  in  rectangular 
coordinates;  o,  the  centre  of  the  fixed  circle,  being  the  origin. 
Fig.  44. 

Let  us  change  the  origin  to  a,  and  transform  the  equation 
to  polar  coordinates,  by  putting  x  s=  a+rcwip,  y  =  rsin^; 
whence  r  =  3o(l-eos*).  (40) 

The  carve  is  called  the  Cardimd,  from  its  heart-like  shape. 
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206.]   In  the  equations  to  the  bj-pocycloid,  let  i  =  j ;   io 
which  case  eqaations  (38)  become 

X  =  ^{3c08fl  +  COB8^}   =  fl(COBtf)', 

y  =  ^  {3  sin  fl  —  sin  3  fl}  =  a  (sin  9)' ; 

.-.     «*  +  y*  =  «•;  (41) 

see  fig.  45. 

Again,  in  the  equations  to  the  hypotrochoid,  let  A  =  ^ ;  in 
which  case  equations  (36)  become 


y  =  ^(1  — m)»inff 

■- 1; 


(42) 


—  (l+m)»      ^(l-m)* 
which  equation  represents  an  ellipse,  the  axes  of  which  are 

a(l-fm)   and  a(l  — in); 
see  fig.  46. 

Again,  in  equations  (38)  of  the  hy pocycloid,  let  i  =  ^ ;  whence 
we  have 

X  =  a  cos  0 ) 

,  =  0    h  <"' 

which  equations  express  a  straight  line  on  the  axis  of  x,  of 
length  2o,  which  is  coincident  with  the  diameter  of  the  circle. 


Section  4. — On  certain  general  pnpeiiiea  o/cvrvea  a«  expressed 
by  aiffebraical  eguatumt  of  the  tUh  degree. 
207.]  In  the  following  Chapter  I  shall  enter  on  a  formal 
inquiry  into  the  properties  of  plane  curves  referred  to  rect- 
angular coordinates,  as  exhibited  by  means  of  differentiatioD ; 
bat  preliminary  to  that  investigation  it  is  necessary  to  explain 
certain  general  properties  of  a  particular  class  of  such  curves, 
those,  viz.,  which  are  expressed  by  algebraical  equations;  be- 
cause these  will  receive  further  illustration  hereafter;  and  it 
cannot  be  that  such  illustration  will  be  adequately  compre- 
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hended,  unleas  the  finite  and  more  elemeDtary  propertieB  which 
are  illustrated  are  first  known.  The  matter  of  tlie  present 
section  ib  collected  from  various  sources ;  chiefly  from  the  works 
of  Cramer  and  Ptiicker,  the  Jonmala  of  Liouville  and  Crelle, 
the  NouTelles  Annales  de  Math^matiques  of  Terquem  aad 
Gerono,  and  the  Cambridge  and  Dublin  Mathematical  Jour- 
nal. This  last  Journal  contains  many  p&pers  on  the  subject 
by  Proftasor  Boole,  Mr.  Cayley,  and  the  Rev.  Cfeorge  Salmon. 
I  must  however  add  that  the  following  is  only  a  sketch  of  the 
most  elemratary  parts  of  a  subject  which  contains  matter  of 
the  deepest  reflection ;  and  which  is  daily  receiving  large  addi- 
tions from  the  most  eminent  mathematicians  of  the  present 
age.     But  it  will  be  sufficient  for  the  object  of  tliis  work. 

Ad  algebraical  equation  of  the  nth  degree  in  terms  of  two 
variables  x  and  y  contains  a  constant  term,  and  all  possible 
combinations  of  the  various  powers  of  x  and  y,  so  that  the  sum 
of  the  indices  in  no  term  exceeds  n :  thus  it  is  of  the  form, 

+  at^-i-b%xy  +  cty* 


+  OnX*  +  bnX'-*y -i- CnX'-'y'  +  ...  +>,ary"-'  +  A,y"  =  0.  (45) 
This  is  the  form  of  the  equation  which  will  generally  hereafter 
be  expressed »  ,(»,s,)  =  0.  (46) 

As  the  equation  stands  at  present',  the  number  of  its  terms  is 

1+2  +  3+.. .+(»+l); 

-    , .  .        .      .    (»  +  l)  in+2)    .    ^ 
the  sum  of  which  senes  is  ^ ;  but  as  every  term 

has  a  coefficient  the  whole  series  may  be  divided  by  any  one, 
and  thus  the  number  of  arbitrary  constants  will  be  diminished 
by  one;  and  therefore  in  the  equation  of  the  nth  degree  in 
terms  of  two  variables  the  number  of  coefficients  which  admit 
of  arbitrary  determination  is 

(n  +  l)(n  +  2)     ^  ^  »(n  +  8)  ^^^^ 

It  is  often  convenient  to  express  (46)  in  another  form : 
(45)  consists  of  a  series  of  homogeneous  axpressions  which  are, 
begimang  from  the  constant  term,  of  the  orders  0, 1,  3, ...  n 

raicE,  vol.,  I,  1 1 
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respectively :  let  uq,  ti[,  uj, ...  u,  represent  the  honu^eneons  ex- 
pressions which  (ire  seTerallf  of  the  dimensions  0,  1,  2, ...  it; 
then  (45)  becomes 

Un  +  tti  +  ttt+...+Un  =  T{x,y)  =  0,  (48) 

the  nnmber  of  determinable  constants  in  which  is ^ . 

If  in  (48)  u,  =  0,  that  is,  if  there  is  no  constant  term,  then 
the  whole  vanishes  when  x  =  y  =  0;  and  thus  the  origin  ia  on 
the  curve.  It  is  also  to  be  observed  that  the  degree  of  a  curve 
cannot  be  altered  by  the  substitution  of  any  linear  functions  of 
new  variables  for  the  original  variables ;  and  as  change  of  origin 
and  change  of  coordinate  axes  require  only  such  linear  substi- 
tutions,  it  is  evident  that  the  degree  of  a  curve  is  not  Affected 
by  such  substitutions. 

208.]  Hereafter  also  it  will  be  found  convenient  to  express 
(46)  in  another  form.  As  it  stands  it  is  neither  Bymmetrical  nor 
homogeneous :  the  absence  of  these  properties  may  appear  at 
first  sight  to  be  of  small  importance ;  but  as  many  conclusions, 
both  nnmencal  and  geometrical,  will  be  drawn  from  the  form 
of  expressions,  it  is  desirable  that  they  should  be  symmetrical 
at  first,  because  symmetrical  expressions,  when  operated  on  in 
differentiation,  give  rise  to  new  symmetrical  expressions ;  whereas 
nnsymmetrical  expressions  do  not.  And  if  besides  it  is  possible 
to  make  them  homogeneous  the  results  will  be  much  simplified 
by  means  of  Euler's  Theorems  of  such  functions  given  in  Art.82. 
Both  these  advantages  may  be  obtained  by  the  following  method 
due  to,  I  believe,  M.  Otto  Hesse,  Professor  at  Ktenigsberg.   Let 

us  assume  -  and  -,  instead  of  x  and  y,  to  be  the  coordinates  of 
z  z  ' 

a  point  in  the  plane;  and  thus  in  the  equation  to  the  plane 

cnrve  let  us  replace  x  and  y  by  -  and  - ;  as  we  ordinarily  ez> 

press  a  point  whose  coordinates  are  x  and  y  by  {x,  y),  so  I  shall 

now  express  it  by  {x,  y,  z) ;  after  this  substitution  (45)  becomes 

+  («»ia?+iip)^"-' 

+  (o,*»  +  i,*y  +  c,ff»)z"-" 

+ 

+  (!■*"+*■*"-'?+. ..+.;»*»"-'  +  *■?"  =0; 
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and  (48)  becomes 

tin+%,-ig+K,-iz'+  ...+UiZ*-^+iioZ'  =  t{x,y,z)  =0,  (49) 
vhich  are  homogeneotis  expresaions  of  the  nth  degree :  and  to 
which  therefore  the  simplificRtions  ctmtained  in  Ealer'a  Theorem, 
Art.  82,  are  applicable.  Similarly  a  third  rariable  will  be  in- 
troduced in  other  cases ;  thus  if  a  and  b  are  the  coordinates  of 

a  point,  I  shall  now  take  ~  and  -  to  be  the  coordinates,  and 
shall  express  the  point  by  the  notation  (a,  b,  c) ;  and  analogousty 
with  other  variables.  We  can  pass  from  expressions  involviDg 
three  variables  to  the  equivalent  ones  which  involve  only  two, 
by  repladng  the  third  variable  by  nnity.  One  or  two  examples 
are  subjoined  in  which  equations  are  given  in  terms  of  three 
variables. 

Thus  it  is  evident  that  the  general  form  of  the  equation  of  a 
stmightlmei.  ^^+.y+cz  =  0.  (50) 

The  general  form  of  the  equation  of  a  conic  is 

A.x'  +  Bt/'  +  c2*  +  2iyz  +  2azx  +  iBXS  =  0.  (51) 

The  eqoation  of  a  straight  line  passing  through  the  two  points 
{Xi,yuZi)  and  (xi,y,,Zt)  is 

« (3/\Zt-Ziyt)  +  y  {ziXt-XiZi)  +  z  (Ay«— yi«i)  =  0 ;  (62) 
the  coefficients  in  vhich  are  the  several  determinants  of  the  oo- 
ordinatea  of  the  two  given  points  taken  two  and  two  together. 

The  advantages  arising  &om  the  symmetry  of  algebraical  ex- 
pressions in  terms  of  three  variables  will  be  shewn  hereafter. 
I  must  however  here  observe  that  as  (49)  is  homogeneous  and 
of  ft  dimensions, 

'(£)+»(§)+'(£) ="'<^'»'^' 

=  0; 
and  therefore  if  (^)  =  0  und  (^)  =  0,  then  idso  {^)  =  0. 
Thns  in  (51) 

(j^)  =  2(«i  +  Hy  +  o»), 

(^)  =2(H»+BJ,  +  .J), 

(g^)  =  2(oi+i!9  +  cs); 
T  t  a 
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and  therefore  if  of  these  three  equations  the  first  two  Tanish,  the 
third  also  vanishes;  and  thus  if  ^  =  1,  and  Ax  +  my  +  G=sO  = 
ax  +  ay  +  K,  then  also  ox+Ey-\^c  =■  0. 

209.]  Another  property  of  horoogeneoas  functions  must  also 
be  provedj  as  we  shall  fiod  it  to  be  important  in  our  subsequent 
investigations  as  to  the  degree  of  certain  curves.  I  wUl  here 
however  take  the  problem  in  its  most  general  form. 

Let  Pi  =  0,  Fi  =  0,  . , .  p„  =  0,  be  a  system  of  «  homogeneous 
equations  involving  n  variables  Xi,  Xt, ...  x^,  in  the  most  general 
form  and  with  literal  coefficients ;  and  let  us  suppose  these 
equations  to  be  respectively  of  the  degrees  mj,  nt],  ...  m. ;  then 
we  have  n  equations  iuvolving  n  —  1  different  rariablea ;  for  by 
reason  of  the  homogeneity  of  each,  the  highest  power  of  x„, 
whatever  that  is,  may  be  divided  through,  and  the  number 
of  variables  will  thereby  become  n  —  1 ;  these  equations  there- 
fore are  not  independent ;  a  relation  must  exist  amongst  them ; 
and  this  relation  must  be  capable  of  expression  in  terms  of  the 
coefficients  of  the  equations.  Of  this  relation  I  propose  to  de- 
termine a  property  as  to  the  power  in  which  the  coefficiraita 
of  the  several  equations  will  be  found.  The  relation  is  tech- 
nically called  the  Resultant ;  and  if  it  contains  no  extraneous 
factors,  the  complete  resultant ;  and  if  the  extraneous  factors 
are  omitted,  tbe  reduced  resultant*.  Let  mimgms  ...  m,  =  m. 
Now  as  the  function  Fi  =  0  is  homogeneous  and  of  nii  dimen- 
sions, it  is  capable  of  resolution  into  f»i  linear  fectors,  each  of 
which  is  of  the  form  a^Xi  -t-  0^X1+  ...  +  OmX^;  and  similarly 
is  each  of  the  other  given  expressions  capable  of  resolution  into 
mg,  mj, ...  tn,  factors  respectively  of  a  similar  form.  As  these 
equations  are  simultaneously  true,  to  arrive  at  the  most  general 
result  we  most  combine  each  of  the  component  factors  of  F|  =  0 
with  each  and  every  one  of  rj  =  0,  1^  =  0, . . .  r^  =  0 ;  let  us 
take  one  of  each  set;  then  eliminating  the  unknown  quantities, 
which  are  «  —  1  in  number,  between  these  n  equations,  we 
obtain  a  condition  of  the  nth  degree  into  which  each  coefficient 
enters  in  the  first  degree ;  and  this  process  may  be  performed  in 
H  different  ways,  and  the  product  of  these  m  different  quantities 
is  the  complete  resultant,  and  is  evidently  homogeneous  in 
terms  of  the  original  coefficients.     'I'he  coefficients  of  Pi  =  0, 

•  See  CreUe,  Band  XXXIV,  p.30. 
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eater  into  each  term  in  the  deirree  — ,  tliose  of  r«  =  0  in  the 

TO, 

degree  — ,  and  so  with  the  others :  to  prove  this,  let  us  fix  oar 

thoughts  by  assuming  mi  =  3  ;  so  that 

Ti  =  (a,ar,  +  o,jf(+ ...  +  a,ir,)  {biXi  + ...  +  6,*«)  (CiXi  + ...  +  c.a?,} 

=  Aa:i'  +  B«i'irj+  ... 
la  the  product  of  the  h  different  results  of  elimination  di,  bi,  Ci, 
a&j,   will  enter  symmetrically ;    and   therefore  each  one  will 

enter  ia  the  power  -5-  only,  and  therefore  in  the  product,  a 

which  is  equal  to  OibiCi,  will  enter  in  the  power  -^;  and  the 

same  is  true  of  all  the  other  coefficients,  aud  of  the  coefficients 
of  the  other  equations ;  so  that  the  degree  of  the  complete  re- 
sultant is  / 1         1  1  \ 
M  (—  +  —  +  ...  +  ~). 

Thus  mnch  at  present  as  to  curves  expressed  by  equations  in 
terms  of  three  variables,  and  homogeneous.  We  shall  return 
to  the  subject  hereafter.  Now  I  shall  proceed  with  the  investi- 
gations of  other  properties  of  carves  as  expressed  by  equations 
in  terms  of  two  variables. 

210.]  The  curve  which  is  expressed  by  an  equation  of  the 
nth  degree  is  said  to  he  of  the  nth  degree  or  of  the  nth  order, 
the  two  words  order  and  degree  being  used  iudifferently.  Sup- 
pose now  that  we  have  two  curves,  one  of  the  nth  aud  the  other 
of  the  f»th  degree ;  these  will  generally  intersect  in  mn  points ; 
for  let  us  take  the  equation  to  the  curve  as  given  in  (45) ;  then 
if  y  is  eliminated  from  it  and  from  a  similar  equation  of  the 
mth  degree,  the  result  will  be  an  expression  in  terms  of  x  of 
the  ninth  degree ;  the  roots  of  which  will  be  the  abscisse  to  the 
mn  points  in  which  the  two  curves  intersect ;  the  points  tn 
which  they  intersect,  I  say ;  because  if  all  the  roots  are  real, 
the  curves  will  intersect  io  mn  points  in  the  plane  of  reference ; 
and  if  the  roots  are  imaginary,  the  points  of  intersection  will  be 
imaginary  so  £u-  as  they  are  exhibited  in  the  plane  of  reference; 
but  the  equation  of  the  mnth  degree  will  just  as  truly  have 
mn  roots.  Thus  two  curves  of  the  second  degree  may  intersect 
in  four  points;  a  curve  of  the  second  degree  may  intersect  a 
curve  of  the  third  degree  in  six  points. 
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As  the  equation  of  a  straight  line  is  of  the  tint  degree,  so 
does  H  Btraight  line  meet  a  curve  of  the  nth  degree  in  n  points 
which  may  be  either  real  or  imaginary.  Thus  a  straight  line 
may  cut  a  curve  of  the  second  degree  in  two  points,-  a  curve  of 
the  third  degree  in  three  points,  and  bo  on :  and  even  if  the 
straight  line  is  at  an  infinite  distance,  yet  it  intersects  a  curre 
of  the  nth  degree  just  as  truly  in  n  points. 

The  foUowing  theorem  due  to  Newton  and  called  now  hy  hia 
name,  is  such  a  simple  application  of  this  property,  that  I  must 
insert  it. 

Let  us  take  the  general  equation  (45),  or  its  abridged  form 
(48);  let  us  replace  x  and  y  by  Ir  and  mr;  where  r  is  the 
radius  rector  of  a  point  on  the  curve  from  the  origin,  and  t  and 
m  are  projective  coefficients :  then  we  have  an  equation  of  the 
flth  degree  in  terms  of  r,  the  roots  of  which  are  the  n  distances 
from  the  origin  of  the  n  points  where  the  curve  is  met  hy  the 
straight  line  mx  —  ly  =  0.  Through  the  origin  let  two  trans- 
versals be  drawn,  of  which  let  the  equations  be  mj_x—l^y  =  0 
and  lAtX—lty  =  0;  and  let  them  meet  the  curve  in  the  points 
F),  Pj, ...  Pm,  Qi.  Qb  •■•  Qs  ;  then  by  the  theory  of  equations 


OPi.OPi  ...  OP, 


"  /i"a„  +  /r-'mii„+...+A,mi"' 


and  therefore  by  division 

oPi-OPi  ...OP,  _  ^"a,  + V~'»it^i,+  ...  +*■»>»". 

o(li.oq,...oeu,  ~  A"a,  +  /i''->«»i*-+  ■■■  +*-«i"' 
and  as  both  the  numerator  and  the  denominator  of  this  ratio 
are  unaltered  by  a  change  of  origin,  provided  that  the  directions 
of  the  lines  or  and  oq  are  the  same,  so  we  infer  that  if  from  a 
point  in  the  plane  of  a  curve  two  transversals  are  drawn  in 
given  directions,  the  ratio  of  the  product  of  the  segments  of  the 
one  taken  &om  the  given  point  to  the  product  of  the  se^ents 
of  the  other  is  the  same  whatever  is  the  place  of  the  point. 

We  have  also  another  important  theorem  first  ^ven  by  Cotes 
in  his  Harmonia  Mensuramm.  Let  each  radius  Vector  op 
drawn  from  o  cut  the  curve  in  the  points  Pi,  ?!,.,.?„;  and  Id: 
F  be  taken  such  that 
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then  the  Iocub  of  r  will  be  k  straight  line.     For  substituting  Ir 
find  mr  for  x  and  y  in  (46),  and  dividing  through  b;  r"  we  have, 
Op      ail  +  bitn  _Q 

r-  r"-'  ■"  ' 

11  1     _       qtf+&ita_ 

oPi       OP,  OP,  ~  On        ' 

and  therefore  hy  the  given  condition,  if  of  =  r,  and  r  refers  to 
the  new  locus,  _  „  i  ,  i.  „  ■ 

r~  ots       ' 

.-.     aix  +  biy  +  noo  =  0, 
which  is  the  equation  to  a  straight  line. 

211.]  As  a  curve  of  the  Rth  degree  has  — ^-^ —  determinable 
constants  in  its  equation,  so  may  these  be  determined  if  a 
sufficient  number  of  independent  coaditions  is  given.  Hereafter 
we  shall  meet  with  many  different  ways  in  which  they  may  be 
determined.     It  is  evident  however  that  they  may  generally  be 

found,  if  the  coordiuates  of  — ^ points  through  which  the 

curve  18  to  pass  are  given,  because  in  this  case  we  may  replace 
successively  x  and  y  in  equation  (45)  by  the  given  coordinates, 
and  we  shaU  have  n  linear  equations,  by  means  of  which  the 
arbitrary  constants  may  be  determined.  This  is  clearly  a 
definite  and  generally  an  unique  problem :  and  thus  only  one 
curve  of  the  nth  degree  can  be  drawn  passing  through  the 
assigned  points.  Hence  a  curve  of  the  second  degree  may  pass 
through  five  points ;  a  curve  of  the  third  degree  through  nine 
points ;  a  curve  of  the  fourth  degree  through  fourteen  points ; 
and  so  on. 

If  however  the  points  have  certfun  relative  positions,  it  may 
be  that  a  proper  curve  of  the  nth  degree  cannot  be  drawn 
tbrongh  them.  That  is,  although  we  have  shewn  that  the 
coefficients  of  the  algebraical  equation  of  the  nth  d^ree  may 
be  found  in  terms  of  the  coordinates  of  the  given  points,  yet 
the  reaulting  equation  may  be  susceptible  of  resolution  into 
factors  of  lower  d^;re6B ;  so  that  the  result  may  be  the  com- 
binatiou  of  two  or  more  curves  of  lower  d^;ree8,  the  sum  of 
which  ia  equal  to  n ;  and  thus  not  be  the  equation  of  a  proper 


,,  Google 


328  OENERAL  PROPERTlEfl  OK  [ill. 

curve  of  tlie  «tli  degree.  Thus  if  n  =  2,  the  namber  of  points 
which  is  sufficient  for  the  determination  of  the  constants  is  5 ; 
but  if  three  of  these  are  in  a  straight  Hue,  no  conic  can  be 
drawn  wliich  shall  pass  through  them,  because  a  conic  cannot 
cut  a  straight  line  in  more  points  than  two ;  and  thus  the  only 
equation  of  the  second  degree  which  can  satisfy  such  a  system 
of  points  is  that  composed  of  two  straight  lines  passing  respect- 
ively through  the  three  and  the  other  two  points. 

Generally  of  the  nntnber  of  points  which  are  sufficient  for 
the  determination  of  a  proper  curve  of  the  nth  degree  not  more 
than  nm  can  be  on  a  curve  of  the  tnth  degree;  because  two 
curves  of  the  nth  and  mth  degrees  respectively  cannot  intersect 
in  more  than  nm  points.  And  generally  too  the  number  of 
points  which  may  be  on  a  curve  of  the  mth  degree,  so  that  a 
proper  curve  of  the  nth  degree  may  pass  through  them,  is  less 
than  mn.  For  let  us,  for  instance,  suppose  the  carve  of  the 
nth  degree  to  be  made  up  of  two  curves  of  the  mtband(n— m)th 
degrees  respectively.  Under  any  circumstances  the  possibility 
of  such  a  resolution  requires  one  condition  amongst  the  con- 
stants, so  that  the  number  of  coefficients  yet  remaining  to  be 

determined  is ^ 1.    For  the  determination  of  the  curve 

of  the  (B— »»)th  degree,  —^ coefficients  are  re- 


remain,  and  these 


2 
may  manifestly  be  on  the  curve  of  the  mth  degree. 

Besides  this  case,  wherein  the  resulting  equation  admits  of 
resolation  into  other  equations  of  lower  degrees,  it  may  be  that 
the  assigned  number  of  points  will  not  yield  a  deSnite  result. 
For  if  the  values  of  a  certain  number  of  unknown  quantities 
are  determined  by  means  of  an  equal  number  of  linear  equations 
of  the  form  (45),  each  will  be  expressed  by  a  fraction ;  and  the 
constants  of  the  equation  may  be  such  as  to  make  both  the 
numerator  and  the  denominator  of  any  one  or  more  to  vanish, 
in  which  case  the  quantities  are  indeterminate ;  and  thus  the 
curve  is  not  determined ;  and  the  number  of  curves  passing 
through  the  given  points  may  be  infinite. 

Thus,  suppose  the  namber  of  points  through  which  a  curve  is 
to  pass  to  be  less  by  one  than  that  required  for  the  complete 
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detennination  of  the  curve ;  thnt  ia,  suppose  a  curve  of  the  nth 


and  »  =  0,  be  two  equatioos  of  the  nth  degree  of  the  form  (45), 

which  represent  two  carves  paBHiDg  through  these  ^ * 

points ;  then,  if  k  is  an  undetermined  constaut,  u  +  kv  =:0  ia 
the  equation  to  a  curve  of  the  nth  degree  passing  through  all 
the  points  of  intersection  of  u  =  0  and  of  r  =  0,  and  therefore 

clearly  passing  through  the  —   ^- — -  —1  given  points;  and  as 

k  ia  undetermined,  the  number  of  curves  of  the  nth  degree 
passing  through  these  is  also  indeterminate.  Now  let  as  sup- 
pose the  curve  a  +  kv  =  0  to  pass  through  another  point,  so 
that  it  becomes  completely  determined ;  then  if  t/  and  if  are 
the  values  of  u  and  v,  when  x  and  y  are  replaced  by  the  coor- 
dinates of  this  last  point,  we  have  u'  -|-  kv'  =  0,  whence  we  know 
k,  and  the  curve  is  completely  determined.  There  is  however 
one  case  in  which  k  will  not  have  the  required  determinate 
value ;  and  that  is  when  the  hut  point,  through  which  the 
curve  is  to  pass,  and  by  means  of  which  k  is  determined,  is 
the  point  of  intersection  of  «  =  0  and  v  =  0,  because  in  this 
caae  i/  =  0  and  v'  =  0,  and  i  takes  an  indeterminate  form. 
This  is  also  manifest  from  the  equation  u  +  'tf  =  0 ;  for  this 
curve  manifestly  passes  through  all  the  points  of  intersection 
of  u  =  0  and  v  =  0 ;  that  is,  through  n*  points,  aud  yet  is  not 
determinate,  because  its  equation  contains  an  undetermined 
constant  k.     Hence  we  condode  that  all  carves  of  the  nth 


through  as  many  others  as  n'  is  in  excess  of  this  number ;  that 

is,  pass  through  — ~ other  fiied  points.     And  of  this 

equation  we  have  the  following  particular  cases.  All  curves  of 
the  third  degree  which  pass  through  the  same  eight  points  also 
pass  through  a  common  ninth  point.  And  thus  if  eight  points 
are  given,  through  which  a  curve  of  the  third  degree  is  to  pass, 
the  curve  is  not  determined  if  the  ninth  point  is  the  other  of  the 
intersection  of  the  two  curves  «  =  0,  r  =  0,  of  the  third  d^ree. 
All  curves  of  the  fourth  degree  which  pass  through  the  same 
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thirteen  given  points  also  pass  through  three  other  given  points, 

Heace  also  it  follows  Chat ^ given  points  are  not  always 

sufficient  to  determiDe  a  curve  of  the  nth  degree^  and  that  one 
other  additional  point  at  least  may  be  required  for  the  purpose. 

It  is  to  be  observed  that  these  results  arc  true,  whether  the 
equations  of  the  nth  degree  represent  proper  curves  of  the  nth 
degree,  or  systems  of  factors  of  lower  degrees.  Thus  if  the 
constants  of  an  e<]natioD  of  the  second  degree  are  to  be  deter- 
mined by  making  the  curve  pass  through  five  given  points,  of 
which  four  are  in  one  straight  hne,  the  resulting  equation  will 
be  composed  of  two  simple  factors  of  the  Erst  degree,  but  all 
the  arbitrary  constants  in  it  cannot  be  determined,  because  the 
fifth  point  is  not  suiticieut  to  determine  the  position  of  the 
second  straight  tine. 

212-]  Thus  although  two  curves  of  the  »th  degree  inter- 
sect in  n^  points,  yet  any  n^  points  taken  arbitrarily  may  not  be 
the  points  of  intersection  of  two  _curves  of  the  nth  degree : 

but   — —^ 1   of  them    being  given,   the   remainder,   vis. 

•)\ 

)  of  the  tnth 


and  nth  degrees  respectively  intersect  in  mn  points;  but  mn 
points  taken  arbitrarily  on  the  curve  of  the  inth  degree  will  not 
be  the  points  of  intersection  of  it  with  the  curve  of  the  nth 
degree. 

Generally,  however,  every  curve  of  the  nth  degree  which 

passes  through  n»i— ^ points  on  a  curve  of  the 

mth  degree,  will  also  pass  through  ^ other  and 

fixed  points  on  that  curve ;  because  this  number  of  points  is, 
see  Art. Sill,  less  by  one  than  the  number  which  is  required  for 
the  absolute  determination  of  the  curve ;  and  therefore  these 
points  are  the  points  of  intersection  of  all  curves  of  the  nth 
degree  which  satisfy  the  required  conditions.  An  extension  of 
several  of  the  preceding  properties  of  algebraic  curves  will  be 
found  in  a  memoir  by  Mr.  A,  Cayley,  Fellow  of  Trinity  College, 
Cambridge,  in  Vol.  Ill  of  the  Cambridge  Mathematical  Journal, 
U.211. 
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CHAPTER  X. 

ON  PROPERTIES  OP  PLANE  CURVES,  AS  DEFINED  BY  ECiVATIONS 
REFERRED  TO  RECTANQl'LAR  COORDINATES. 

Section  1. — Single  tangents  and  normals,  and  their  properties, 
213.J  In  the  following  investigations  it  will  be  convenient  to 
uae  sometimes  the  explicit,  and  at  other  times  the  implicit  form 
of  the  equation  to  a  curve  in  terms  of  two  variables  x  and  y. 
The  general  forms  I  shall  take  to  be 

y  =  /(*) ;  (1) 

u  =  v(x,y)  =  c;  (2) 

and  their  differentials  and  derived  functions  will  be  expressed 
by  the  symbols  which  have  been  ased  in  the  former  part  of  the 
volume;  sometimes  also  the  equations  will  be  given  in  terms  of 
three  variables,  as  in  Art.  208. 

And  as  we  are  about  to  exhihit  certain  properties  of  geome- 
trical space  by  means  of  Differential  Calculus,  I  must  say  a  few 
words  on  the  mode  by  which  a  branch  of  the  science  of  number 
ia  applied  to  the  proof  of  geometrical  truths.  Differential  Cal- 
culus does  not  of  itself  yield  geometrical  results :  its  results  are 
numerical ;  but  if  a  geometrical  truth  is  so  imagined  as  to  be 
capable  of  expression  in  an  analogous  algebraical  form ;  as,  for 
instance,  if  we  so  imagine  the  fourth  proposition  of  the  second 
book  of  Euclid,  as  to  express  it  in  the  analogous  algebrucal 
form  (a  +  i)'  =  a*-\-2ab  +  b*;  or  if  a  geometrical  definition  is 
so  framed  that  we  can  express  the  numerical  analogue  of  it 
with  algebraical  symbols ;  then  we  have  certain  algebraical 
formulae,  which  are  numerical  truths,  from  which  certain  other 
numerical  truths,  contained  explicitly  or  implicitly  in  them, 
may  be  deductively  inferred.  For  this  purpose  of  deductive 
inference,  we  are  about  to  employ  the  Differential  Calculus. 
It  is  evident  therefore  that  the  first  step  in  the  inquiry  is,  so  to 
imagine  the  geometrical  truths,  or  so  to  frame  the  geometrical 
definitions,  that  they  may  be  translated  into  corresponding 
algebraical  expressions;  this  has  been  done  to  a  certain  extent 
u  u  a 
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in  Section  3  of  the  preceding  chapter.  Thaa  they  take  an 
algebraical  form,  and  become  the  subject  matter  of  Infinitesimal 
Calcidus :  and  we  are  hereby  enabled  to  deduce  from  them 
many  properties,  which  are  again  to  be  translated  into  geome- 
trical propositions.  In  accordance  with  this  mode  of  inquiry 
many  of  the  following  Articles  will  begin  with  a  geometrical 
definition. 

It  is  true  also  that  we  may  sometimes  begin  with  an  alge- 
braical equation ;  in  that  case  however  the  equation  is  only  the 
symbolical  expression  of  a  geometrical  proposition,  which  haa 
been,  or  is  capable  of  being,  geometrically  imagined.  As,  for 
instance,  we  may  investigate  certain  geometrical  properties  of 
the  curve  whose  equation  is  (31),  Art.  201;  but  that  equation 
is  only  the  symboHcttl  expression  of  the  geometrical  definition  of 
the  cycloid. 

214]  We  propose  to  find  in  the  first  place  the  general 
equation  of  a  tangent  to  a  given  curve  at  a  given  point,  which 
we  define  as  follows : 

The  tangent  to  a  curve  at  a  given  point  is  that  straight  line 
which  passes  through  the  point,  and  another  point  on  the  curre 
wJiich  is  infinitesimally  near  to  the  former  point. 

Let  ^  and  r)  be  the  corrent  coordinates  of  the  tangent  line ; 
and  let  («,  y)  be  the  point  of  contact  on  the  given  cnrve ;  and 
let  ns  suppose  the  straight  line  at  first  to  pass  through  it,  and 
through  the  point  (x  +  &.x,  y  +  &y)y  which  is  at  a  finite  distance 
from  it.  Then  we  have  the  three  equations 
Af +Bi,  +  C  =  0-1 
Ax+ay  +  c  =  0  U  (3) 

A.AX  +  B.&y  =  0  J 

whence  {(—a!)&y  —  (ti—y)&x  =  0.  (4) 

Suppose  the  two  points  to  approach  infinitesimally  near  to 
each  other,  in  which  case  ^y  and  ax  become  respectively  dy 
and  dx,  and  the  line  whose  equation  is  (4)  becomes  a  tangent ; 
and  we  have  ^^_^j  ^^  _  ^^_^^  ^^^^ 

^A  i-y=%l£-^}i  (5) 

or,  as  it  may  be  written, 

"ST  -  "ST-  t6) 
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If  therefore  the  eqoation  to  a  curve  is 

y=nx),  80  that       ^=/'W. 

then  the  eqnRtion  (5)  to  the  tangent  is 

n-y=nx){i-x).  (7) 

Thas,  for  iostaDce,  if  the  equation  to  the  parabola  is 

y  =  2m*ar*,  then       -r^  =  ^  J 

*  '  (tea;* 

and  the  equation  to  the  tangent  is 

'-» =  (?)''*-"■  '" 

215.]  If  the  equation  to  the  carve  is  given  in  the  implicit 


form. 


u  =  9{x,y)  =  c;  (9) 


tUei  ..=  (g)ix  +  (|)i,  =  0;  (10) 

and  if  this  substitution  is  made  in  (5),  the  equation  to  the 
tangeut  becomes, 

If  the  equation  to  the  curve  is  a  homogeneous  function  of 
n  dimensions ;  then  by  the  property  of  sncb  functions,  proved 
in  Art  82,  equation  (112),  we  have 

'(%)*y  {%)  =  ":  0^) 

and  the  equation  (11)  to  the  tangent  becomes, 

Oenerally,  either  (11)  or  (13)  is  the  most  convenient  form  for 
the  equation  of  the  tangent. 

Thus  if  the  equation  to  the  ellipse  is  given  in  the  form 


id9\  _  2x  (dr\  _  2y, 

W  ~  a»'         \d^'  "  A>' 


and  aa  the  equation  is  homogeneous  and  of  two  dimensions, 
n  =  2 ;  and  (18)  becomes,  ^ter  division  by  2, 

o"  +  J' 
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316.^  Again,  let  the  equation  to  the  curve  be  given  in  tern» 
of  three  VAriahles,  aa  (49),  Art.  208,  and  be  homogeneouB,  and 
of  the  form  r  (t,  y,z)  =  0 ;  let  the  coordinates  to  any  point  on 
a  line  be  f,  tj,  (,  and  let  this  line  pass  through  two  polnta  at  an 
infinitesimal  distance  apart,  viz.  {x,y,z),  (r+(fr,y  +  rfy,r  +  rfj); 
then  we  shall  have  the  following  system  of  equations; 
Af  +  BT4Cf  =0-1 

Ax  +  By  +  C2  =0  V;  (U) 

A..dx  +  B.dy-i-c.dz  =  oJ 
whence  we  have 

i{ydz—zdy)+tiizdx—xdz)-\-(i{xdy—ydx)  =  0.  (15) 
But  by  reason  of  the  equation  to  the  curve,  aad  by  reason  of 
the  homogeneity  of  that  equation,  we  have 


^0+*(|)+'^(s) 

-1 

-©+  »(|)*  'O 

=  oJ' 

(e)          {%) 

(^:) 

whence        — —  =       .    '^     .    =  -; y  ;  (17) 

zdy—ydz       xdz—zdx       yax—xdy 

whence,  and  from  (15),  we  have 

which  is  the  equation  to  the  tangent. 

Thus,  if  the  equation  to  a  conic  in  the  homogeneous  form  in 
t»nu  of  three  variables  is 

the  eqaation  to  its  tangent  at  the  point  {x,  y,  z)  is 

£i^3!  +  oz  +  ay)  +  ttiBy  +  RZ+Bx)  +  {:icz  +  ax  +  T.y)  =  0, 
and  which  takes  the  ordinary  form,  if  (=  z  =  \. 

217.]  To  find  the  eqaation  to  the  normal  to  a  plane  curve  at 
a  given  point.     The  normal  is  defined  as  follows : 

The  normal  to  a  plane  curve  at  a  given  point  ia  the  straight 
line  perpendicular  to  the  tangent,  and  which  passes  through  the 
point  of  contact. 

Let  {,  1}  bo  the  current  coordinates  to  the  normal,  and  let 
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{x,  y)  be  the  point  of  contact  of  the  tangent ;  then  the  equation 
to  a  line  passing  through  (x,  y)  and  perpendicular  to  that  whose 
equation  is  (5),  is  , 

-;-?  = -^(f-^);  (19) 

wliich  may  also  be  written  in  the  form 

(fl-y)dy+l£-x)dx  =  0.  (20) 

And  if  the  equation  to  the  curve  is  an  implicit  function,  it 
becomes  , 

^  =  ^-  .    <^i' 

Thus,  if  the  equation  to  an  ellipse  is 

the  equation  to  the  normal  is 

Hence  also  it  follows,  that  the  equation  to  a  line  passing 
through  the  origin,  and  perpendicular  to  the  tangent,  is 

■7-  =  -7-  ■  f^i" 

rfp\         fdf\ 


\dy'        \dxi 


by  meauB  of  which,  in  combination  with  equation  (11),  and 
that  to  the  curve,  the  locus  of  the  point  of  intersection  of  the 
tangent  with  the  perpendicular  on  it  from  the  origin  may  be 
determined. 

Thus  if  the  equation  to  the  rectangular  hyperbola  is  xy  =  k*, 
the  equations  to  the  tangent  and  to  the  perpendicular  on  the 
tangent  from  the  origin  are  respectively 

^  +  5  =  2,  and      !L=^ 

X       y  '  X       y 

between  which  and  the  equation  to  the  curve,  if  we  eliminate  x 

and  J,,  wo  have  f.  +  ,^  =  2t(f,,l, 

The  equation  to  the  analogous  curve  with  reference  to  the  ellipse 

is      ({■  +  ,■)'  =  «'("  + 4"  1,". 
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3I8.3  Let  AS  be  the  distance  between  the  two  points  on  the 
carve  through  which  the  cutting  line  of  Art.  214  passes,  that  is, 
let  it  be  the  length  of  the  chord  joining  them  ;  then 

and  let  the  two  points  approach  infinitesimaily  near  to  one 
another;  in  which  case,  according  to  the  notation  of  Art.  17, 
AX,&p,  A»  become  respectively  dx,  dy,  dt,  and  we  have 

dB*  =  dx^  +  dy*;  (23) 

and  di  becomes  the  distance  between  these  two  points,  which 
are  infitateaimHlly  near  to  each  other;  that  is,  it  becomes  an 
element  of  the  curve,  or  an  infinitesimal  arc ;  or,  as  we  shall 
call  it,  a  length -element  of  the  curve :  it  is  in  fact  the  small 
portion  of  the  tangent  line  which  is  common  tu  the  tangent  and 
the  curve,  the  tangent  indeed  being  the  length-element  pro- 
duced. Or,  under  another  mode  of  considering  the  curve,  that 
is,  of  conceiving  it  to  be  generated  by  a  point  moving  according 
to  a  given  law,  dt  is  the  distance  between  two  successive  posi- 
tions of  the  point ;  and  if  these  two  positions  are  taken  so  near 
to  each  other,  that  only  an  infinitesimal  instant  of  tiine  has 
elapsed  during  the  passage  from  one  to  the  other,  it  is  impossi- 
ble to  conceive  but  that  the  moving  point  has  passed  in  a 
straight  line  from  one  to  the  other ;  the  length  of  which  straight 
line  is  ds. 

If  then  we  use  the  character  r  to  symbolize  the  angle  made 
by  the  tangent  with  the  axis  of  x,  that  is,  the  angle  fth  in 
fig.  47,  we  have,  &om  equation  (6), 

tanr  =  ^;  (24) 

ax 

whence  -%-  =  -^  =  -f  A,  (25) 

sin  r         cos  r         — 

the  last  eqaality  following  from  Preliminary  Theorem  I ;  the 

numerator  and  denominator  of  the  preceding  equalities  having 

been  squared  and  added,  and  subsequently  the  square  root 

having  been  extracted. 

Also  again,  by  equation  (10), 

_^L_  =  _£__  i. ;  (26) 

therefore,  from  (25)  and  (26), 
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(27) 


Hence  sIbo,  if  i^  ia  the  angle  between  the  normiil  and  the 
lucis  of  X,  viz.  the  angle  ra  u,  in  fig.  47, 

t™*"^:  (89) 


|(£)VOT 


(80) 


dv               "*"  idr* 
coa<f=4'-f= — ..  (81) 

The  preceding  equations  frequently  render  it  convement  to 
deduce  from  the  equation  to  a  cuire  the  relations  between 
d»,  dx,  and  dy :  of  which  some  examples,  giring  riae  to  differ- 
ential expreuiona,  are  anbjmned. 

Ex.1.       y*  =  \mx;  2ydtf  =  ^mdx; 

dy        dx  da  _ 


ds        {4«i»+y>}*        {x+m}*' 


Ex.  2.    To  find  the  relations  between  dx,  dy  and  ds,  in  the 
equation  to  the  cycloid. 

(a)    Let  the  starting  point  be  the  origin ;  therefore,  by  equa- 
tion (29),  Art.  201, 

X  =  a  versin-' -  —  {2ay— y*}*; 

PRICE,  TOL.  1.  XX 
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dx  dy  da 


{2fly-y«}*        {Say}*' 
it  point  be  the  origin ;  tlu 


(/3)    Let  the  higheit  point  be  the  origin ;  therefture,  b;  eqiu- 
tdon(81),  ATt.201, 


(38) 


dy        _  ^  _     ^ 
{2a-x}i  ~  J*  "  (2a)* 

Ex.  8.    To  find  the  relation  betreen  dx,  dy  and  ds,  in  the 
equation  to  the  catenary. 


If  - 


c 
iy  dx       ds 


(34) 

(35) 

^  -        -       .  (86) 

{y'-c*}*       ^        y 

219.]  Let  u§  now  conaider  the  general  geometrical  resoltB 
which  are  contained  in  the  preceding  eqoationa  to  the  tangent 
and  the  normal. 

Let  ui  assume  the  curve  drawn  in  fig.  47  to  be  the  /jipjco/ 
/orm  of  all  curves ;  of  which  pt  is  the  tangent  line  at  the  point?, 
po  the  normal  line ;  mt  the  subtangent ;  Mothe  Bubuormal;  or 
the  perpendicular  from  the  origin  on  the  tangent  line ;  ot,  ot' 
respectively  the  intercepts  of  the  axes  of  x  and  y  by  the  tangent 
line;  and  the  lines,  ft  and  pq,  the  parts  of  the  tangent  and 
normal  lines  intercepted  between  the  point  of  contact  and  the 
axis  of  X,  are  called  respectively  the  tangetU  and  the  normai. 
Let        ou  =  jr,         mp  =  y,        dt  =  p, 

OT  =  fo,  OT*  =  1)0. 

Then,  by  the  equations  to  the  tangent,  (5)  and  (11), 
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'■dxl 
dg       "O  +  'O 

w 

the  Dnmerators  of  tfaeae  last  ralues  generally  admit  of  nmplifi- 
catioD  by  Euler's  Theorem ;  but  of  this  hereafter. 

Without  however  dedacing  the  valaes  of  the  other  geome- 
trical lines  of  the  figure  from  the  preceding  equations,  we  will 
express  them  in  the  following  manner;  which  is  preferable, 
because  it  addresses  itself  more  directly  to  geometrical  con- 
struction and  to  the  eye. 

In  fig.  47,  PTM  =  T,  POM  =  ^; 


die 
tan  pou  =  tan  tfk  =  -y-,  (40) 


.-.     Sabtangent  =-  ..  ~  _<  mu.xm  —  s-j- 

Subnonnal  =  mo  =  ur  tan  upo  =  y-r-i 
"  dx 

dx 

to  =  OT  =  OX  — MT  =  X  —  y-r- 
'dy 

ifa  =  oV=  HP  — Pft  =  y  —  x-^ 


(41) 


(•B) 


J>  s:   OT  :=  MP  am  MPT— OM  Sm  PTH, 

die        dy         ydx—xdy 
Also  by  means  of  equations  (27)  and  (88), 
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p=  + I     ■,  (45) 

and  therefore,  if  r  ix,  y)  is  a  homogeneoua  fuoction  of  n  di- 
mensiona, 

P  =  : 


\{tU(%. 


rfp\»)* 


Hereby  also  we  ma^  pat  Id  other  forma  the  eqtution  to  the 
tangeot  ^ven  ia  eqaatioa  (5), 

r)dx  —  idy  =  ydx  —  xdy, 
dx      ^dy  dx         dy 

=  y. 

idr,         idT\ 


220.]  From  the  equatioua  to  the  tangent  and  normal  it 
appears,  that  whenever  x  or  y  i^  affected  with  +  */—,  soch 
signs  will  remain  in  the  equationa,  and  therefore  if  and  (  will 
be  simUarly  affected  ;  and  therefore  wheDever  the  curve  is  out 
of  the  plane  of  reference,  the  tangent  and  normal  alio  are. 

Also,  as  -^  ia  the  trigonometrical  tangent  of  the  angle  made 

with  the  axis  of  x  by  the  tangent  to  the  curve,  at  all  p<aiita  at 

which  ~  has  a  finite  value  the  curve  ia  inclined  to  the  axia  of 

d 
X  at  a  finite  angle :    and  if  -^  ia  poaitive,  then  x  and  y  are 

aimnltaneonsly  increasing  or  decreaaing,  see  Art.  110,  and  the 
cnrve  is  such  aa  the  logarithmic  curve  of  fig.  S2,  or  the  cycloid 


vice  verad,  and  the  curve  is  such  as  the  eqnitangential  curve 
in  fig.  38. 


of  contact,  is  parallel  to  the  axis  of  x ;  and  if  ~  changes  its 
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sign  at  SQcli  a  point,  there  ia  a  maximum  or  miaiinum  ordinate, 
sach  as  is  drawD  in  figa.  12  and  IS ;  but  if  -^  does  not  change 
sign,  then  the  form  of  the  curve  will  be  such  as  in  figs.  14  and  15, 


If  ~  =  oo  ,  the  tangent,  and  therefore  the  curve  at  the  point 

of  contact,  is  perpendicular  to  the  axis  of  x,  and  may  be  such 
aa  oy  in  fig.  39,  or  as  is  drawn  in  one  or  other  of  the  diagrams 

of  fig.  48 ;  that  ia,  if  t-  >  ia  passing  through  oo ,  changes  sign 

£rom  +  to  — ,  the  point  of  the  curve  may  be  such  as  is  repre- 
sented in  (a) :  if  it  changes  sign  &om  —  to  + ,  it  may  be  that 


positive  throughout,  the  corve  is  that  indicated  in  {y),  and  if  it 
is  negative  throughout,  it  is  that  indicated  in  (S). 

If  at  any  point  of  a  curve  -^  =  Tii  that  is,  if  i-j- )  =  0  and 

(-J-)  =  0,  the  direction  of  the  tangent  at  the  point   will  be 

°^  dy 

indeterminate  as  far  as  the  form  of  -^  defines  it ;  but  it  may 

be  evaluated,  and  the  means  of  doing  so  will  be  discussed  in 
Section  4  of  the  present  Chapter. 

3S1.]  Illustrative  examples  on  the  preceding  Articles. 
Ex.  1.    Properties  of  the  ellipse. 

'<»'■!"  =  ST +  F  =  1' 

^dx'  ~  a*  '  'dy'  ~    b'  ' 

dy  _       b*x 
dx  ~       a}y  ' 
Hence  the  equation  to  the  tangent  is 

the  equation  to  the  normal  is 
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a* 

The  intercept  of  the  axis  of  x  by  the  tangent  =  fo  =  —  • 


dx  _       a'y* 


The  subnonoal  : 


Ex.  2.    Propertiea  of  the  Cisioid  of  Dioclea. 
The  equation  is  y'  =  g ; 

rfy  _        g*(8a— Jf) . 
'3i~  -    (3o_*)l 


of  :t ;  when  jr  =  So,  -^  =  0,  and  changes  aigti,  and  t 

the  ordinates  are  severally  a  maiimnm  and  a  minimum ;  vhen 


the  axis  of  x  j   when  x  =  a,  y  —  a,  —-=%,  and  therefore  the 

ax 
ciure  cuts   its  fundamental  circle  at  tan'' 2.    These  serenl 
values  of  the  tangent  are  exhibited  in  fig.  84. 

Ex.  8.    Let  the  cuire  be  the  hypocycloid  whose  equation  is. 

Art.  206,  ... 

jr»  +  yt  az  a*. 

The  equation  to  the  tangent  la 

xt      yt 
and  therefore     fo  =  a'ar*,       and     i)o  =  o'y^; 
.'.    V  +  fo'  =  a*(JF*  +  y*)  =  a»j 
and  therefore  the  length  of  the  taugeut  line  intercepted  between 
the  coordinate  axes  is  constant. 

Ex.  4.    To  find  the  differential  equation  to  the  eqnitangential 
curve;  see  Art. 200. 
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Accordiog  to  the  definition,  the  line  pt  of  fig.  38  is  to  be  of 
constant  length ;  let  the  length  be  a ; 

ii   ^*l*  ^ y_^ 

the  negative  sign  being  taken  because,  according  to  the  form 
drawn  in  fig.  38,  y  decreases  as  x  increases. 
Ex.  6.    Properties  of  the  logarithmic  curve. 

y  ■■ 


or 

loga  = 

ybgoi 

.-.    the 

BubtangeDt 

1 

"logo" 

=  a  coQstuit. 

10  when 

»  =  o,,  =  ; 

1 ;  in  which  caae 

=  logo, 

which 

is  the  tangent  of  the  angle  at  which  the  curve  is  inclined  to 
the  axis  of  x,  at  the  point  where  it  cuts  the  axis  of  y. 

Ex.  6.    Properties  of  the  (peloid. 

(a)  Firstly^  let  the  starting  point  be  the  origin ;  the  equa- 
tion to  the  curve  is, 

X  =s  aversin-*-  —  {2oy  — y'}*. 


[Zay-y*}i 


dx  y  {2ay-y»}* 

Therefore  in  fig.  49, 

{2ajf— y*}t  =  LP,    and  2a— y  =  lq,    and  -^  = 


ther^ore  the  tangent  at  p  also  passes  through  the  point  q. 

Hence  also  the  normal  at  the  point  p  passes  through  o,  the 
other  extremit}'  of  the  diameter  of  the  genra^ting  circle ;  as  is 

also  manifest  &om  the  above  value  of  -;- . 
dy 


The  length  of  the  normal  =  po  =  y  ^  = 
,-.    po*  =  qo  X  OL. 


,,GoogIc 


344  GENEBAL  PB0PEBTIE8  OF  THE  TANGENT.  [222. 

(j3)  Secondly,  let  the  highest  point  be  the  origin ;  see  fig.  50 ; 
then  ^ 

y  =  {2aar— iP*}*  +  a  versin-^-) 

dy  2a— X       _  {Zaa:  —  !r*}i_ 

tanPTU  =  —  =  tftaqou  ; 

OH 

therefore  pt  ia  pnrallel  to  the  chord  oq.  Hence  also  ot'=  pq  = 
the  arc  oq ;  and  hence  too  the  normal  po  is  parallel  to  the 
chord  QA. 

222.]  We  must  return  however  to  the  general  equations  of 
the  tangent  and  the  normal  given  in  Articles  214-217,  for  they 
require  closer  consideration. 

The  general  equation  (11)  to  the  tangent  is 

Let  us  suppose  the  equation  to  the  curve  to  be  expressed 
in  the  form  (48)  of  Art.  207 ;  that  is,  let 

p(*,y)  =  Wo  +  Ui  +  M»+...  +M„  =  0,  (48) 

where  tio,  u,, ...  u„,  are  homogeneous  functions  of  0, 1,  2, ...  n 
dimensions  respectively  in  terms  of  x  and  y  j  then 

so  that  the  right-hand  member  of  (47)  becomes 

but  by  Euler's  Theorems,  Art.  82,  this  expression  is  equal  to 

ui  +  2t(,+  ...  +nuni 
and  therefore,  by  reason  of  (48),  to 

-{m._i+2i(«_,+  ...  +(M-l)ai  +  nuo};  (51) 

80  that  (47)  becomes 
£(^)+>!(^)+«-i  +  2tt«-i  +  -  +  (n-l)«i  +  nt.o  =  0;(52) 
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which  ifl  the  eqiifttioa  to  the  tangent  ia  the  reduced  form ;  and 
u  of  K  —  1  dimenaioas  in  terms  of  x  and  y. 

If  the  equation  to  the  curve  is  ezpreaaed  in  terma  of  three 
variablea  x,  y,  z,  this  result  is  evident  immediately :  the  equa- 
tion to  the  tangent  in  this  case  is  given  by  (18),  and  (^  j  >  (^1 1 
{■jA  are  plainly  of »— 1  dimennona  in  terms  of «,  y  and  z. 

liz  =  C=\,  (18)  and  (52)  are  identical ;  in  which  case 

f  (5^)  =  «.- i  +  2a,_j  +  ...  +(»-!)», +  n«o. 

Let  OS  return  to  (52).  If  the  origin  is  on  the  curve,  uo  =  0 ; 
and  if  the  tangent  ia  in  thia  case  drawn  at  the  origin,  then 

omitting  the  terms  which  vanish,  and  replacing  \j-)  &>id  {-f) 
by  their  values  from  (49),  we  have 

^(^)  +  '(t)  =  «^  <'" 

and  if  we  replace  f  and  11  by  j?  and  y,  remembering  that  a:  and 
y  are  in  thia  case  the  current  coordinates  of  the  tangeuti 
(53)  becomes,  by  reason  of  Eider's  Theorem, 

th  =  0 ;  (54) 

•o  that  if  iii  +  tii+  ...  4-i(n  =  0  is  the  equation  to  a  curve,  Ui  =  0 
ia  the  equation  to  the  tangent  at  the  origin. 

Thus  if  the  equation  to  a  conic  is 

Aa:*  +  Ba;y +  cy*  +  naf +  Ey  =  0, 
the  equation  to  the  tangent  at  the  origin  is 
nx  +  zy  =  0. 

Since  a  straight  line  may  cut  a  cnrve  of  the  nth  degree  in 
»  points,  it  follows  that  if  two  of  these  points  become  coinci* 
dent,  that  is,  if  a  line  touches  a  curve  at  a  given  point,  it  can 
cot  it  in  only  n— 2  other  points.  Thns  if  a  straight  line  touches 
a  conic,  it  cannot  meet  the  curve  again.  If  a  straight  line 
touches  a  curve  of  the  third  order,  it  muat  cut  it  at  some  other 
point.  Oenerally,  if  a  line  touches  a  curve  of  an  even  order,  it 
will  either  meet  it  again  in  an  even  number  of  points  or  not  at 
sU.  And  if  a  line  touches  a  curve  of  an  odd  order  it  will  meet 
it  again  in  an  odd  number  of  points,  and  in  one  point  at  least. 

Since  a  tangent  paases  through  two  points  of  a  curve,  it  is 
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maDifest  that  if  a  curve  is  to  touch  a  given  ■traight  line  at  r 
given  point,  this  circumstance  is  generally  equivalent  to  two 
conditions  in  the  determination  of  the  constants  of  the  curve. 
See  Art.  21 1 .  Thus  as  five  conditions  will  detemtine  a  central 
conic,  it  is  generally  impossible  to  construct  one  which  shall 
touch  the  three  sides  of  a  triangle  at  given  points.  As  four 
conditions  determine  a  parab<da,  so  a  parabola  is  detenninate  if 
it  touches  two  given  straight  lines  at  given  points. 

223.]  Now  {£,  ti)  in  (52)  is  any  point  on  that  tangent  which 
touches  the  curve  at  (x,y) ;  let  ui  suppose  ((,  q)  to  be  a  fixed 
point,  and  tangents  to  be  drawn  from  it  to  the  curve ;  then  as  (52) 
is  of  R  —  1  dimensions  in  terms  of  x  and  y,  all  the  points  of  con- 
tact lie  in  a  curve  of  the  (n  — l)th  degree;  and  therefore  there 
may  be  as  many  points  of  contact,  and  consequently  as  many  tan- 
gents as  there  are  points  of  intersection  of  (52)  with  the  original 
curve:  that  is,  there  may  be  »(»— 1)  tangents  drawn  from  a 
given  point  to  a  curve  of  the  nth  degree.  If  the  n  (it  —  1)  roots 
of  the  equation  which  determines  the  points  of  intersection  are 
all  real,  they  give  points  at  which  tangents  may  actually  be 
drawn  to  the  curve  from  (f,  Tf) ;  but  the  tangents  which  cor> 
respond  to  imaginary  roots  cannot  he  drawn,  at  least  to  those 
branches  of  the  curve  which  are  in  the  plane  of  reference. 
Hence  the  theorem  gives  the  number  which  the  tangents  drawn 
from  a  given  point  and  in  the  plane  of  reference  cannot  exceed. 
Since  n{n  — I)  is  an  even  number,  all  the  roots  may  be  ima- 
ginary,  entering  as  pairs  of  conjugate  roots,  and  therefore  it  is 
possible  that  no  tangents  can  be  drawn  to  a  given  curve  from 
points  within  certain  portions  of  space  in  the  plane  of  reference : 
for  f  and  i)  enter  into  the  equation  (52),  and  therefore  the 
reality  of  the  roots  of  the  equation  which  determines  the  points 
of  contact  is  dependent  on  their  values.  This  is  geometrically 
evident :  because  from  all  points  towards  which  a  curve  is 
concave  no  tangents  can  be  drawn  to  that  relatively  concave 
part:  whereas  for  all  those  points  towards  which  a  curve  is 
convex  two  tangents  can  be  drawn  to  that  relatively  convex 
part.  And  if  the  point  whence  the  tangents  are  drawn  varies, 
the  two  tangents  become  coincident  when  it  is  on  the  curve. 
And  thus  from  a  point  on  the  curve  only  »(n— 1)— 2  tangents 
can  he  drawn  to  the  curve.  This  is  in  accordauce  with  the 
algebraical  theorem,  that  if  a  pair  of  conjugate  roots  of  an 
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eqDiitioii  gradDally  varies,  nnd  becomes  renl  by  renson  of  the 
vanishing  of  the  imaginary  part,  they  Eire  equal  at  the  values 
where  the  transition  from  their  being  imaginary  to  their  being 
real  takes  place. 

Although  the  tangents  corresponding  to  the  imaginary  roots 
may  not  be  capable  of  geometrical  exhibition,  yet  as  they  are 
important  in  reference  to  a  subject  which  we  shnll  presently 
investigate^  their  algebraical  existence  must  not  be  forgotten. 
These  theorems  are  also  true  when  the  point  from  which  the 
tangents  are  drawn  is  at  an  infinite  distance ;  that  is,  in  other 
words,  when  the  tangents  are  all  parallel  to  each  other. 

If  B  =  2,  the  original  curve  is  a  conic;  and  n(»i  — 1)  =  2; 
therefore  not  more  than  two  tangents  can  be  drawn  from  the 
same  point  to  a  conic ;  and  the  point  whence  the  tangents 
are  drawn  may  have  such  a  position  that  two  may  be  drawn, 
or  only  one,  or  none :  thus  as  to  an  ellipse ;  from  all  points 
outside  the  curve  two  real  tangents  can  be  drawn:  from  all 
points  on  the  curve,  only  one :  and  from  points  within  the 
curve,  none. 

If  ft  =  8,  n(R  — 1)  =  6;  and  therefore  cdx  is  the  greatest 
nnmber  of  tangents  that  can  be  drawn  from  a  given  point  to  a 
curve  of  the  third  degree;  and  if  the  point  from  which  the 
tangents  are  drawn  is  on  the  curve,  only  four  tangents  can  be 
drawn.  We  shall  hereafter  have  various  modifications  of  these 
propositious. 

Plane  curves  are  also  arranged  according  to  the  number  of 
tangents  which  can  be  drawn  to  them  from  a  given  point :  and 
according  to  this  character  they  are  said  to  be  of  a  certain  class. 
Thus  if  a  curve  is  capable  of  having  m  tangents  drawn  to  it  from 
a  given  point,  it  is  said  to  be  of  the  mth  class.  Thus,  if  a  curve 
is  of  the  nth  degree,  it  is  of  the  n(n  — l)th  class.  A  curve  of 
the  secMid  d^;ree  is  of  the  second  class ;  a  curve  of  the  third 
d^ree  is  of  the  sixth  class. 

It  is  also  manifest  by  general  reasoning  that  not  more  than 
n(n  — 1)  tangents  can  be  drawn  to  a  curve  of  the  ttth  degree 
from  a  point  in  its  plane.  A  tangent  meets  a  curve  in  two 
coincident  points ;  and  as  a  straight  line  drawn  from  a  given 
point  cannot  cut  a  curve  in  more  than  n  points,  so  the  number 
of  pairs  of  points  of  intersection  of  the  line  with  the  curve  may 

be = i  and  when  two  points  of  intersection  become  coin- 

T  y  a 
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cident,  the  cutting  line  become*  a  tangent ;  and  as  each  pair  of 
points  may  become  coiiicident  in  two  different  ways,  ao  the 
number  of  tangents  may  be  »(«  —  !.) 

224.]  Hero  we  must  investigate  another  method  of  finding 
the  equations  of  the  n(n  — I)  tangents  to  a  plane  curve,  which 
will  give  the  equations  of  all  in  a  synthetic  form ;  and  the  process 
too  being  general  will  lead  ua  on  the  way  to  other  more  general 
theorems  of  algebraic  carves.  For  the  sake  of  symmetry  and 
homogeneity  I  shall  use  the  equation  to  the  curve  in  the  triliteral 
formj  and  shall  express  it  by  the  equation, 

F«y',y)  =  0.  (65) 

Take  any  two  points  a,  b  in  the  plane,  (f,  ij,  0  ">d  (x,  y,  z), 
and,  in  the  line  joining  them,  consider  a  point  p,  {a^,  y',  /),  which 
divides  the  distance  between  them  in  the  ratio  ft  :  v ;  so  that 
AP  :  BP  : :  p  :  f*; 

^^^.l±A^y'=^y±^,     /:=^i±*Lf;  (56) 

»i+i'  (*  +  "  MH-" 

let  us  suppose  r,{a/,^,^)  to  be  on  the  carve  (6S);  then  substi- 
tuting (56)  in  (55),  and  suppressing  the  common  denominator 
(fi  +  v)",  which  may  be  done  because  (65)  is  homogeneous,  we 

•^^^  t{vx-\^(ii,vy+ny),vz+iiO  =  (i;  (57) 

which  is  an  equation  of  the  nth  degree  in  terms  of  the  ratio 
ft  :  V.  The  roots  of  this  are  the  ratios  in  which  the  line  joining 
ii,  1)  0  and  (x,  y,  z)  are  cut  by  the  curve  at  each  of  the  n  points 
where  it  meets  the  curve ;  and  if  these  o  values  are  substituted 
in  (56),  we  shall  have  the  coordinates  to  the  n  points  of  section. 
Let  (57)  be  expanded  by  the  theorem  given  in  (56),  Art  \4& ; 
then,  as  (57)  is  homogeneous  and  of  the  nth  degree,  we  have 


1 


^»'f0-^«(^)+^f'Ol 


+ =0.   (68) 

Let  us  taks  a  more  ooQTeiiient  notation;  and  let 
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=f(%^)^'(%^)+f(%^) 


(59) 


dz 

BO  that  (58)  becomeB 
p"p  +  p»-i^^+_„"-V;?i  +  ...  +  i'tt"-'/>„_i+/*"P-=0;  (60) 

which  is  again  of  the  ttth  degree  ia  terma  of  the  ratio  fi :  v, 
and  of  which  the  roots  refer  to  the  n  points  of  intersection  of 
the  straight  line  with  the  curve. 

The  extreme  point  (x,  y,  z)  of  this  cutting  line  is  not  fixed ; 
it  may  therefore  be  any  point  in  the  plane  of  the  curve:  let  na 
aasome  it  to  be  on  the  curve :  then  it  is  manifest  that  p  =  0, 
and  also  that  one  of  the  roots  of  (60)  is  equal  to  zero,  or  that 
the  equation  is  divisible  by  i». 

If  the  line  meets  the  curve  in  two  coincident  points,  let  na 
suppose  them  to  be  {x,  jr,  z)  the  extremity  of  the  cutting  line ; 
then  two  values  of  p,  are  equal  to  zero,  and  (60)  must  be  divi- 
Bible  by  iif.  In  this  case  p  =  0,  and  jt,  =  0:  and  as  these  are 
simultaneous,  the  points  to  whicli  these  equal  and  vanishing 
Talues  of  fi  correspond  are  the  points  of  intersection  of  the  two 
corves  p  =  v(x,y,z)  =■  0,  and  pi  =  0.  But  if  a  line  drawn 
from  (f,  V,  0  to  the  curve  meets  the  curve  in  two  coiucident 
points,  that  line  is  a  tangent :  therefore  the  equation  pi  =  0, 
which  ia  of  the  first  order  in  terms  of  £,  ry,  (,  is  that  of  the  tan- 
gent of  the  curve ;  and  this  expressed  at  length  is 

which  is  the  same  equation  as  that  found  above  in  Art.  216, 
and  is  of  the  (n  — l)th  order  in  terms  of  x,  y,  z;  so  that  the 
points  at  which  tangents  drawn  from  (f,  i),  f )  touch  the  original 
curve  lie  on  a  curve  of  the  <n  — l)th  order.  And  this  result 
admits  of  extesnon ;  for  from  (59)  it  appears  that  p%  =  0,  which 
is  an  equation  of  the  (»  — l)th  order  in  terms  of  x,  y,  z,  is  that 
which  passes  through  the  (n— 2)  points  at  which  tangents  drawn 
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from  (f ,  i;,  f)  touch  the  curve  ^i  =  0 ;  similarly,  p^  =  0  k  the 
cunre  of  the  (n— 3)rd  order  which  paases  through  the  (n— 3) 
points  of  contact  of  lines  drawn  from  {f ,  tj,  ()  with  the  curve 
Pi  =  0;  nnd  similarly  p^-i  =  0  is  the  equation  to  a  straight 
line  in  terms  of  x,  y,  z  which  passes  through  the  points  of  contact 
of  the  tangents  drawn  from  (f ,  ij,  f )  to  the  conic  ^h-i  =  0.  The 
further  consideration  of  (59)  and  (60)  must  be  deferred  to  a 
subsequent  Section. 

225.]  In  connexion  with  the  present  subject  it  remains  for 
us  still  to  investigate  more  generally  the  equation  of  the  system 
or  the  pencil  of  tangents  which  can  be  drawn  from  a  given  point 
(f  >  It  f )  to  "  curve  of  the  nth  degree. 

Let  the  equation  to  the  curve  be  r  (x,  y,  2)  =  0 ;  then  we 
have  the  following  equations, 

p  (Jf,  y,  r)  =  0 ;  (62) 

a^(l«''-ftf')+y(C*'-f^)  +  ^(fy'-')*')  =  0;  (64) 

of  which  (63)  is  the  equation  to  the  tangent,  and  (64)  is 
the  equation  of  a  straight  line  passing  through  ((,  i\,  f)  and 
another  point  (if,  y',  ^),  and  of  which  line  therefore  x\  y\  z' 
may  be  the  current  coordinates,  "^av  (62)  is  a  homogeneous 
equation  of  n  dimensions,  (63)  is  also  homogeneous  and  of  n  — 1 
dimensions  in  terms  of  x,y,z ;  and  (64)  is  of  one  dimension  in 
terms  of  the  same  variables ;  therefore,  if  ;r,  y,  z  are  eliminated, 
the  resultant  is,  see  Art.209,  of  n(n  — 1)  dimensions  in  terms 
of  ij/— fy',  fiP'  — f/,  fy'— 1*';  of  »  dimensions  in  terms  of 
f,  I),  f ;  and  apparently  of  %n~\  dimensions  in  terms  of  the 
coefficients  of  f  =  0,  because  these  coefficients  enter  in  the  nth 
degree  by  reason  of  (63)  and  in  the  (b  — l)th  d^*ree  by  reason 
of  (62) ;  hut  the  resultant  has  a  linear  rational  factor  with 
reference  to  the  coefficients  of  p  =  0,  because  (x',  y",  /)  is  on 
the  tangent,  and 

this  factor  is  therefore  to  he  omitted ;  and  the  resultant  con- 
sequently is  of  the  2  (n  —  1 )  th  degree  with  respect  to  the  coeffi- 
cients of  F  =  0 ;  and  is  the  equation  of  the  system  of  tangents 
whid)  can  be  drawn  to  the  curve  from  the  point  (^,17,  <*)■     As 


,,  Google 


226.]  PENCIL   OF   TANGENTS.  351 

an  example  of  this  process  let  us  take  the  ellipse  whose  equa- 
t'onis  _j       -.1       _. 

aud  the  equation  to  its  tangent  is 

|f  +  '^  +  |?  =  »^ 

and  the  equation  to  the  line  through  ({,  ij,  0  "d^  (■»'.  v',  ^)  i» 

!C(Cy,-v^,)  +  y(£zi-i:xO-\-z(7]X,~iy,)  =  0;        (68) 
so  that  from  (67)  aud  (68)  we  have 


*  V^  +  4«  +  ^/       f  ^^  +  ^  +  7*^/ 
substituting  which  in  (66)  we  have 

r^"4'4')(&+^+l^)-(lT.'^.^)'=o,  (70, 

which  is  a  quadratic  equation  in  terms  of  af,  y',  /,  and  gives 
therefore  two  values  for  the  point  to  which  a  line  drawn  from 
(f  >  1>  0  *ill  l>c  ft  taugent  to  the  ellipse  :  two  tangents  therefore 
can  be  drawn  to  an  ellipse  from  a  given  point. 

Further  investigations  in  connexion  with  this  subject  will  be 
found  in  a  paper  by  Joachimsthal  in  Crelle's  Journal,  Vol. 
XXXIII,  p.  871,  and  in  a  paper  by  Mr.  Cayley  in  the  same 
Journal,  Vol.  XXXIV,  p.  80. 

226.]  The  equation  to  the  tangent  given  in  (18)  or  (61), 
which  is  equivalent  also  to  equation  (52),  must  still  be  con- 
sidered in  a  more  general  way,  and  with  reference  to  the  curve 
which  passes  through  the  «(n  — I)  points  of  contact:  for,  aa 
before  observed,  these  equations  are  of  the  <n  — l)th  degree  in 
terms  of  x,  y,  and  z,  and  of  the  first  degree  in  reference  to  £,  tf,  C 
This  curve  requires  a  peculiar  name  on  account  of  many  pro- 
perties which  it  possesses :  and  it  is  called  the  Polar,  or  the 
first  polar,  with  reference  to  the  point  {£,  q,  {)  which  is  called 
the  Pole.  The  original  curve  v(x,  y,z)  =0  is  called  the  Base- 
curve;  and  thus  Base-curve,  Pole,  and  Polar  are  correlative 
terms.  In  (59),  if  (x,  y,  z)  is  a  point  on  the  carve  p=  t(x,  y,  z) 
=  0,  p  is  the  base-curve :  ^i  =  0  or 
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is  the  equation  of  the  first  polar,  with  rrference  to  (£,  ij,  {)  aa 
the  pole. 

Th  U8  if  the  base-curve  is  a  conic  of  which  the  equation  is 
Ai^-i-By*+cs*  +  fiByz+2ozx  +  2Bxt/  =  0, 
the  equation  of  the  first  polar  is 

f  {Aar  +  Hy  +  G«)  +  »j(Hy+By  +  Er)  +  ({ax+stf  +  cs)  =  0, 
which  is  of  the  first  d^ree  io  terms  of  ir,  y,  z,  and  is  therefore 
the  equation  to  a  straight  line. 

Similarly  if  the  base-curre  is  of  the  third  degree,  the  first 
polar  is  a  conic,  and  all  the  six  points  of  contact  of  tangents  to 
the  curve  drawn  from  a  given  point  are  on  a  conic. 

Let  us  consider  the  modifications  which  (71)  undei^oes  for 
particular  positions  of  the  pole.  Let  the  origin  be  the  pole ; 
then  f  =  I)  =  0;  and  (71)  becomes 

D  =  °-  <'^) 

aud  this  is  the  polar  of  the  origin.  Thus  the  polar  of  the  origin 
of  the  conic  whose  equation  is  (51),  Art.  208,  is 

OiT  +  tif-j-cz  =  0.  (73) 

Again,  let  us  suppose  the  pole  to  be  at  an  infinite  distance,  so 

that  all  the  tangents  drawn  from  it  to  the  curve  are  parallel, 

and  let  as  suppose  —  to  be  the  tangent  of  the  angle  which  all 
these  parallel  tangents  make  with  the  axis  of  x ;  then  the 
equation  to  the  polar  is 

which  is  of  the  (n  — l)th  degree;  and  as  the  points  of  contact 
are  the  n(n  — 1)  points,  common  to  this  and  to  the  original 
curve,  it  follows  that  all  the  points  of  contact  of  parallel  tangents 
lie  on  a  curve  of  the  (n  — l)th  degree. 

If  all  the  tangents  are  parallel  to  the  axis  of  ^,  b  =  0,  aud 

therefore  (-7-)  =  0 ;   similarly  if  the  tangents  are  parallel  to 

the  axis  of  y,  a  =  0,  and  therefore  (^)  =  0.     Thns  (^)  =  0, 

and  (-r-)  =  0  are  the  equations  to  the  polars  of  j(x,y,z)  =  0, 

when  the  pole  is  at  au  infinite  distance  on  the  axes  of  x  aud  jr 
respectively.     One  case  of  these  equations  requires  notice  :   if 
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r(x,  y,  z)  is  the  equation  of  a  coniCj  (-3-)  and  l-p-)  are  ex- 
preasions  of  the  first  degree,  and  represent  straight  lines.  Not  if 
{-f-j  =  0,  at  the  points  common  to  it  and  the  conic,  the  tan- 
gents of  the  conic  are  parallel  to  the  axis  of  x ;  and  as  all  chords 
of  a  conic  parallel  to  these  parallel  tangents  are  bisected  hy  the  , 
line  passing  through  the  points  of  contact,  so  t-p)  =  0  is  the 
eqaation  of  a  line  bisecting  all  chords  parallel  to  the  axis  of  x ; 
it  is  therefore  a  diameter.     Similarly  (^)  =  0  is  the  equation 

to  a  diameter  bisectiog  all  chords  parallel  to  the  axis  of  y: 
accordingly  the  point  of  intersection  of  these  two  lines  is  the 
centre  of  the  conic.     See  Ex.  S,  Art.  141. 

If  r(x,y,s)  is  of  three  dimensions,  (74)  is  the  equation  to  a 
conic ;  and  therefore  the  six  points  in  a  carve  of  the  third 
d^ree  at  which  lines  parallel  to  a  given  straight  line  touch  the 
cmre  lie  in  a  conic. 

227.3  Suppose  that  the  pole  is  not  a  fixed  point,  but  mores 
in  a  given  curro  in  the  plane  of  the  base-curre :  then  as  the 
position  of  the  pole  moves,  that  also  of  the  polar  is  changed. 
Let  us  call  the  curve  along  which  the  pole  moves,  the  Directrix  : 
then,  if  the  directrix  is  a  continuous  curve,  the  successive  cor- 
responding polars  will  have  positions  infiuiteaimally  cousecutive, 
and  will  doubtless  in  their  consecutive  intersections  generate 
another  curve :  curves  generated  in  this  way  are  called  Enve- 
lopes; but  the  general  theory  of  them  must  be  reserved  to  a 
future  part  of  our  treatise.  See  Chapter  XIII.  Without  enter- 
ing on  the  general  theory  I  am  here  able  to  consider  the  most 
simple  case ;  that,  viz.  in  which  the  directrix  is  a  straight  line. 

Let  the  equation  to  the  directrix  be 

a£  +  br,  +  c{=0;  (15). 

the  equation  to  the  £rat  polar  is 

whence  we  have 

i =  " =    i ;      (77), 

rfF\  jdv\         /dr\  /rfr\         "'- 


'Q-(g)    'O-Q    '{%)-<) 

z  z 
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and  as  no  other  relation  is  giveD  between  £  t|  and  {,  these  qiiao- 
titiea  are  iadeterminate ;  and  thus  we  have 

which  are  two  eqaations  of  the  (a  — I)th  degree  in  terms  of 
x,y,s:  these  are  the  equations  to  two  curres  each  of  which  is 
of  the  («  — l)th  order;  and  these  curres  do  not  involve  f,  ijif: 
they  are  therefore  the  same  for  all  posidona  of  the  pole  in  the 
directris;  and  they  intersect  in  (n  — 1)*  points;  and  therefore 
we  conclude  that  all  the  first  polars  of  a  curve  of  the  nth  decree 
pass  through  (n  — 1)'  points,  if  the  directrix  of  the  pole  is  a 
straight  line.  A  particular  case  of  this  is  the  well-known 
theorem,  that  all  the  polars  of  a  conic  corresponding  to  poles 
on  a  given  straight  line  pass  through  one  and  the  same  point. 

328.]  The  first  polar  is  a  curve  of  the  (n— l)th  degree.  To 
it  let  s  process  with  reference  to  the  same  pole  he  applied 
similar  to  that  by  which  the  first  polar  is  derived  &om  the 
base-curve :  then  another  curve  will  be  derived  from  it,  and 
this  may  from  analogy  be  called  the  second  polar,  being  as  it  is 
the  polar  of  the  aforesaid  first  polar,  and  with  reference  to  the 
same  pole.  Similarly  may  other  polars,  the  third,  the  fourth, 
&c.  be  derived.  On  referring  to  the  series  of  equations  (59) 
;ii  =  0  is  the  equation  of  the  first  polar ;  and  m  pt  =  0  beara 
the  relation  to  it,  with  reference  to  (£,  tj,  f)i  which  p\  =  0  does  to 
the  base-curve,  pi  =  0  is  the  equation  to  the  second  polar : 
similarly ps  =  0  is  the  equation  to  the  third  polar;  and  eo  on; 
and  as  p  =  0  is  an  equation  of  the  nth  degree  in  terms  of  ;r,  y,  z, 
so  if  curves  are  formed  according  to  the  scheme  in  (59), p„-i  =  0 
is  of  the  first  degree  in  terms  of  x,y,zi  and  is  therefore  as  to 
these  coordinates  the  equation  of  a  straight  line.  Similariy 
/>■->  =  0  is  the  equation  of  a  conic;  therefore  the  (n  — l)th 
polar  is  a  strMght  line,  and  the  (n— 2)th  is  a  conic.  These 
results  are  true,  whatever  is  the  base  curve.  I  may  also  observe 
that  by  reason  of  the  symmetry  of  the  function  in  (57), 
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which  are  respectively  the  eqnationa  to  the  polfir  conic  and  the 
polar  straight  line.  It  is  also  to  be  observed  that  the  soccessive 
polars  Pi,pi,.-.pn-i,  are  in  terms  of  f,  >j,  f  severally  of  the 
orders  1, 3,  ...(n-1)*. 

329.3  ^®  general  equation  of  the  normal  to  a  plane  carve 
given  in  (21),  Art.  21 7,  is 

„-„(£)  _«_.,(|)  =  0,  (81, 

which  is  evidently  of  ft  dimensions  in  terms  of  x  and  y,  and 
does  not  generally  admit  of  redaction.  If  (£,  tj)  is  a  point  from 
which  normals  are  drawn  to  a  curve  *(x,y)  of  the  nth  degree, 
{x,  y)  in  (81 )  is  the  pmnt  at  which  the  normal  meets  the  curve : 
and  as  (SI)  is  of  n  dimensions,  it  follows  that  there  are  as  many 
points  of  intersection  of  normals  with  the  curve  as  there  are 
points  of  intersection  of  (81)  with  the  original  curve:  that  is, 
the  DQmber  of  paints  is  n* :  therefore  from  a  given  point  (i,ri) 
n*  normals  may  be  drawn  to  a  curve  :  this  is  clearly  the  lai^est 
number;  and  the  number  which  can  actually  be  drawn  will  be 
the  same  as  that  of  the  real  roots  in  the  equation  of  n'  dimen- 
sions which  arises  from  the  oombiuation  of  (81)aadof  ^(Xiy)  =0. 
As  I  and  i;  enter  into  this  equation  by  means  of  (81 ),  so  will  the 
nature  of  the  roots  depend  on  them ;  and  therefore  there  may  be 
certain  districts  of  the  plane  of  reference,  in  which  if  the  point 
(£,  I))  is  taken,  all  the  roots  may  be  real :  certain  lines  of  de- 
marcation on  which  if  (f ,  <;)  is,  two  or  an  even  or  any  number  of 
the  roots  may  become  equal ;  and  certain  districts  again  beyond 
these  lines  for  which  pairs  of  the  roots  will  be  imaginary. 
Thus  to  a  central  conic  from  all  points  within  certain  districts 
four  normals  can  be  drawn;  from  points  on  a  certain  tine, 
which  is  called  the  Evolute,  two  of  the  four  roots  which  give 
the  four  normals  will  be  equal  and  only  three  normals  can  be 
drawn ;  and  from  all  points  in  the  district  beyond  this  line  only 
two  normals  can  be  drawn.  To  the  parabola  not  more  than  three 
normals  can  be  drawn  from  any  point  in  its  plane,  the  fourth 
normal  being  that  to  the  infinite  branch  of  the  curve.     Thus  if 

*  For  other  thcoremi  ai  to 
CnOk'a  Jourml,  Vd.  XLVII,  p. 
ville,  Vol.  XVin. 
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the  equation  of  the  parabola  is  y*  =  iax,  the  equation  of  its 
uormal  is  ,, 

and  if  we  eliminate  »  from  these  two  equations  we  have 

y«-4o(f-2a)y-8o»9  =  0;  (82) 

vhich  is  a  cubic ;  so  that  if  the  roots  of  this  are  all  real,  three 
normals  may  be  drawn  to  a  parabola ;  if  two  of  the  roots  are 
equal,  only  two  normals  ;  and  if  two  roots  are  ima^nary,  only 
one  normal  can  be  drawn :  and  as  one  root  of  a  cubic  is  always 
real,  one  normal  can  be  drawn,  whatever  is  the  position  of  (f,  i}) ; 
if  two  roots  of  (82)  are  equal,  we  have 

8yi_4«{{_2a)  =  0;  (83) 

and  if  we  diminate  y  from  this  equation  and  (82),  ve  have 

27fl7»  =  4{f-2<i)»;  (84) 

from  all  points  on  which  curve  two  normals  can  be  drawn. 
Thus  (84)  divides  the  plane  of  reference  into  two  districts,  from 
all  points  in  one  of  which  three  normals,  and  frY>m  all  points  in 
the  other  of  which  only  one  normal  can  be  drawn  to  the 
parabola.     (84)  is  called  the  Evolute  of  the  Parabola. 

In  a  memoir  by  Professor  Steiner  of  Berlin,  and  contained  in 
Crelle's  Journal,  Vol.  XLIX.  1855,  three  geometrical  proois  are 
given  of  the  theorem  of  this  Article.  One  of  them  I  will  insert 
here.  Let  ?  be  the  point  from  which  the  normals  are  to  be 
drawn.  Let  the  curve  be  of  the  nth  degree,  and  let  it  be  moved 
round  in  its  plane  about  the  point  r ;  then  the  curve  in  its  new 
position  will  intersect  that  in  the  old  position,  in  n*  points, 
which  are  either  real  or  imaginary :  and  when  the  displacement 
is  iniiniteBimal,  the  radii  vectores  drawn  from  f  to  the  same 
points  on  the  carves,  when  the  secoud  is  displaced,  will  at  the 
points  of  intersection  be  equal ;  and  thus  the  line  joining  these 
two  points  will  be  perpendicular  to  the  radii  vectores,  and  the 
radius  vector  will  be  a  normal ;  and  as  the  number  of  points  at 
which  these  circumstanceB  may  occur  will  be  n*,  so  from  r  may 
n*  normals  be  drawn  to  a  curve  of  the  nth  degree. 

230.^  The  normal  is  the  longest  or  the  shortest  line  that  can 
be  drawn  to  a  plane  curve  from  a  given  point  in  its  plane. 

Let  f)o  and  $„  be  the  coordinates  to  the  given  point,  and  x 
and  tf  the  current  coordinates  to  the  curve;  then,  if  r  is  the 
distance  between  (t)o,  fu)  and  (x,  y), 
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r*  =  «o-*)»  +  (.)o-y)^ 
.-.    rdr  =  0=  ~(£o'-x)de  —  (m~y)dy. 
Let  «  =  p  (x,  jr)  =  c  be  the  equation  to  the  curve  ', 

and  as  (85)  and  (86)  are  simultaneously  true, 

(-)        (-)  ' 

^dxl  Uyl 

and  if  we  compu^  (85)  with  (20),  or  (87)  with  (21),  it  is  mani- 
fest that  they  are  respectivelf  identical ;  and  that  therefore  the 
longest  and  shortest  lines  coincide  in  direction  with  the  normal. 


(87) 


Section  2. — Asymptotes  to  plane  curves  referred  to  rectangalar 
coordinates. 

231.3  ^  ^^^  ^  ^^  to  be  an  asymptote  to  a  curve,  when  the 
curve  approaches  continually  nearer  and  nearer  to  it,  but  is  not 
coincident  with  it  within  a  finite  distance. 

From  this  definition  it  is  plain  that  there  are  two  classes  of 
asymptotes,  rectilinear  and  curvilinear,  which  it  is  convenient 
to  discass  separately. 

If  the  curve  has  asymptotes  which  are  either  the  coordinate 
axes  themaelves  or  straight  lines  parallel  to  them,  they  may  be 
determined  in  the  following  manner.  If  y  =  » ,  when  x  =  0, 
the  axis  of  y  is  an  asymptote ;  and  if  y  =  0,  when  x  =  00 , 
the  axis  of  jr  is  an  asymptote :  such  are  the  axes  of  coordinates 
to  the  curve,  xy  =  k*. 

Again,  if  y  =  ao ,  when  x  =  a,  v.  line  parallel  to  the  axis  of 
y,  at  a  distance  a  from  it,  is  an  asymptote ;  and  if  f  =  00 , 
when  'y  =  b,  a,  line  parallel  to  the  axis  of  x,  at  a  distance  b 
from  it,  is  an  asymptote. 

Thus  suppose  the  equation  to  a  curve  to  be 

xy  —  ay~bx  =  0; 

then,  at  it  may  be  put  under  either  of  the  forms, 

bx  au 

y  = ,    at    X  =  — =-1. 

x—a  y—o 

y  =  ao  t  when  «  s  a ;   and  x  =  sc ,  -when  y  =  b; 
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that  is,  tvo  lines  pKrallel  to  the  ccx>rdiaate  axes  are  asymptotes; 
the  cnrre  is  represented  in  fig. SI ;  wherein  oa  =  a,  ob  =  4. 

So  of  the  logarithmic  curve,  see  fig.  82,  the  axis  of  x  is  an 
asymptote ;  its  equation  is 

y  =  o'J 
.*.     y  =  0,  when  «  =  —to  ; 
therefore  oB  is  an  asymptote  to  the  branch  ac. 

So  in  the  ctssoid,  equation  (12),  Art.  194,  and  fig.  34,  y  =  ce , 
when  x  =  2ai  therefore  the  ordinate  through  a  is  an  asymptote 
to  the  curve. 

And  in  the  tractory,  equation  {27),  Art.  200,  and  fig.  38,  y  =  0, 
when  x:=9o,  and  therefore  the  axis  of  «  is  an  asymptote. 

If  however  a  curve  has  rectilinear  asymptotes  not  parallel  to 
the  axes  of  coordinates,  they  are  to  be  determined  by  one  or 
other  of  the  following  methods. 

232.3  ^Bthod  of  determining  rectilinear  asymptotes  by  ex- 
pansion iu  descending  powers  of  a;. 

If  by  any  artifice,  as  by  the  Binomial  Theorem,  or  by  Mac- 
laoria's  Theorem,  the  eqaataou  to  a  carve  can  be  expanded  in 
a  series  of  the  form 

y  =  aiit  +  at  +  ^+-^+  ;  (88) 

then,  as  all  and  every  term  after  the  first  two,  that  is,  every 
term  which  involves  a  negative  power  of  x,  diminishes  without 
limit,  and  ultimately  becomes  infinitesimal,  when  x  becomea 
infinity,  the  difierence  between  the  ordinate  to  the  curve  rejHre- 
sented  in  equation  (88),  and  that  to  the  stnught  line  whose 
equation  »  jf  =  «.»•  +  ««  (89) 

is  infinitesimal,  and  the  straight  line  represented  by  equation 
(88)  is  an  asymptote  to  the  curve. 

And  according  as  the  first  term  after  Oo,  be  it  —  or  -j..., 

is  positive  or  negative,  so  will  the  ordinate  to  the  carve  be 
greater  or  less  than  the  ordinate  to  the  asymptote,  and  the 
curve  will  be  above  or  below  the  asymptote. 

The  equation  (89)  is  to  be  constructed  in  the  ordinaij  way. 

And  if,  finally,  the  equation  to  the  asymptote  is  affected  with 
+  */^,  it  indicates  that  the  asymptote  lies  out  of  the  plane  of 
reference,  and  is  asymptotic  therefore  to  a  Ivanoh  of  a  curve 
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•imilarly  placed,  and  to  be  drawn  according  to  the  methods  of 
Section  2  of  the  la§t  Chapter. 

23S.]   Ex.  1.    To  find  the  equations  to  the  asymiitotes  of  the 
CiiBoid  of  Dioclee. 


...   »=±yr,(i  +  |  +  ...)i 

are  the  equations  to  the  asymptotes,  and  represent  tvo  straight 
lines  oat  of  the  plane  of  reference  inclined  to  the  axis  of  j?  at 
+  45",  and  catting  the  axis  of  ;r  at  a  distance  —a  from  the 
origin,  which  are  delineated  by  the  dotted  straight  lines  of 
fig.  84. 

Ex.  2.    To  determine  the  asymptotes  of  the  Witch  of  Agnesi. 

From  the  eqnation  (15)  of  Art.  195,  we  have 


=  4fl>  t^  -  1  j  5 
.-.    y  =  +  '/^2a,  when  *  =  oo  ; 
which  eqaations  are  those  to  the  asymptotes,  and  express  two 
straight  lines  oat  o{  the  plane  of  reference,  and  parallel  to  the 
axis  otx,  at  distances  ±2 a  from  itj  see  %.85. 
Ex.  8.    To  determine  the  asymptotes  of 


'(1-:^H 


therefore  neglecting  terms  involving  negative  powers  of  tr,  the 
eqnations  to  the  asymptotes  are  y  =  ±x;  and  as  the  next 
term  of  the  series  is  nqp^ve,  it  follows  that  the  curve  is,  in  the 
first  quadrant,  below  the  asymptote. 
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234.]  The  preceding  method  does  not  indicate  any  general 
property  of  equations  of  curves  which  have  asymptotic  straight 
lines ;  and  frequently  the  equation  does  not  admit  of  develop- 
ment in  the  form  (88)  with  the  requisite  facility.  These  defects 
are  supplied  by  the  following  process,  which  i&  easy  of  applica- 
tion in  all  cases. 

If  a  curve  approaches  nearer  and  nearer  to  a  definite  straight 
line  and  meets  that  line  at  an  infinite  distance,  it  is  evident 
that  this  line  is  a  rectilinear  asymptote  and  that  it  is  the  tangent 
to  the  curve  at  infinity;  thus  the  equation  to  this  particular 
tangent  is  the  equation  to  the  asymptote;  and  the  equation  to 
it  may  be  deduced  from  the  general  equation  to  the  tangent,  if 
the  necessary  alterations  are  made.  This  is  the  theory  of  these 
asymptotes  in  the  general  case.  If  the  asymptote  is  parallel  to 
one  of  the  coordinate  axes,  say  to  the  axis  of  x,  that  we  may 
fix  our  thoughts ;  then,  if  it  is  at  a  distance  b  from  it,  y  =  b, 
when  jt  ==  00  :  and  if  il  is  parallel  to  the  axis  of  y  at  a  distaQce 
a  from  it,  then  x  =  a,  when  y  =  00 .  If  however  it  is  not 
parallel  to  either  of  these  axes,  the  solution  of  the  problem 
requires  the  determination  of  a  tangent  when  x  =  y  =  00  . 

Let  us  take  the  equation  to  a  curve  in  the  general  form  given 
in  (48),  Art.  207 ;  then  the  equation  to  the  tangent  is,  see  (5i£), 
Art.  222, 

f  (^)  +  'j(^)+a-i  +  2«,_,+  ...+(»-l)tti  +  tiiio  =  0.  (90) 

When  d?  =  y  =  CO ,  the  terms  of  the  highest  dimensions  alone 
may  be  retained ;  in  which  case, 

(^\  -  (^\  {—\  -  (^\  ■ 

\dx>  ~  \dx>'        ^dy'  ~\dyl' 

and  (90)  becomes 

this  is  evidently  an  equation  of  n  —  1  dimensions  in  all  its  terms ; 
and  it  is  the  equation  to  the  asymptote  when  the  several  terms 
in  it  are  evaluated  for  j?  =  y  =  00  . 

As  the  asymptote  is  a  tangent  to  the  curve,  so  the  tangent  of 
the  angle  contained  between  it  and  the  axis  of  « is  ^ .  In  this 
case  then 
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dy  _         V  dx 


-r  ^ ,  when  x  =  y  =  <k  ;  (92) 

and  the  Talnes  of  the  intercepts  of  the  coordinttte  axea  of  x  and 
y  by  this  asymptote  are  respectively 

—   ■"""'   ,    and    —    "7^- ,  when  x  =  y  =  <x,.         (03) 

(^\  (^ 

\dxl  \dyl 

Hence  it  appears  that  the  asymptote  passes  through  the  origin, 
when  «,_i  =  0 ;  that  is,  if  the  equation  to  the  carve  is  of  the 
nth  d^^ree,  and  has  no  term  of  the  (n  —  l)tb  degree,  the  asymp- 
totes pass  through  the  origin.  If  on  evaluation  (92)  hecomes 
tero,  the  asymptote  is  parallel  to  the  axis  of  x ;  and  if  it  =  oo , 
the  asymptote  is  parallel  to  the  axis  of  y :  in  either  case  the 
intercepts  of  the  coordinate  axes  are  to  be  determined  from  (93). 
285.]   Let  us  apply  the  process  to  some  examples. 

X*         V* 

Ex.  1.  The  equation  to  the  hyperbola  being  —j'  —  ^  =  1,  it 
is  required  to  find  its  rectilinear  asymptotes. 

As  this  equation  is  of  two  dimensions  and  has  no  t«nn  of  one 
dimension,  the  asymptotes  pass  throagh  the  origin,  which  is  the 
centre  of  the  curve.  The  tangents  of  the  angles  at  which  they 
are  inclined  to  the  axis  of  j;  are  thus  found : 

Let  the  equation  to  the  hyperbola  he  considered  in  the  form, 
vt  H-  uo  =  0,  so  that 

/fa\  _  2f  /Ab\ 2y. 

\itx'        a*'  ^  dy'  ft»' 


dy  _  b*x 
dx  "  a*y  ~ 
_  b*dx_ 
~~  a*dy' 


,  when  X  = 


.  ■ .     -f^  =  +  - ,  when  «  =  V  =  00  L 
dx        —  a  ' 

and  the  equations  to  the  asymptotes  are 

?  +  |  =  0.  (M) 

Ex.  3.    To  find  the  equations  to  the  asymptotes  of  the  cnrve 

y'  +  #*  — oaf*  =  0. 
FUCX,  VOL.  I.  5  A 
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In  this  caae  from  (92), 

ax  y'        ^ 

_       xdx  _  00 


because  the  ioclination  of  the  ssf  tnptote  to  the  axes  is  the  same 
for  all  the  points  infiniteaimall;  consecutive  00  the  curve  at  an 
infinite  distaooe;  see  also  Art.  139 ;  and  therefore  differentiating 

'^'^'  dy  dx*  ,   ,.  _.        dy 

-==■  = r-rJ   and  therefore  -^=  —  1. 

dx  dy*  ax 

Again,  from  (93)  the  intercept  of  the  axis  of  x 

ax*  _  a  _ 

~  3^~  3' 

so  that  the  equation  to  the  asymptote  is 

a 

Ex.  3.    To  find  the  asymptotes  to  the  Folium  of  Descartes, 
see  fig.  63,  of  vhich  the  equation  is 

ar*  +  y'  —  3  axy  =  0. 

dx  y*       '^  ' 

"  '"'*  "°     ^'''  di  " 
And  from  (93)  the  intercept  of  the  axis  of  y 
Saxy 

dx  .. 

=  a-7-  =  —a,  ifa!  =  t/sz 00  : 
dy  '  "  • 

BO  that  the  equation  to  the  asymptote  is 

If  =  —  f  —  a. 

Ex.  4.    If  the  equation  to  a  carve  is 

^  +  y'+8«*ar  +  8i»y  +  c>  =  0, 

the  equation  to  the  asymptote  is 

jp  +  y  =  0. 

I  must  observe  that  as  the  asymptote  is  a  tangent  to  a  carve 
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at  an  infinite  distance,  the  general  properties  of  tangents  are 
tme  also,  in  their  d^ree,  of  asymptotes.  Thus  an  asymptote 
most  be  considered  to  have  tvo  points  common  with  the  curve. 
Now  as  a  straight  line  can  generally  cut  a  curve  of  the  nth 
degree  in  n  pointSj  so  an  asymptote  cannot  cut  it  in  more  then 
n  — 2  points.  Thus  an  asymptote  to  a  conic  cannot  cut  the 
conic,  at  least  at  a  point  within  a  finite  distance.  An  asymptote 
to  a  curve  of  the  third  order  must  also  cot  the  curve.  Hence 
also  it  follows  that  to  a  curve  of  the  nth  degree  not  more  than 
n(n— 1)  — 2  tangents  can  be  drawn  parallel  to  an  asymptote, 
for  in  this  aspect  the  asymptote  counts  for  two  tangents. 

236.]  Sometimes  by  this  method,  as  well  as  by  the  former, 
we  arrive  at  results  affected  with  +  -f^,  in  which  case  the 
lines  must  be  drawn  in  their  own  planes.  And  sometimes 
curves  have  branches  out  of  the  plane  of  reference,  which  are 
asymptotic  to  straight  lines  in  the  plane,  as  in  the  following 
example ;  and  these  must  be  determined  in  one  or  other  of  the  * 
methods  which  have  been  just  explained.     Thus  if 

X^kS-xf  =  o»-JF»,  then     y-x  =  ±  ^''  "",-■-■ 

When  X  is  infinitely  great,  the  right-band  member  of  the  equa- 
tion vanisbes ;  and  we  have  y  =  x,  which  is  the  equation  to  a 
line  passing  through  the  origin,  and  inclined  at  45°  to  the  axis 
,  of  X,  and  which  is  asymptotic  to  two  branches  of  the  curve ; 
bat,  for  all  values  of  x  not  within  the  limits  +  a,  the  curve  lies 
oat  of  the  plane  of  reference,  and  therefore  the  asymptote  is 
that  to  which  these  branches  are  continually  approaching.  The 
form  of  the  curve  is  given  in  fig.  52,  the  dotted  lines  represent- 
ing the  branches  in  a  plane  perpendicular  to  that  of  the  paper. 

287.]  Two  curves  may  also  be  asymptotic  to  each  other ;  for 
suppose  the  equation  to  a  given  carve,  when  expanded  in  de- 
scending powers  of  jr,  to  be 

y  =  atx*  +  aiX  +  ao+-^  +  ...;  (95) 

then,  if  we  neglect  on  the  right-hand  side  of  the  equation  all 
terms  after  the  first  three,  which  is  equivalent  to  making  x=  ao, 
the  curve  whose  equation  is 

y  =  Otx'-i-aiX  +  ati,  (96) 

and  which  is  a  parabola,  is  asymptotic  to  the  given  curve. 
3  AS 
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Also  if  in  equation  (88),  Art.  iiS2,  we  omit  all  temiB  except 
the  first  three,  and  multipty  through  by  x,  we  have  the  eqoa- 
tioD  to  a  hyperbola,  vie. 

and  this  curve  is  asymptotic  to  the  given  curve,  hecause  the 
difference  between  the  lengths  of  their  ordinatea  is  a  quaotdty 
which  diminishes  without  limit  aa  x  increases  without  limit. 
And  80  again  if  we  take  account  of  the  first  four  terms  of  the 
same  equation,  and  neglect  all  subsequent  ones,  we  shall  obtain 
the  equation  to  a  curve  which  is  nearer  to  the  given  curve  than 
either  the  rectilinear  asymptote  or  the  hyperbola ;  and  thus  by 
a  similar  process  we  may  obtiun  a  series  of  curves  more  and 
more  asymptotic  to  a  ^ven  curve.  Thus  also  we  often  find 
curves  which  have  cubical  and  semicubical  parabolas  asymptotic 
to  them :  as  &r  instance, 

y*  =  X*  {j'— a*}*; 


y  =   ±x\ 


Ml- 


4j;» 


-  t  4^*  J 

and  therefore,  neglectii^  all  terms  involving  negative  powers 
of  X,  we  have  , 

which  is  the  equation  to  a  semicubical  parabola,  the  form  of 
which  is  given  in  fig.  64,  and  is  asymptotic  to  the  curve. 

238.]  And  I  must  enter  further  into  the  relation  between  tfae 
equation  of  a  curve  and  those  of  its  asymptotes,  whether  they 
are  curvilineal  or  rectilineal,  because  a  general  theory  will  be 
hereby  obtained ,-  and  because  we  shall  also  have  the  occasioQ 
of  explaining,  algebraically  and  geometrically,  the  points  of  in- 
tersection of  a  curve  with  a  line,  straight  or  curved,  when  the 
intersection  takes  place  at  an  infinite  distance. 

Let  the  equation  to  the  curve  be  that  given  in  (48),  Art.  207 ; 
and  let  us  assume  a  to  be  the  abridging  symbol  for  a  linear 
function  of  the  form  ax  +  by-^-c;  so  that 

a  =  a«  +  iy  +  c;  (97) 
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and  thus  a  =  0  is  the  equation  to  a  straight  line  ;  and  a  is  pro- 
portional to  the  perpendicular  distance  from  the  point  {it,  y)  on 
that  line ;  it  will  also  be  convenient  to  take  a  as  the  type  of 
ai,  at,  ■■•  a».  which  are  other  linear  fanctions  similar  to  (97). 
As  heretofore  observed,  the  abscissEe  of  the  points  of  intersection 
of  a  straight  line  with  the  curve  (48),  Art.  207,  are  the  roots 
of  the  equation  obtained  by  eliminating  y  between  the  equa- 
tions to  the  curve  and  the  straight  line :  and  as  this  equation 
is  generally  of  the  nth  degree,  it  has  n  roots  either  real  or 
imaginary.  Suppose  however  that  the  degree  of  the  equation 
which  determines  these  abscissse  of  the  points  of  intersection  is 
less  than  n  by  m  units,  and  yet  that  no  factor  involving  the 
variable  has  been  omitted,  what  explanation  does  this  fact  admit 
of?  It  is  of  course  due  to  a  relation  between  the  coefficients  of 
the  equations,  by  reason  of  which  the  coeffidents  of  the  first 
f»  terms  vanish  in  the  equation  resulting  from  the  elimination ; 
and  therefore  by  reason  of  which  m  constants  become  zero. 
But  if  a  constant  =  0,  see  Art.  11,  a  straight  line  at  an  infinite 
distance  is  expressed ;  and  therefore  if  the  resulting  equation  is 
of  n~m  dimensions,  m  of  the  points  of  intersection  are  at  an 
infinite  distance.  Now  as  a  =  0  contains  two  undetermined 
constants,  we  may  determine  them  so  that  two  of  its  points  of 
intersection  with  the  curve  may  be  at  infinity ;  that  is,  so  that 
the  two  highest  terms  in  the  resulting  equation  may  vanish ;  in 
which  case  the  straight  line  becomes  an  asymptote  to  the 
cnrve.  Although  these  results  are  arrived  at  in  reference  to 
the  axis  of  x  yet  they  are  evidently  true  also  with  reference  to 
any  other  line;  and  therefore  we  may  find  the  equation  to 
asymptotes  in  the  following  way  : 

239.]  Suppose  ai  to  be  a  linear  factor  of  the  two  highest 
terms  «,+ Un-i  in  the  equation  to  the  curve:  so  that  if  tr,_i  is 
8  function  of  »  and  y  of  n— 1  dimensions, 

«,-|-»„_i  =  a,c,_i;  (98) 

thus  the  equation  to  the  curve  becomes 

aiu,_i  +  «,_j+  ...u,  +  Bi  +  «o  =  0;  (99) 

and  therefore  if  oi  =  0  the  two  highest  terms  in  the  equation  of 
the  curve  disappear,  and  the  line  a^  =  0  will  intersect  the  curve 
in  two  points  at  an  infinite  distance,  and  thus  will  be  an  asymp- 
tote to  the  curve.     This  result  is  also  evident  by  the  following 
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connderatioQs  :  in  (99)  let  £  =  y  =  00 ,  then  all  the  terma  moat 
be  Delected  except  tlie  first ;  snd  thoa  the  directioii  of  the 
curve  at  infinity  is  given  by  means  of  the  first  term  of  (99).  Nov 
this  breaks  up  into  two  fiictors  ai  =  0  and  u,_i  =  0,  of  which 
the  former  represents  a  straight  line,  and  the  lattw  a  curve  of 
the  (n— l)th  degree:  to  each  of  these  therefore  is  the  carve 
infinitesimally  near  at  infinity ;  and  thus  ai  =  0,  and  Ua^i  =  0, 
are  the  eqnatioDS  to  asymptotic  lines.  Hereby  therefore  we 
have  not  only  rectilinear  but  also  curvilinear  asymptotes.  Thus, 
for  instauce,  in  Art.  285,  Ex.  Z,  the  equation  y*  +  ;c'— ««*  =  0 
may  be  expressed  in  the  form 


i-T-w""' 


and  therefore  the  asymptotic  lines  are 

y  +  j:-|  =  0,  and       y»  +  (^- f)  y  -  (*-|)  =  0; 

of  which  the  first  is  a  straight  line  and  the  second  is  a  hyperbola. 
Similarly,  in  Er.  4,  the  equation  may  be  expressed  in  the 
form 

{x+y)  (x^-xy+y*)  -i-3a*x  +  Sb*p  +  c'  =  0, 

and  x+  y  =  Oia  the  equation  to  a  rectilinear  asymptote. 

Suppose  also  ai  and  Of  to  be  linear  functions  of  the  coor- 
dinates ;  and  suppose  u„_j  to  be  a  function  of  X  and  y  of  n— 2 
dimensions ;  and  ti,  +  u,_i  -f-  u„_|  to  be  capable  of  expresuon  in 
the  form  O]  oi  v^-t ;  so  that  the  equation  to  the  curve  becomes 
aiasU,-t+«._j+...  +«i  +  iio  =  0;  (100) 

then  if  we  consider  the  points  on  the  curve  where  «  =  y  =  so , 
only  the  first  term  of  (100)  is  to  be  taken  account  of,  and  we  have 

ttia4V,_t  =  0, 
which  is  satisfied  by  «i  =  0,  a,  =  0,  tJ,„s  =  0;  of  which  the 
first  two  equations  are  those  of  straight  lines,  and  the  last  is 
that  of  a  curve  of  the  (n— 2)th  degree:  the  curve  therefore  at 
infinity  breaks  up  into  two  straight  lines  which  are  asymptotes 
to  it,  and  into  another  curve  of  the  (n— 2)th  degree  which  ia  also 
asymptotic.     Thus,  if  the  equation  to  a  hyperbola  is 

4-^-1  =  0. 

we  may  put  it  into  the  form 
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(M)(M)->  =  »^ 

and  the  lines t  =  0,   -  +  t  =  0  are  two  rectilinear  aaymp- 

a      b  a      0  '    "^ 

totes. 

Again,  if  the  first  four  terms  of  the  general  equation  are 
such  that 

W. +  «,_!  + H^,  +  »,_8  =   OiO*ajC,_»,  (101) 

then  the  cnrre  has  three  rectilinear  asymptotes,  and  a  curyilinear 
one  whose  equation  is  tr.-s  =  0 :  it  is  unnecessary  to  enter 
farther  into  the  investigation  of  special  cases.  It  is  however 
to  be  observed  that  all  the  terms  in  the  equation  of  lower  di- 
mensions may  be  altered  when  the  equation  is  expressed  in  the 
form  (101).  Such  is  the  case  in  the  first  example  given  above. 
It  is  also  to  be  observed  that,  generally,  a  curve  of  the  nth 
d^ree has  n  rectilinear  asymptotes.  For  if  x  =  y  =  xi,a\l  the 
terms  of  lower  dimensions  must  be  neglected,  and  we  have 

«,  =  0, 
which  is  a  homogeneous  equation  of  n  dimensions  in  terms  of  or 
and  y ;  and  which  -is  therefore  capable  of  resolution  into  n 
factors  of  the  form  y—mix,  y—mtx, ...  y—m^x;  each  of  which 
gives  the  direction  in  which  the  curve  is  going  at  infinity ;  and 
will  become  the  equations  to  rectilinear  asymptotes,  or  of  lines 
parallel  to  them,  if  mi,  *»■, . . .  are  real  numbers ;  if  the  m's  are, 
some  or  all,  imaginary,  the  asymptotes  refer  to  branches  of  the 
curves  in  other  planes. 


Section  8. — TAe  direction  t^ curvature,  aadpointt  qfinfUaion, 
240.1   The  value  of  -r-,  which  we  have   discussed  in  the 

preceding  Sections,  enables  us  to  determine  the  inclination  to 
either  of  the  coordinate  axes  of  a  curve  at  any  point,  but  tells 
us  nothing  as  to  the  tHreetion  o/'  cmrvaivre,  that  is,  as  to  whether 
the  curve  it  eoiwaee  or  eoneese  towards  a  certain  line  or  in  a 
fpven  direction ;  we  use  these  words  in  their  common  meaning ; 
and  we  proceed  to  discover  criteria  which  will  determine  such 
direction.  To  simplify  the  formnle  we  shall  take  a?  to  be  an 
eqoicrescent  variable. 
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d*y  dx        d.tanT 

Since  under  this  Bupposition  ■-—  =  — r—  =  — -r- — ,  »ee 

equation  (24),  Art. 218;  and  since  -^-3 —  =  (seer)*,  which  is 
always  positive ;  it  follows  that  if  -z^  is  positive,  t  and  x  are 
increaring  and  decreasing  simoltaneoualy  j  and  if  -r^  ia  negBi- 
tive,  as  x  increases,  r  decreaBes,  and  vice  versd. 

Now  from  the  geometry  it  is  plain,  that  if  r  and  x  simul- 
taneously increase  and  decrease,  the  form  of  the  curve  must  be 
such  as  that  of  fig.  53,  that  is,  the  carve  must  he  convex  doum- 
wardt;  and  iiwa  x  increases  r  decreases,  or  vice  vend,  the  form 
must  be  such  as  that  of  fig.  54,  that  is,  the  curve  must  be  con- 
cave  downwardt.  Hence  we  have  the  following  criteria  of  the 
direction  of  curvature. 

If  -j-j  is  positive,  the  curve  is  convex  downwards ;  and  if  -^ 

is  negative,  the  cnrve  is  concave  downwards. 
d*v 
Suppose  that  at  a  certain  point  -r-^  changes  its  sign,  which 

in  algebraical  corves  it  can  do  only  by  passing  through  0  or  00 , 
the  direction  of  curvature  changes;  if  the  change  of  sign  is 
from  +  to  — ,  then  the  cnrvatore,  having  been  convex  down- 
wards, becomes  concave;  if  the  change  is  from  —  to  +,  the 
reverse  is  the  case.  A  point  where  such  a  change  of  curva- 
ture takes  place  is  called  a  point  of  inflexion.    To  determine 

d'y 
its  position  we  must  equate  -z-j  to  0,  and  to  00  ;  and  if  at  the 

corresponding  critical  value  there  is  a  change  of  sign,  then  such 
a  point  is  a  point  of  inflexion ;  fig.  65,  (y)  and  (fi)  of  fig.  48, 
fig.  14,  and  fig.  15  illusb^te  such  points  of  inflexion. 
This  is  also  evident  firom  the  following  considerations. 

241.]  Let  y  =/(x)  be  the  equation  to  a  curve;  and  sop- 
pose  that  we  consider  it  not  only  at  the  point  (x,y),  but  also  at 
another  point  (x-i-h,  j/  +  k),  so  tiiat 

y  +  k  =f{x  +  h);  (102) 

then,  expanding/{a:+A)  to  three  terms  by  Taylor's  Theorem, 
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y  +  k  =/(*)  +/»  Y  +  ^/"{*  +  «A)-  (103) 

If  a  tangent  is  drawn  to  the  curve  at  the  point  {x,  y),  its 
equation  is  . 

n  =  9+:£(f-*)s  (10*) 


md  therefore  its  ordinate,  when  ^is  x  +  h,  is 


(105) 


in  which,  replacing  y  by  f{x),  and  ~  by  f'(x),  and  subtracting 

(105)  from  (103),  we  obtain  the  difference  between  the  ordinates 
to  the  curve  and  to  the  tangent  corresponding  to  the  point 
x-i-h,  and  we  have 

y  +  t-^=  ^/"(jr  +  OA);  (106) 

and  taking  A  to  be  infinitesimal,  that  is,  considering  only  the 
point  in  the  curve  which  is  next  to  {x-\-dx,  y  +  dy),  whereby 

f'tr  +  eh)  becomes /"(jf),  that  is,  -j^,  we  have 

And  therefore  if  ^-^  is  positive,  the  ordinate  to  the  curve  is 

greater  than  the  ordinate  to  the  tangent,  and  the  carve  lies 
above  the  tangent,  whatever  is  the  sign  of  A;  that  is,  the  curve 

d*v 
is  convex  downwards,  as  iu  fig.  53 ;  but  if  ■-—  is  n^ative,  con- 
trary results  follow,  and  the  curve  is  concave  dovmwards,  as  in 
fig.  54. 

If  therefore  at  any  point  the  curve  passes  through  the  tan- 
gent so  as  to  be  above  it  on  one  side  of  the  point  of  contact 
and  section,  and  below  it  on  the  other,  then  y+i— jj  must 
change  sign  sa  h  changes  sign,  which  can  only  be  the  case  when 
d'y  d'tf  ,  , 

-j-y  =  0  and  ^-j  is  a  finite  quantity ;  or  in  general,  when  the 

term  in  the  expansion  of  f{x  +  h),  which  gives  sign  to  the 
whole,  is  one  involving  an  odd  power  of  A,  in  which  case  the 
curve  will  pass  from  below  the  tangent  to  above  it,  or  vice  versd, 
in  one  or  other  of  the  ways  indicated  in  fig.  55.  It  is  plain 
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dy 

•  dx' 

attains  to  a  maximam  or  minimum,  and  is  in  fact  at  the  point 

stationary ;  that  is,  r  is  the  same  for  three  consecutive  points 

on  the  cnrve :  the  coTrespondiiig  tangent  is  called  a  stationary 

tangent. 

The  curvature  of  a  curve  towards  the  right  or  the  left  may  be 

fPx 
determined  in  a  similar  manner  by  the  value  and  sign  of  -j—^ . 

242.]  Examples  illustrative  of  the  foregoing  theory. 
Ex.  1.    To  determine  the  direction  of  curvature  of  the  curve 
whose  equation  is 

(a;-l)(a--3) 
*'-  ^32 ■ 

^  =  2 

dx*  (af-2)»' 
d*v 

that  is,  ■—  is  positive  or  negative  according  aa  ;r  is  less  or 

greater  than  2 ;  and  therefore  the  curve  is  convex  downwards 
for  all  values  of  x  less  than  S,  and  concave  downwards  for  all 
values  of  x  greater  than  3 ;  and  when  x  =  Z,  there  is  a  point  of 
inflexion. 

Ex.  2.    To  determine  the  direction  of  curvature  of  the  Witch 
of  Agnesi. 


<^*        x{%ax—x*)^ 


therefore  the  upper  branch  of  the  curve  in  the  plane  of  refer- 
ence is  convex  downwards  for  all  values  of  x  between  0  and 

3o 
"=  2 
the    cnrve   is   concave   downwards ;    at  the   point  therefore, 

«  =  ^ ,  there  is  a  point  of  inflexion.     This  investigation  ex- 
plains the  form  of  the  curve  as  drawn  in  fig.  35. 

Ex.  3.    To  prove  that  the  equitangential  curve,  see  Art.  200, 
is  always  convex  downwards. 

^  =   -  y  ; 
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d*y  _ 


■  ■     dx*        (a"-y»)»  ' 
aod  therefore,  as  y  is  always  positive,  see  fig.  38,  -^-^  is  always 
positive ;  and  the  curve  is  convex  dowDwards. 

Ex.  4.    To  determine  the  point  of  inflexion  of  the  Companion 
to  the  Cycloid. 

y  =  00,  .-.     dy  =  ad0; 

AT  =:  a  (1  —  cos  0),  dx  =  aaiaffdS; 

dy  ^  d*y  cos^ 

■f-  =  cosec  $,  -T^  = -■— 1-^  ; 

dx  dx*  a  (sin  fl)' ' 

for  all  values  of  0  between  0  and  ^ ,  -r-^  is  negative,  and  the 
curve  is  concave  downwards ;  and  for  all  values  of  0  between 
-  and  «,  the  curve  is  convex  downwards ;  and  when  ^  =  o '  ^'^^ 
is,  when  y  =-^ ,  and  x  =  a,  there  is  a  point  of  inflexion ;  see 
fig.  41. 

In  a  similar  manner  it  may  be  shewn  that  the  logarithmic 
curve  and  the  catenary  are  both  convex  downwards. 

243.]   And  now  let  us  consider  the  results  of  the  preceding 

Articles  from  a  geometrical  point  of  view ;  and  with  this  object 

let  US  examine  fig.  56  j  wherein  a  curve  is  drawn,  the  infim> 

tesimal  arcs  of  which  are  assumed  to  be  infinitesimal  straight 

lines,  and  which  in  the  figure  are  infinitely  magnified.     The 

d*v 
curve  is  imagined  and  placed  so  that  -r-j  may  he  positive. 

Let  y  =/(x)  be  the  equation  to  the  curve,  ok  =  x,  kp  =  y, 
and  let  us  consider  x  to  be  equicrescent,  bo  that  kl  =  lm 

=  HN  =  =  dx,   and  d'x  =■  d^x  = =  0;    and  let 

p,  Q)  R,  a  be  points  on  the  curve  corresponding  to  the  succes- 
sive values  of  x ;  and  if  we  conceive  the  successive  elements  of 
the  cnrve,  fq,  qb,  as,  to  be  infinitely  magnified,  then  they  are 
such  straight  lines  as  we  have  imagined  ds  to  he  in  Art.  218. 
In  the  same  manner  then  as  in  Art.  68, 
3Ba 
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f{x)  =  y  =  KP, 
f{x-\-dx)  =  y  +  dy  =  m, 
f[x  +  2dx)  =  y  +  2rfy  +  rf*y  =  mr, 
f[,x+9dx)  =  y  +  3rfff+8d»y  +  d>y  =  va, 
and  80  on ;  whence,  by  subtraction,  we  have 

dy  =   LQ  — KP  =  QD  =  XV  =   TW; 

and  MK  =  he  +  ke:   but  mz  =  ifv  +  2vx  =  y  +  2dy, 
.',     substituting  for  mr  from  above,  we  hare 
y  +  2rfy  +  (/»y  =  y+2rfy  +  RZ, 
.-.     rf'y  =  HZ. 
As  we  have  not  deduced  any  geometrical  properties  from  d^y, 
it  ii  unnecesaarj  to  do  more  than  to  shew  what  line  is  repre- 
sented by  it,     From  above  we  have 

NB  =  y  +  3dy  +  3rf*y  +  d'y : 
but  Nw  =  y,   WG  =  ^dy,       qe  =  2fj'y, 

.-.     sE  =  rf»y  +  rf»y, 
=  R2  +  d'y  ; 
.-.      d*y  =  SE  — RZ. 

Hence   it  is  manifest  that  -r-  =  —  =  tan  qpu  =  tan  fjo 
dx      po 

s  the  trigonometrical  tangent  of  the  angle  made  with  axis  off 

by  the  tangent  to  the  curve ;  and  therefore  if  at  any  point  on 

a  curve  ~-  =  0,  y  does  not  increase  as  we  pass  &om  one  point 
to  the  next  consecutive  point,  and  therefore  the  element  of  the 
curve  pq  is  along  the  line  pu,  and  is  parallel  to  the  axis  of «. 

Similarly,  whenever  -p-  =  ao ,  the  element  pq  is  perpendicular 

to  PD,  and  therefore  parallel  to  the  axis  of  y. 

And  since  d*y  =  RZ,  it  is  plain  that  d*y  represeDts  the  de- 
flexion of  the  curve  from  the  tangent  line :  and  therefore  if 
d*y  =  0,  three  consecutive  points  are  in  the  same  straight  line, 
and  the  curve  has  for  those  three  points  become  strught ;  and 
if  d'y  is  positive,  the  line  az  is  to  be  measured  up  from  the 
tangent,  and  the  curve  Uea  above  the  tangent :  but  if  d*y  is 
negative,  it  is  to  be  measured  downwards,  and  the  curve  lies 
below  the  tangent ;  if  therefore  d*y  is  positive  on  both  aides  of 
the  point  r,  the  curve  is  convex  downwards,  and  is  such  as  is 
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drawn  Id  fig.  53,  and  if  d*y  is  negative  on  both  sides  of  the 
point  (x,  y),  then  the  curve  is  concave  downwards  as  in  fig.  54; 
and  if  d*y  changes  its  sign  at  the  point  by  passing  through  0 
or  ao ,  the  curve  is  above  the  tangent  on  ooe  aide  of  the  point, 
and  below  it  on  the  other,  and  therefore  there  is  a  point  of 
inflexion. 

Hence  we  learn  the  geometrical  meaning  of  the  process  of 
differentiation  ;  it  implies  a  passage  from  one  point  of  a  curve 
to  the  next  consecutive  point ;  and,  as  often  as  we  difi'erentiate, 
we  pass  to  successive  points,  and  obtain  expressions  which  re- 
present deflexions  from  straight  lines,  and  so  on. 

Thus,  by  means  of  one  ditTerentiation,  we  consider  the  curve 
with  respect  to  two  points  on  it ;  by  two  diO'erentiations  we 
consider  the  curve  at  three  points,  and  so  on.  More  will  be 
said  hereafter  ou  the  properties  of  curves  under  this  mode  of 
consideriDg  them ;  and  especially  in  Chapters  XII  and  XIII 
with  respect  to  several  successive  points  being  common  to  two 
or  more  curves. 

244.]  Let  us  however  consider  the  direction  of  curvature 
and  the  conditions  of  points  of  inflexion  when  the  equation  to 
the  curve  is  given  in  the  implicit  form,  and  in  the  more  general 
forms,  (48)  and  (49),  of  Arts.  207  and  208. 

First,  let  the  equation  to  the  curve  be  given  in  the  form  (48) 
of  Art.  207;  viz. 

y(x,y)  =  «„  +  «,-!+  ...  +«i  +  Mo=  0.  {108) 

then  by  equation  (122),  Art.  84,  x  being  equicrescent, 

rf'y       ""  \d^i  V^J  "*"  ^  1^^'  \dil  ^1^1  "  ^d^^i  \di' 

and  therefore  at  all  points  at  which  the  right-hand  member  of 
this  equation  is  positive,  the  curve  is  convex  downwards ;  and 
at  all  points  for  which  it  is  negative,  the  curve  is  concave  down- 
wards.    And  if  at  any  point  on  the  curve 

(S)©"-»O0(|)-(SJ)©'=«.  <"»' 

and  changes  sign,  and  if  at  the  same  point  the  curve  is  not 
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parallel  to  the  axis  of  y  bo  that  (-r-j  iocs  not  vanish,  theu  there 
is  a  point  of  inflesion. 

The  coodition  therefore  for  a  point  of  infiezion  is  primarilj 
(110).  Now  this  equation  is  in  its  present  form  evidently  of 
3n— 4  dimensions  in  terms  of  x  and  y :  it  expresses  therefore  a 
carve  of  that  order :  the  intersections  of  which  with  (108)  are 
the  points  of  inflexion:  and,  as  (108)  is  of  n  dimensions,  it 
follows  that  the  number  of  points  of  inflexion  on  a  curve  of  the 
nth  degree  cannot  exceed  n  (3n— 4). 

345.]  And  we  can  shew  that  2n  of  these  are  at  an  infinite 
distance,  so  that  the  number  of  points  of  inflexion  on  a  curve 
within  a  finite  distance  does  not  exceed  3n(n— 2).  Let  v„  =  0 
he  the  equation  of  all  the  asymptotes  of  (108)  determined  by 
the  process  of  Art.  239 ;  then  if  Ua^i,  v„-3, ...  ug  are  homogene- 
ous fvinctioas  of  »— 2,  n— 3, ...  0  dimensions  respectively,  equa- 
tion (108)  may  be  expressed  in  the  form 

F(iP,y)  -  u„  +  u„_,+  ...  4-ni  +  Uo  =  0;  (111) 

the  terms  of  n  —  1  dimensions  being  contained  in  u„. 

Let  us  take  the  equation  in  this  form  to  be  the  subject  of  the 
operations  which  are  indicated  in  (110).  As  Cn  =  0  is  the  equa- 
tion of  all  the  rectilinear  asymptotes  of  the  curve,  u.  is  the 
product  of  n  linear  factors,  each  of  which  is  of  the  form 
Oir+Ay  +  c  =  0;  so  that 

v„  =  (aiX-\  biy  +  Ci)(a,x-i-bty  +  C3) ...  (a»a!+A»y-l-c,)  j  (112) 
for  the  sake  of  brevity  let  us  express  this  equation  in  the  form 

Ub  =  a|P,  (113) 

where  oi  =  OiiT  +  fiiy  +  Ci,  and  r  is  the  product  of  the  other 
n  — I  linear  factors.  Now  if  we  take  of  this  the  x-  and  y- 
partial  derived -functions, 

(^)  =  -.(£)-(£). 
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where  q  is  the  symbol  for  a  quantity  which  it  is  unneceBBwy 
to  express  at  length ;  but  aj  is  a  factor  of  the  result ;  and  for 
a  similar  reaaon  every  other  linear  factor  of  the  right- hand 
member  of  (112)  will  enter  into  the  result ;  and  (110)  will  take 
the  form  „  ,,,  ., 

B»Vj,_4  +  Ts,_8  =  0;  (114) 

where  V8„_4  and  Van-e  are  two  functions  of  x  and  y  of  2»— 4 
and  3n— 6  dimensions  respectively.  Now  the  points  of  inflexion 
are  the  points  common  to  the  two  curves  whose  equations  are 
(111)  and  (114) ;  and  if  we  eliminate  n„  between  these  two,  the 
resulting  equation  will  be  of  3m— 6  dimensions;  that  is,  the 
number  of  points  of  intersection  of  this  curve  with  the  original 
curve  will  be  only  3n(n— 2),  and  this  will  be  the  number  of  the 
points  of  inflexion  at  a  finite  distnnce.  The  3n  other  points  of 
inflexion  are  at  an  infinite  distance ;  for  Vq  =  0  is  the  equation 
of  the  n  rectilinear  asymptotes  of  the  curves  (108)  or  (111)  and 
(114) :  both  cnrres  therefore  have  the  same  n  asymptotes,  and 
therefore  there  are  2n  points  at  inflnity  common  to  the  two 
curves.  Hence  it  appears  that  in  conies  there  is  no  point  of  in- 
flexion at  a  flnite  distance,  hut  there  may  be  four  points  of  in- 
flexion at  infinity  ;  of  these  we  have  instances  in  the  hyperbola, 
where  the  asymptotes  are  intersected  by  the  inflnite  branches. 
Again,  curves  of  the  third  order  may  have  fifteen  points  of  in- 
flexion, of  which  six  are  at  infinity,  and  of  the  remtuning  nine, 
one  at  least  must  be  real. 

246.]  As  the  curve  whose  equation  is  (110)  has  many  im- 
portant properties  in  reference  to  not  only  points  of  inflexion 
but  also  other  singular  points  on  the  original  curve,  so  it  has 
been  found  necessary  to  give  it  a  particular  name :  and  as  its 
use  was  first  indicated  by  M.  Otto  Hesse  of  Koenigsberg  *,  so  it 
has  been  called  by  Mr.  Sylvester  tke  Hessian  of  the  curve 
(108) ;  we  shall  refer  to  it  hereafter  by  that  name. 

If  the  equation  to  the  original  curve  is  expressed  in  terms  of 
trilinear  coordinates,  in  the  form  (49),  Art  207,  the  equation  to 
the  tangent  is,  see  Art.  21 6, 

At  a  point  of  inflexion  the  position  of  the  tangent  does  not 
change,  as  we  pass  from  the  second  to  the  third  consecutive 

•  See  GreUe,  Vbl.  XXVIII,  p.  lo^. 


,,  Google 


376  THBOBY   OF   MnLTIPLE  TAHOBNTa.  [247. 

poiat  on  the  curve  ;  that  is,  the  tangent  at  a  point  of  inflexion 
is  atationary ;  therefore  the  ratios  f  :  f  and  ij  :  f  do  not  vary,  if 
X,  y,  z  vary ;  let  us  take  the  x-,  y-,  ^-partial  derived-functionB  of 
(115)  and  we  have 

f  (S)  +''(^) +<(&)="■ 

whence  eliminating  (,  rj,  (,  we  have 

-(£)(9)©-^0(S)0=°^'»" 

and  this  is  the  Hessian  of  t  (x,  y,  z)  =0.  As  to  its  dimensions 
it  is  to  be  observed  that  as  each  of  the  second  partial  derived 
functions  is  of  the  (n— 2)th  degree,  so  is  the  equation  of  the 
8(«— 2)th  degree ;  and  the  Hessian  curve  therefore  has  3n(a— 2) 
points  common  with  the  original  curve:  hence  we  infer  that 
3n(n— 2)  is  the  number  of  points  on  a  curve  at  which  the  tan- 
gent is  stationary. 

247.^  Stationary  tangents  are  also  a  particular  form  of 
certain  straight  lines  which  touch  a  curve  at  many  different 
points.  Such  lines  are  called  generally  Multiple  Tangents ;  of 
which  particular  species  are  double,  triple, ...  tangents,  which 
are  so  named  according  as  they  touch  the  curve  at  two,  three, . . . 
points.  Let  us  consider  the  most  simple  case  in  whit^  a  curve 
exhibits  this  property ;  that,  viz.  in  which  the  asis  of  j;  is  a 
double  tangent.  In  the  equation  to  the  curve  let  y  =  0 ;  then, 
if  the  curve  is  of  the  nth  degree  in  terms  of  x,  we  have  an 
expression  of  the  form, 

x"—piX'—''-{-pt3'^-*—  ...  +^„_ia?+p„  =  0;         (118) 
which  may  be  resolved  into  its  factors ;  and  we  have 

(x-ai)  (a?-aj) ...  {x-a„)  =  0.  (119) 

If  all  the  roots  of  this  equation  are  real  and  unequal  the  curve 
cuts  the  axis  of  :r  in  n  different  points,  and  the  curve  is  such  as 
that  drawn  in  fig.  23.     But  let  us  suppose  two  of  these  roots  to 
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be  equal;  then  two  of  the  points  of  section  with  the  axis  of  ^ 
coincide,  and  the  axis  of  x  touches  the  curve  at  the  point.  Let 
two  pairs  of  roots  be  equal ;  that  ia,  suppose  a^  =  th,  and  a^  =  at, 
so  that  (82)  becomes 

(x-0i)»(*-(i»)*(*-«6)-(^-'»-)  =  0;  (120) 

then  the  axis  of  ^  touches  the  curve  at  x  =  aj,  and  at  a^  =  Og ; 

and  we  have  a  double  tangent.    Similarly,  if  three  pairs  of  roots 

are  equal,  the  axis  of  J?  is  a  triple  tangent:  and  similarly  as 

many  pairs  of  equal  roots  as  there  are,  such  ia  the  order  of  the 

multiplicity  of  the  tangent.    It  is  evident  that  a  double  tangent 

cannot  occur  in  a  curve,  the  order  of  which  ia  lower  than  the 

fbnrth :  and  a  triple  tangent  cannot  be  in  a  curve  whose  order 

is  lower  than  the  sixth ;  and  so  on  for  multiple  tangents  of  a 

higher  order. 

Suppose,  however,  three  roots  of  (118)  or  (119)  to  be  equal ; 

say  Bi  =  O]  =  dj ;  then 

{it-ai)'(x~at) ...  (x-a,)  =  0;  (121) 

and  thus  the  axis  of  ;r  meets  the  curve  in  three  consecutive  points; 

and  thus  two  consecutive  tangents,  those,  viz.  which  pass  through 

the  first  and  second,  and  the  second  and  third  points  become 

coincident ;  for  this  reason  the  tangent  to  the  curve  at  such  a 

point  is  called  a  stationary  tangent,  and  the  point  is  evidently  a 

point  of  inflexion ;  for  if,  in  fig.  23,  Ai,  aj,  aj  become  consecutive 

points,   the  intermediate   points  of  maximum   and  minimum 

ordinates  will  become  coincident  with  them ;   the  curve  will 

have  two  tangents  coincident  with  the  axis  of  x,  and  the  ciurve 

having  been  below  the  axis  of  x  will  intersect  it,  and  pass  to  the 

upper  side  of  it.  It  is  evident  also  that  under  these  circumstances 

~  becomes  stationary,  and  therefore  -f-  -^  =  -r^  =  0. 
ax  '  ax  ax       ax* 

As  a  straight  line  cannot  generally,  omitting  infinite  values, 
cut  in  three  points  a  curve  of  any  degree  lower  than  the  3rd,  so 
points  of  inflexion  do  not  generally  exist  on  curves  of  degrees 
lower  than  the  third.  I  say  generally,  because  the  hyperbola, 
which  is  of  the  second  degree,  has  a  rectilinear  asymptote,  with 
which  the  curve  at  infinity  coincides,  and  in  this  respect  more 
than  two  points  of  the  curve  are  on  the  tangent,  and  there  is  a 
point  of  inflexion. 

If  four  roots  of  (118)  are  equal  then  wc  have 
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(ar-ai)*(a;-(n)...<*-a,)  =  0:  (122) 

and  thus  the  axis  of  x  meets  the  curve  in  four  coDsecntiTe 
points,  and  three  tangents  become  coinddent.  A  point  at 
which  these  drcumstances  occur  is  called  a  point  of  undnlalion. 
Into  this  subject  however  it  is  nnnecessary  to  enter  further,  as 
the  principle  of  the  preceding  inquiry  can  be  easily  extended  to 
any  other  number  of  points.  I  may  observe  however  that  if  the 
number  of  consecutive  p<nnts  common  to  the  curve  and  the 
tangent  is  even,  the  curve  is  on  the  same  side  of  the  tangent  on 
both  sides  of  the  point  of  contact,  and  there  is  no  change  of 
curvature;  whereas,  if  the  number  of  points  which  are  common 
to  the  tangent  and  the  ciurve  is  odd,  the  curvature  changes,  and 
the  curve,  having  been  on  one  side  of  the  tangent,  intersects  it, 
and  comes  to  the  other ;  that  is,  the  curve  having  been  convex, 
say,  downwards,  becomes  concave,  or  «tce  vertA. 


Section  4. — On  rmMvpU  poinlg  of  plane  atrvet, 

248.]  Thus  fta  we  have  considered  the  geometrical  proper* 
ties  which  belong  to  the  first  and  second  derived-functions  of 
an  equation  to  a  curve  when  they  have  determinate  values ;  but 

9  the  inde- 


terminate form  ^,  a  question  occnrs,  and  which  has  to  be  in- 
quired into,  What  is  the  meaning  of  such  indeterminateness  ? 
In  the  following  discussion  we  shall  find  it  mmt  convenient  to 
use  the  implicit  form  of  the  equation  to  the  curve ;  viz. 

u  =  Y(x,y)  =  c;  (123> 

whence  we  have 


V<fe' 


o 


(124) 

W 

Suppose  that  at  a  certain  point  on  the  curve  -r-  =  Ki   the 

conditions  of  which  are  that  (^J  =  0,  [—)  =  0 ;  and  let  the 

expression  be  evaluated  according  to  the  method  of  Art  139  ; 
then,  see  (46)  of  that  Article,  we  have 
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(fc  ~       id'r\  .        I  d't  \  .   ' 

'ifa-'  *  '■dxdyl  (b 

,d^\  dy      id't  \ 
>#''  i»  "^  ^dtdyl 

And  anppoae  that  this  quantity  does  not  become  s  at  the  point 
in  question ;  tliat  is,  suppose  tliat  all  the  seeoud  partial  diifer- 
ential  coefficients  do  not  vanish  or  become  infinite;  then, 
multiplying  and  reducing,  we  have 

which  is  s  quadratic  in  -j- ;  and  girea  therefore  two  values  for 


^. 


and  thereby  sfaevB  that  two  branches  of  the  curve  pass 


through  the  point.  This  is  called  a  double  poaU,  admitting  of 
several  varieties,  according  as  the  roots  of  (126)  are  real  and 
snequal,  real  and  equal,  or  imaginary ;  and  according  aa  the 
curve  extends  or  not  in  the  plane  of  reference  on  both  sides  of 
the  pcnnt  in  questiou.     Now  the  roots  of  (126)  are 

re.1  and  unequal,-,  ,d;.  ,d;^  .    (  <],  d',  f 

reJaudequal,  ^  according  as  (^)  (g^)  » -^  =  Mj^)  . 
.maguary,  J  »  L>J       J^^ 

Let  ns  first  consider  the  case  of  the  two  roots  being  unequal ; 
then  we  have, 

dy  ^dxdyl  ^  \\dxd9'       \da!*>  Uy»M  ,„„ 

di  = *T ■      (^^> 

Now  although  iu  algebraical  expressioas,  so  far  as  our  know- 
ledge goes,  a  quantity  does  not  pass  from  +  to  —  or  vice  vertd 
without  passing  through  zero  or  infinity,  yet  we  may  be  need- 
lessly  restricting  the  geometrical  properties  of  equations,  and 
our  means  of  interpretiog  them,  if  we  assume  that  in  all 
3C» 
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equations,  trRDscendental  as  well  as  algebraical,  do  change 
of  siga  can  take  place  unless  the  quantity  pavses  through 
zero  or  infinity.     I  shall  suppose  therefore  that  the  sign   of 

(s^)  ~idi)idpl  "''  ^  ''"°«°^  "''  >"'  ""^  ""^ 

quantity  may  not  become  zero  or  infimty ;  that  is,  that  the 
two  values  of  ~  having  been  real  may  become  imaginaiy,  and 
vice  verad,  without  hnving  become  equal. 

If  the  two  values  of  -7^  are  real  and  unequal,  and  are  so  on 
both  sides  of  the  point  in  question,  then  the  curve  extends  in 
the  plane  of  reference  on  both  rides,  as  at  Fq  in  fig.  57,  and  has 
the  same  tangents,  and  the  point  is  called  a  real  do^ie  pt^i. 

If  the  two  values  of  -^  are  unequal,  and  are  real  on  one  side  of 
the  point  in  question  and  imaginary  on  the  other,  the  point  is 
such  as  that  indicated  in  fig.  58 :  the  carve  is  in  the  plane  of 
reference  on  one  side,  and  in  another  plane  on  the  other,  and 
the  tangents  are  similarly  so ;  such  a  point  is  called  a  ealient 
point:  evidently  no  algebraical  equation  can  express  a  curve 
with  a  salient  point,  because  the  curve  will  be  discontinnoos  at 

the  point.  If  the  two  values  of  ^  are  imaginary  on  both  sides 
of  the  point,  that  is,  if  the  two  roots  of  (126)  are  imaginary, 
then  the  curve  is  out  of  the  plane  of  reference  on  both  sides  of 
the  point,  and  thus  two  branches  of  the  corve,  both  of  which 
are  out  of  the  plane  of  reference,  pierce  the  plane  at  the  point  in 
two  different  directions,  and  the  point  is  called  a  conjugate pmnt. 
Again,  if  two  roots  of  (126)  are  equal,  we  have 


'^A- 


and  thus  two  branches  pass  through  the  point  and  have  the 
same  tangent, 

If  these  branches  are  in  the  plane  of  reference  on  both  sides 
of  the  point,  the  curve  is  such  as  one  or  the  other  of  those 
delineated  in  fig.  59,  and  the  points  where  the  curve  meets  the 
tangent  are  vailed  points  of  osculation,  and  by  French  writers 
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poinis  d'embrcuaement ;  and  if  they  are  in  the  plane  of  refer- 
ence on  oDe  Bide  of  the  point,  and  on  the  other  side  paas  ont  of 
it,  then  the  cnrve  at  the  point  is  sach  aa  one  or  other  of  those 
drawn  in  fig.  60,  where  the  dotted  Knes  indicate  the  course  of 
the  curve  ont  of  the  phme  of  the  paper,  and  the  points  are 
called  etupB,  and  by  French  writers  poinis  de  rebrouBtement, 
That  in  the  fig.  60,  marked  (a),  is  called  a  ceratoid  cusp,  or  a 
cnsp  of  the  first  species,  in  which  the  two  branches  touch  the 
common  tangent  on  opposite  sides  of  it;  that  marked  (^)  is 
called  a  ramphoid  cusp,  or  cnsp  of  the  second  species,  in  which 
the  two  branches  touch  the  common  tangent  on  the  same  side. 
Cusps  in  other  positions  are  shewn  in  fig.  61. 

These  several  subordinate  varieties  of  double  points  must  be 
distinguished  by  examining  the  form  and  nature  of  the  equation 

fz^  ""•??. 

ax         ax* 

h  and  k  being  taken  very  small,  and  (;ro,  j/o)  being  the  point  of 
the  curve   in  question ;   as,  for  example,  in  fig.  60,  if  when 

«  =  z'o  +  A,  -pi  is  positive  for  one  and  n^ative  for  the  other 

branch  of  the  curve,  and  when  x=:  xg  —  k,  -p  is  affected  with 


,  the  curve  is  of  the  form  drawn  in  fig.  (a) ;  but  if 


ax* 


positive  for  both  branches  of  the  carve,  and  the  curve  is  out 
of  the  plane  of  the  paper  when  x  is  less  than  Xg,  then  it  is  such 
as  that  delineated  in  fig.  (;9). 

249.3  ^  these  double  points  we  shall  give  instances,  and 
apply  to  particular  cases  the  principles  of  the  fi>regoing  method, 
without  adapting  them  directly  to  the  general  forms. 

Ex.  1.    Examine  the  nature  of  the  point  at  the  origin  of  the 
lemniscata  whose  equation  is,  see  Art.  197  and  fig.  37, 
ix*+y*)*  =  a*(x*-y>). 
Differentiating  we  have 

4,(a^  +  y')(xdx  +  ydy)  =  ia'ixdx—ydy); 

...     p.  =  "l^-^^i^^^  =  I  when  ^  =  0.  and  y  =  0. 
dx       a»y+2y(«»+y>)       0'  -  »        . 

a'dx— ...       dx 
~  a»dy+  ...  ~  rfy' 
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±1; 


that  is,  two  branches  of  the  curve  pass  through  the  origin, 
cutting  the  axis  of  x  at  angles  respectiTelf  of  46°  and  135°, 
and  which  are  in  the  phine  of  reference  on  both  sides  of  tiie 
point;  and  therefore  all  the  characteriitica  of  a  tnie  donUe 
point  are  satisfied. 

Ex.  Z.  Determine  the  nature  of  the  point  at  the  origin  of  Qie 
curve,  }/*  =  x*{l  —  a^. 

dy       x—%x*       o       ... 
•••    ^=—^  =  0'  "tt^'e™'^' 

(l-6ar')<to       dx 


dy 

^  -  1  ^ 


=  ±1; 


•  ■     da*  ~    '         dx' 

and  two  branches  of  the  curre  pass  through  the  origin,  which 

are  inclined  to  the  axis  of  2  at  angles  respectively  of  45°  and 

135° ;  and  there  is  at  the  origin  a  true  doable  pcnnt ;  see  fig.  62. 

Ex.  S.  Detertnine  the  natnre  of  the  point  at  the  origin  of  the 

Folium  of  Descartes,  the  equation  to  which  is 

a*— 8airy+y*  =  0. 

dy       ay—**      0      ,  . , 

■f-  =  -f =  X.  at  the  origin, 

dx       s'—ax      0  ^    ' 

_  ady—Zxdx  _      dp 

^2yAf—adx~       dx'  ' 

therefore  ^  =  0,  »id  ^  =  oo  ;  and  there  are  two  branches 
passing  through  the  origin,  and  touching  respectively  the  axes 
of  X  and  y;  see  fig.  63. 

Ex.  4.   Determine  the  nature  of  the  point  at  the  origin  of  the 
cnrve  whose  equation  is  y*(a^—a^)  =:  x*. 

dx       y(a*— «»)       0'  .    »        < 

_  (6a/'  +  y*)dx  +  fixydy  _  Odx 
~    (^-i^dy-ftxydx  ~  a'dy' 

.      (^\*-   0..  .      ^ 

■•     \dx'  ~  a'' 


dx^ 
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that  ii,  two  brftDches  of  the  curve  paaa  through  the  origin  and 
touch  the  uU  of  x  on  different  sides  of  it,  and  are  both  in  the 
plane  of  reference. 

If  the  equation  to  the  curve  were  y*  (**  —  (!*)  =  x*,  the  two 
branches  which  pass  through  the  origin  would  tonch  the  axis  of 
X,  but  both  would  be  out  of  the  plane  of  reference ;  see  fig.  77. 

Ex.  5.    Discuss  the  nature  of  the  point  at  the  origin  of  the 
curve  whose  equation  is  y*  =  ox*. 
dy  _  3flg'  _ 
dx  ~    2y    ~ 
fiaxdx  , 

■••     (i)'=^'^'  |=±(8a.)*  =  0.if.  =  0; 

and  is  affected  with  +,  when  x  ia  positive,  but  with  +  v*— .  if 

X  is  negative :  hence  at  the  ori^n  there  is  a  cusp,  both  branches 

of  which  touch  the  axis  of  x,  and  the  curve  is  out  of  the  plane 

of  the  paper  when  x  is  negative.     The  curve  is,  on  account  of. 

the  form  of  its  equation,  called  the  Semicnbical  Parabola. 

iPy  So* 

Also  smce  -^  =   +  — ;, 

dx*        —  4a* 

which  is  positive  or  negative  according  as  the  branch  of  the 
curve  is  above  or  below  the  axis  of  x,  the  cusp  is  of  the  first 
spedea ;  see  fig.  64. 

Ex.  6.  Discuss  the  nature  of  the  point  at  the  origin  of  the 
curve  y*  =  0**—*". 

dy       2ax-Sx'      0      *  .i. 
^=— ^-5— =  y,  attheongin, 

_  (2a-6jr)dic_ 
~        6ydy       ' 

•■•©■=3-..    i=±{0=±-->=-' 

Hence  the  curve  has  two  branches  at  the  origin  touching  the 

dy  . 

dx 

tive,  it  shews  that  at  the  origin  there  ia  a  cusp  of  the  first 
species,  and  such  as  is  drawn  in  fig.  65. 
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El.  7.  The  equation  to  a  curve  is  y'  =  x{x  +  a)^;  detennine 
the  nature  of  the  point  where  x=  —a,  and  y  =  0. 

-J-  =  ;- =  y ,  when  x  =  ~a,  and  u  =  O, 

dx  2y  0  •  9         > 

_  {6ar+4a)(ir 

~  2rfy        * 

...  (!)■=-.,     |=±y^; 

that  is,  there  is  a  conjugate  point,  both  branches  of  the  curve 
being  out  of  the  plane  of  the  paper,  aud  piercing  it  at  the  point ; 
and  their  direcHons  making,  with  the  axis  of  x,  angles  whose 
tangents  are  +  '■/a. 

250.]  the  equations  of  many  curves  admit  of  being  reduced 
to  an  explicit  form,  which  is  well  adapted  to  exhibit  the  pecu- 
liarities of  cusps  of  both  species. 

Suppose  that  the  equation  to  a  curve  can  be  put  into  the  form 
y  =/(a^)±«(«).  (130) 

.of  which  f{x)  is  possible  for  all  values  of  x  through  which  we 
connder  it,  aud  ift  («)  is  possible  for  some  and  impossible 
for  others;  and,  to  fix  oui  thoughts,  suppose  that  tf>(x)  is  ima- 
ginary or  real,  according  as  d?  is  leas  or  greater  than  a.  The 
curve  whose  equation  is  y  ^f{x)  is  aptly  called  the  diametral 
curve  of  (130),  the  ordinates  of  (130)  being  equal  to  f(x)  in- 
creased and  diminished  by  the  same  quantity,  via.  tp  (x).  Then, 
if  0(«)  is  such  that  <ft{a)  =  0  and  <t>'W  =  0,  the  curve  (130) 
has,  when  x  =  a,&  common  point,  and  is  coincident  in  direction, 
with  y  —f{x);  but  as  two  branches  unite  at  the  point,  and 
are  distinct  when  x  =  a  +  h,  and  affected  with  +  •/—,  when 
x=  a^h,  we  have  a  cusp  of  the  first  or  second  species,  accord- 
ing as  the  curvature  is  tnmed  in  opposite  or  in  the  same  di- 
rections.    The  following  examples  will  illustrate  the  method. 

Ex.  1.  iy—a—x)*  =  («— c)'. 

y  =  a  +  x±(x~c)i. 

Hence  the  diametral  line  is  that  whose  equation  is  y  =  a+x, 
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and  ua  y  a  affected  with  ±  t/^,  for  all  values  of  x  less  than 
c,  it  follows  that  the  curve  is  in  or  out  of  the  plane  of  refer- 
ence, according  as  :i?  is  greater  or  less  than  c;  and  as  -^  =  1 

when  X  =  c,  it'is  plain  that  at  that  point  both  branches  touch 
a  common  tangent,  one  being  above  and  the  other  below  it; 

and  as  -~  is  +  when  x  is  greater  than  c,  the  cusp  is  of  the 

first  spades ;  see  fig.  66. 

Ex.  2.  fy- 


-;»■)■  = 

ax 

,s. 

y  = 

X* 

±  ai.l, 

dx  ~ 

2x 

±5|*.., 

^_ 

2- 

16ot    J 

dx*  ~      -     4 

From  the  above  equations  it  appears  that  the  diametral  curve 

is  the  pnmbola  whose  equation  is  y  =:^;  that  the  curve  is  in 

the  plane  of  reference  on  the  positive  side  of  the  axis  of  jf,  and 

out  of  it  on  the  amative  side  j  that  there  is  a  cusp  of  the  second 

d'v 
species  at  the  origin,  since  ■—  is  positive  for  both  branches; 

see  fig.  67. 

Ex.  3.  y  =  a  +  bx  +  cx'±  **. 


^. 


b  +  icx±irxi. 


dx*  -  4,xi 

The  diametral  curve  is  plainly  a  parabola,  and  the  cnrve  is 
in  or  oat  of  the  plane  of  reference,  according  as  x  is  positive  or 
nc^tive ;  there  is  a  cusp  of  the  first  species  at  the  point  where 
the  diameter  cuts  the  axis  of  y,  and  the  tangent  at  the  point 
makes,  with  the  axis  of  x,  an  angle  whose  tangent  is  b ;  see 
fig.  68. 

251.3  For  a  double  p<Hnt  on  a  curve  we  have  the  two  follow- 
ing conditionB, 

(J)  =  o,„a(^;)  =  o,  as., 

at  the  point.     Let  us  suppose  the  equation  to  the  curve  to  be 

PRICE,  VOL.  I.  3D 
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of  the  nth  degree,  and  of  the  form  (4<5),  Art.  207 ;  then  each 
of  the  equations  (131)  is  of  n— 1  dimensioDs,  and  therefore 
represents  a  curve  of  that  d^ree ;  and  if  the  points  of  inter- 
section of  these  two  curves  are  on  the  original  curve,  they  are 
the  doable  points  of  that  curve :  hereby  we  have  a  limit  to  the 
number  of  double  points  which  can  be  on  a  curve.  The  two 
curves  (131)  cannot  intersect  in  more  than  (n  — 1)*  points,  and 
therefore  the  number  of  double  points  cannot  be  greater  than 
this ;  it  may  however  be  less  because  all  the  points  of  inter- 
section may  not  be  on  the  original  curve  :  thus,  in  a  conic  for 

example,  \-r-)  =  0,  and  (-r*)  =  0,  are  the  equations  to  two 

diameters,  and  they  intersect  in  the  centre  which  is  not  on  the 
curve,  unless  the  conic  can  be  broken  up  into  two  straight  lines ; 
in  which  case  the  centre  is  a  doable  point.  Thoa  the  point  of 
intersection  of  the  two  equatioas  (ISl)  in  the  case  of  a  conic  is 
not  ordinaiily  a  double  point. 

As  two  branches  of  a  curve  intersect  at  a  double  point,  so  a 
double  point  is  two  coincident  points ;  and  therefore  if  a  straight 
line  passes  through  a  double  point,  this  passage  is  equivalent  to 
its  passing  through  two  points  of  a  curve :  hence  a  proper  curve 
of  the  third  degree  cannot  have  mofe  than  one  double  point, 
because,  if  it  had  two,  a  steaight  line  might  be  drawn  through 
both,  and  would  thus  pass  through  four  points  on  the  carve  of 
the  third  order,  and  this  is  impossible  for  a  proper  curve  of  that 
order,  see  Art.  210 ;  for  a  proper  curve,  I  say ;  because  it  is 
possible,  if  the  curve  can  be  broken  up  into  a  straight  line  and  a 
conic,  since  then  the  two  points  where  the  hne  cuts  the  carve  are 
double.  SimiUrly  a  proper  curve  of  the  fourth  order  cannot  have 
four  double  points ;  because  if  it  had,  through  these  and  any 
fifth  point  on  the  curve  a  conic  might  be  drawn,  and  as  each 
double  point  is  equivalent  to  two  points,  this  conic  would  pass 
through  nine  points  on  the  curve ;  and  thus  a  conic  and  a  curve 
of  the  fourth  order  would  intersect  in  more  than  eight  points, 
which  is  impossible,  see  Article  210.     And  in  general  a  curve  of 

the  nth  degree  cannot  have  more  than  5 doable 

points*;  for  suppose  it  to  have  one  more:  then  through  these 

*  See  Salmoa,  Higher  Plane  Curves,  page  31 ;  and  Aanales  de  Mathv- 
inatiquea.  Tome  X,  p.  95,  Paris,  1851. 
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of  the  cnrre,  a  curre  of  the  (n— 2)th  order  may  be  drawn; 
and  this  most  be  cotuideted  to  meet  the  original  corre  in 
(»-l)fn-2)+2+i»-8,  that  is,  in  «{n-2)  +  l  points,  which 
is  impossible  if  the  given  cmre  is  a  proper  carve. 

In  Art.  223  it  has  be«n  shown  that  generally  n(ii  — I)  tan- 
gents can  be  drawn  to  a  curve  of  the  nth  degree  from  a  given 
point :  in  the  proof  of  this  theorem  it  is  assumed  that  every 
line  passing  through  two  consecutive  points  on  the  curve  is 
a  tangent;  a  line  however  passing  through  a  double  point 
passes  through  two  consecutive  points  on  the  carve  and  in  two 
different  ways,  viz.  through  the  point  common  to  both  branches 
and  the  consecutive  point  on  each  branch ;  and  yet  is  not  in 
either  way  a  tangent  in  the  meaning  in  which  the  word  is  com- 
monly used ;  BO  that  the  preceding  number  of  tangents  must 
he  diminished  by  2  for  every  double  point  on  the  curve.  If 
therefore  a  carve  baa  fi  doable  points,  the  number  of  tangents 
which  can  be  drawn  to  it  from  a  given  point  is  n(n  — 1)— 28; 
and  this  is  therefore  the  daas  of  the  curve. 

252.3  '^''^  number  of  cusps  on  a  curve  of  the  nth  degree 
cannot  he  greater  than  2n  (n— 2) ;  and  all  these  are  on  a  carve 
of  the  2  (n— 2)th  order.  For  the  condition  of  a  cusp  on  a  carve 
is,  see  (127),  the  equation 

(S)©-(^)'=o^ 

which  is  manifestly  of  2 (n— 2)  dimensions;  all  cusps  therefore 
are  found  on  a  carve  of  this  order :  and  as  the  points  of  inter- 
section of  this  curve  with  the  original  curve  cannot  be  more 
than  2R(n— 2),  so  the  number  of  cusps  on  a  carve  of  the  nth 
order  cannot  be  greater  than  2n  (n— 2).     Indeed,  as  a  cusp  is  a 

double  point,  the  number  cannot  be  greater  than ^ » 

as  is  shewn  in  the  precediog  Article. 

And  for  every  cusp  on  a  curve,  the  number  of  tangents  which 
can  be  drawn  to  the  curve  from  a  given  point  must  be  dimin- 
ished by  3.  Because  at  a  cusp  three  points  of  the  curve  be- 
come coincident ;  and  as  these  may  be  taken  in  pairs  in  three 
different  ways,  so  may  three  lines  be  drawn  passing  through 
these  several  pairs ;  and  as  these  lines  are  not  tangents  in  the 
3  D  2 
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ordinary  meBDing  of  the  word,  the  niunber  of  tangents  which 
can  be  drawn  to  the  carve  from  a  given  point  is  to  be  dimin- 
ished by  three  for  each  cusp. 

Hence  if  a  cnrre  has  k  cusps,  the  number  of  tangents  wfaidi 
can  be  drawn  to  it  from  a  given  point,  and  therefore  the  dass 
ofthea»Ye,i.  .(„_i|_3..  (133) 

If  therefore  a  curve  has  D  double  points,  and  k  cusps,  and  if  its 
class  is  m ;  then 

m  =  n(n-l)-2i-ZK.  (184) 

268.]  From  (136)  it  appears  that  the  equation  which  gives 
the  directions  of  the  tangents  at  a  double  point  is 

hence  substitnting  ^  from  (124),  we  have 

{S)O'-»(|^)(£)(i)  +  (0)©"=».  a»6, 

which  is  the  Hessian  of  the  curve  in  terms  of  x  and  y,  see 
Art.  246,  and  is  the  same  equation  as  that  which  gives  the  points 
of  inflexion ;  see  Art.  344.  Hence  it  appears  that  the  Hessian 
passes  through  all  the  donhle  points  of  a  curve  as  well  as 
through  all  its  points  of  inflexion. 

*  Now  the  relation  of  a  curve  to  its  Hessian  deaervea  closer 
consideration.  In  the  first  place,  a  doable  point  on  a  curve  is 
also  a  donble  point  on  the  Hessian ;  and  the  tangents  to  the 
two  are  identical  at  the  point.  This  may  be  shewn  most  eanly 
if  we  take  the  double  point  to  be  the  origin  and  the  tangents 
at  it  to  be  the  coordinate  axes;  in  which  case  the  equation 
(48),  Art.  307,  takes  the  form 

AiJ?y  +  t»,  +  M*+  ...  +«,  =  r(.x,y)  =  0;  (137) 

and  substituting  in  (136)  and  taking  only  the  terms  involving 
the  lowest  powers  of  x  and  y,  the  Hessian  becomes 

—  2b^xy  +  terms  of  three  and  higher  dimensions  =  0 ;  (138) 
which  evidently  passes  through  the  origin,  and  at  it  touches  the 
axes  of  X  and  y.  Thus  the  original  curve  and  its  Hessian  have 
the  same  tangents  at  the  common  double  point.    But  when  two 

•  See  an  Article  by  Mr.  CayUy  in  Crelle's  Jounul,  VtA.  XXXIV,  p.  43. 
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currea  hare  a  common  doable  point,  this  la  equivalent  to  four 
point§  of  intenectioQ  being  coincident ;  and  if  the  tangents  to 
the  brnnchea  are  also  common,  this  is  equivalent  to  two  more 
pointa  of  interaection  being  coincident ;  and  therefore  a  double 
point  with  tangenta  common  to  the  curve  and  ita  Hessian  is 
equivalent  to  aix  coincident  pointa  of  intersection.  Now  the 
number  of  points  of  inflexion  is  8n(n— 2),  being  the  number  of 
points  of  intersection  at  a  finite  distance  of  a  curve  and  its 
Heaaian;  and  by  ns  many  as  these  points  are  diminished,  by 
so  many  is  the  number  of  the  points  of  infiexion  diminished. 
Therefore  if  a  carve  has  S  double  points,  the  number  of  its 
points  of  inflexion  cannot  be  more  than 

8»(»i-2)-6«.  (189) 

Also  agtun,  if  the  original  curve  has  a  cusp,  three  branches 
of  the  Hessian  will  pass  through  the  point,  the  tangents  of  two 
of  which  will  coincide  with  the  tangent  of  the  original  curve  at 
the  cusp.  Let  us  take  the  origin  at  the  cnap,  and  let  the  tan- 
gent be  the  axis  of  y:  in  which  case  (48),  Art.  307,  takes  the 

**™'  a,*»  +  H3+U4+  ...  +w„  =  Hx,y)  =  0;  (140) 

and  substituting  in  the  Hessian,  and  retaining  only  the  terma 
involving  the  lowest  powers  of  the  variablea  x  and  y,  the  Hes- 
sian becomes 

ia^a^l—j-YJ  +  terms  of  four  and  higher  dimensiona  =  0.  (141) 

Hence  the  Hessiati  has  three  branches  passing  through  the 
origin ;  to  two  of  which  the  axis  of  y  is  the  tangent,  and  to  the 

third  the  tangent  ia  (-j-*-)  =  2<^»+6(^y  =  0,    Bat  when  two 

curves  have  a  commoa  point,  through  which  two  branches  of 
one  and  three  branches  of  the  other  paaa,  this  point  is  equiva- 
lent to  six  coincident  points  of  intersection ;  and  as  two  hranchea 
of  one  have  the  same  tangent  as  two  branches  of  the  other,  two 
more  points  are  common  to  the  two  curves ;  ao  that  thia  cnap 
common  to  the  carve  and  its  Hesaian  is  equivalent  to  eight  co- 
incident points  of  intersection.  Hence  if  a  curve  has  8  double 
points,  and  k  cusps,  and  if  t  is  the  number  of  its  points  of  in- 
flexion, .  ^  8n(„_2)-68-8«.  (142) 
I  maat  in  conclusion  observe,  that  M,  Hesse  has  shewn,  Crelle, 
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Vol.  XXVIII,  that  in  curves  of  the  third  order,  the  points  of 
inflexion  on  the  original  curve  are  also  points  of  inflexion  on 
the  Hessian :  but  in  other  curves  the  points  of  inflexion  are  not 
generally  points  of  inflexion  of  the  Hessian. 

254.3  Lastly,  let  us  consider  the  subject  of  double  points  in 
curves  whose  equations  are  given  iu  terms  of  three  variables 
^t  ?i  s,  &Dcl  in  the  form  (49),  Art  208.  Now  the  equation  to 
the  tangent,  see  (18),  Art.  216,  is 

and  therefore  if  at  any  point  on  the  carve  this  equation  is  iden- 
tically satisfied,  that  is,  if  I-t-)  =  (3-)  =  \-j-)  =  0,  the  direc- 
tion of  the  tangent  at  that  point  is  indeterminate ;  and  to  de- 
termine it  we  must  pass  to  the  next  consecutive  point  on  the 
curve ;  that  is,  in  other  words,  we  must  take  the  ar-,  the  y-,  and 
the  .^-partial  differentials  of  (148) :  hence  we  have  the  three 
equations  (116),  Art.  246 ;  and  hence  arises  the  condition, 

\dx*}  \dydzi  "*"  Uy>/  ^dzdx'  '^  W'  Wrfy' 

W»'  \dy*l  \dz*'  Uydz'  ^dxdx'  ^dxdy'  ~  '  ^  ' 
which  is  the  equation  to  the  Hessian  in  terms  of  three  variables. 
And  this  is  the  condition  that  a  curve  should  have  a  double 
poiut.  Let  us  apply  it  to  a  conic ;  that  is,  investigate  the  cir- 
cumstances under  which  a  conic  has  a  double  poiut. 
Let  the  equation  to  the  conic  be 

Ax'  +  By*-\  cz*+2iy2  +iiazw  +  !tBXt/  =  0 ;       (145) 
then  (144)  becomes 

AE»-l-BO»-|-CH»-ABC  — 2kOH  =  0,  (146) 

which  is  the  well-known  condition  that  (145)  should  break  up  into 
two  straight  lines ;  and  at  the  point  of  intersection  of  these  two 
lines  we  have  the  characteristics  of  a  double  point.  Therefore 
a  proper  curve  of  the  second  degree  does  not  admit  of  a  double 
point. 

255.]   Let  us  now  return  to  equation  (125),  Art.  248,  and 
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suppoae  that  at  the  point  under  discnsrion,  not  only  [-pj  =  0, 
and  \-j-)  =■  0,  but  also 

'     ©  =  »•  i^h"'  O-O'         <•«> 

then  the  valae  of  ■—  again  assomes  the  form  ^,  and  the  nume- 
rator and  denominator  of  it  must  be  differentiated ;  in  which 
operation  however  it  is  to  be  borne  in  mind,  see  Art.  139,  that 

-^  does  not  vary  with  x  and  y  near  to  the  point,  and  is  therefore 

to  be  considered  coostant ;  the  true  meaning  and  effect  of  these 
successive  differentiations  being  aa  follows.  Several  branches 
of  the  curve  have  certain  consecutive  points  in  common,  and 
certain  elements  in  common ;  whilst  therefore  we  are  consider- 
ing the  curve,  as  to  its  contiDuation  at  one  or  more  of  these 
common  points,  it  is  indeterminate  to  which  branch  of  the 
curve  the  points  and  elements  belong,  and  therefore  we  must 
pass  on  from  these  common  points  to  those  contiguous  ones 
which  are  on  different  branches ;  in  which  case  the  tangent 
lines  drawn  through  these  become  separate  for  each  branch, 
and  the  direction  of  each  thereby  becomes  determined.  Let 
the  reader  try  to  draw  for  himself  an  in6nitely  magnified  dia- 
gram of  such  points  and  curves  in  the  same  manner  as  we  have 
drawn  fig.  56. 

Differentiating  therefore  the  numerator  and  denominator  of 
the  right-hand  member  of  equation  (125),  and  dividing  through 
by  dx. 

i^\  J.  2  (  '^''  \  ^  -1.  (  '^''  )  ^ 
dy  _  _  ^<te'/  "^     Vtto'riy/  <te  "^  ^rfrrfy'/  do.' 

dv  ~         ,d»,v  dg*  I  d'p  \  dy      I  rf'F  \  ' 

^dv^i  dx*^     \dxdv*'  dx  "^  \dx*dvf 


(148) 


^dy^>  dx'^     \dxdy*f  dx  ^  \dx*dy> 
whence,  multiplying  and  reducing, 

which  is  a  cubic  equation  in  ~,  and  therefore  has  three  roots; 
shewing  that  three  branches  of  the  curve  pass  through  the  point, 
which  is  accordingly  called  a  triple  point ;  the  three  branches 
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bdng  all  in  the  plane  of  reference,  or  one  in  and  two  out  of 
the  plane,  according  as  the  roots  of  (149)  are  all  real,  or  one 
real  and  two  impossible. 

As  the  criteria  of  this  division  lead  to  a  long  and  complicated 
expression,  it  is  needless  to  investigate  it ;  and,  moreover,  as  the 

determination  of  the  several  values  of  -~ ,  corresponding  to  the 

several  hranches  of  the  curve,  is  not  difficolt,  we  shall  only  add 
an  example. 

Ex.  1.    To  determine  the  nature  of  the  point  at  the  origin  of 
the  curve  whose  equation  is  ar*— oy^  +  Ay*  =  0. 
rfy       4**— 2ojfy       q        *  *i. 
di  =   a^-Sby^  =  0  ■  "*  '^^  °"e>°' 
_  (\Za^-iay)dic-Zaxdy  _  g 
~         Haxdx—Gbydy         ~  0'    '    '    '    "' 
_Z^xda^~4iadydx  _      —iadydx  ,  _     _n 

~     Zada!*-6bdy*     ~  2oiir*-6ft<ft/»'        *"*  x-y-0; 

...     6«$!-6*5  =  0: 
ax  oar 


^  =  0,  and 


dx      -U'  • 


and  therefore  at  the  origin  there  is  a  tariple  point,  as  three 
branches  of  the  curve  pass  through  it,  of  which  one  touches 
the  axis  of  x,  and  the  other  two  are  inclined  to  it  at  angles 

whose  tangents  are  +  [A   ;  see  fig.  69. 

256.]  Similarly  if  all  the  third  partial  differential  coeffici- 
ents vanish  at  the  point  under  discussion,  we  must  differentiate 
again  the  numerator  and  denominator  of  the  right-hand  member 
of  (148) ;  by  which  means  we  shall  obtain  a  biquadratic  expres- 
sion in  —-,  indicating  that  four  branches  of  the  curve  pass 
through  the  point,  which  is  therefore  called  a  quadruple  point. 

257.]  Such  is  the  general  theory  of  multiple  points ;  of  which 
the  analytical  character  is  the  vanishing  nt  the  point  of  succes- 
sive partial  differential  coefficients  of  the  implicit  equation  to 
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the  curve.  Tbat  aacb  must  vanish,  if  many  bnoches  pass 
through  the  same  point,  may  thus  be  shewn  a  priori. 

Let  a  curve  be  such  that,  when  x  =  a  -y  h,  y  has  many 
values,  or,  to  l^rrow  language  ironi  the  theory  of  equations,  the 
equation  formed  in  powers  of  y  has  many  unequal  roots ;  but 
when  X  =  a  several  of  these  values  of  y  become  equal,  say 
y  =  b;  then,  in  this  case,  as  many  roots  as  become  equal  which 
before  were  unequal,  so  many  branches  of  the  curve  pass  through 
the  point ;  and  thus  in  the  equation  many  equal  factors  will  be 
multiplied  tc^^her,  which  produce  a  factor  of  the  form  (y— 4)". 
By  similar  reasoning  we  may  prove  that  at  such  a  poiut  many 
flactors  involving  x,  which  at  other  points  are  unequal,  became 
equal  J  and  we  have  a  factor  of  the  form  {x—a)*,  mandn  being 
some  numerical  quantities  greater  than  1.  Now  since  differen- 
tiation diminishes  the  exponent  of  such  a  quantity  only  by 

unity,  it  is  plain  that  (-j-j  will,  at  the  point  in  question,  have 
a  factor  of  the  form  (j7— a)"-*,  and  therefore  will  =  0.  Simi- 
larly i-j-S  will  have  a  fitctor  of  the  form  (y— A)"~',  and  will 

=  0  also ;  and  according  to  the  numerical  magnitudes  of  m  and 
A,  will  be  the  number  of  branches  passing  through  the  point, 
and  the  number  of  successive  partial  diSerential  coefficients 
which  =  0,  for  the  values  x=^tt,  y  =  b. 


Sbction  5. — On  traa^  curvet  by  meana  0/ their  eguatioru. 

268.]  As  this  treatise  is  intended  in  a  great  measure  for 
didactic  purposes,  I  shall  insert  at  some  length  an  account  of 
the  most  simple  processes  by  which  we  can  delineate  a  curve  ex- 
pressed by  a  given  equation :  and  herein  we  shall  introduce 
simultaneously  and  combine  the  methods  which  have  been  in  the 
preceding  sections  separately  investigated  for  the  discovery  of 
singular  paints  of  curves.  The  object  of  this  inquiry  is  two- 
fold :  to  give  expertness,  firstly,  in  the  analysis  of  an  equation 
and  of  its  derived  fonctions ;  and,  secondly,  in  the  translation  of 
these  circumstances  into  their  corresponding  geometrical  forms. 
AU  curves  however  we  cannot  trace,  any  more  than  find  the 
equations  to  all  figures  of  a  character  however  complicated ;  the 
problem  is  as  general  as  the  solution  of  all  equations;   and 

PKICE,  VOL.  I.  3  E 


,,  Google 


304  RBCTANOl'LAR   CUORDINATBS.  \.*5^- 

thercforf  vhnt  follows  ia  to  be  taken  as  an  explenation,  and  as 
a  specimen,  of  the  means  we  possess  of  discussing  some  few 
simple  cases  whicli  are  for  the  most  part  algebraical. 

1)  If  tbe  equation  admits  of  being  simplified  b^  a  change 
of  origin,  or  by  turning  the  axes  through  any  angle,  or  by 
transforming  the  equation  into  its  equivalent  in  tenoa  of  polar 
coordinates,  let  such  a  change  be  effected  before  we  b^u  tlie 
analysis.  Thus,  for  instance,  the  equation  a^—2ax  +  y*+2bi/ 
=  0,  admits  of  being  discussed  more  easily  when  for  x  we  write 
x  +  a,  and  for  y,  y  —  i:  whereby  the  result  becomes  a*  +  y* 
=  a' +  6!*.     Similarly  the  curre  whose  equation  is   («*  +  y*)* 

=  ,a  tan'*  I- 1  is  more  easily  traced  when  it  is  put  in  its  equi- 
valent polar  form,  r  =  a9.  The  means  of  tracing  polar  curves 
will  be  discussed  in  the  next  chapter. 

2)  If  the  equation  to  a  curve  admits  of  being  put  in  the 

in  which  case,  as  before  observed,  y  =f(x)  is  the  equation  to 
a  curve  diametral  to  the  curve  to  be- traced,  it  is  most  con- 
Tenient  first  to  trace  the  diametral  curve,  and  then  to  increase 
and  diminish  its  ordinates  by  the  quantity  ip  {x)  corresponding 
to  the  several  values  of  the  abscissa  to  the  curve  y  =:f(r). 

Thus,  for  instance,  in  the  discussion  of  the  general  equation 
of  the  second  degree, 

ay'  +  bxy  +  ex*  +  dy  \ex+f  =  0,  (150) 

let  the  equation  be  solved  for  y ;  whence  we  have 

_  _± 

~       2a^      2a- 2a^ 


-{(A»-4fflc)a!*  +  2(M-2«}*+d»-4V}*;  (151) 


y  =  —  n- X—  n't  is   the  equation   to  a   straight   line,    and 

therefore  the  ordinate  to  the  curve  is  the  ordinate  to  a  straight 
line  increased  and  diminished  by  equal  quantities;  the  most 
convenient  method  therefore  of  tracing  the  curve  is  first  to 
construct  the  straight  line,  and  then  to  add  to  and  subtract 
from  its  ordinate  such  a  quantity  as  arises  from  an  examina- 
tion of  the  latter  part  of  (151). 

3)   Let  the  equation  to  the  curve,  if  possible,  be  put  in  the 
explicit  form  y  =f(x);  and  let  all  the  points  be  detennined 
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at  wliich  the  curve  meets  the  coordinate  axes,  by  findiDg  the 
values  of  «  which  renrier  y  =  0,  and  the  ralucs  of  y  which  render 
dr  =  0 ;  Bod  let  the  change  or  continuation  of  sign  be  examined 
in  order  to  determine  whether  the  curve  passes  from  below  to 
above  the  axis  of  x,  or  vice  vertd;  and  whether  it  passes  from 
the  left  to  the  right  of  the  axis  of  y,  or  vice  vertd ;  and  whether 
it  touches  the  axes;  and  if  it  cuts  the  axis,  let  the  value  of 


angle  at  which  it  cuts.  And  if,  for  all  values  of  x  from  +  ao 
to  —  00 ,  y  is  unaffected  with  ±  '/^,  the  curve  extends  infi- 
nitely in  both  directions  in  the  plane  of  the  paper ;  but  if  at 
any  point,  say  x  =  a,  y  =  b,  the  equation  is  such  as  on  one 
side  of  that  point  to  be  affected  with  + ,  and  on  the  other  side 
with  +  ■</—,  then  at  that  point  the  curve  leaves  the  plane  of 
the  paper.  Suppose  that  at  such  a  point  there  is  only  unc 
branch  of  the  curve,  so  that  the  symbol  of  "  impossibility  "  does 
not  arise  from  the  extraction  of  the  square  root  of  a  negative 
number,  then  there  is  what  is  by  French  writers  termed  a 
pMfU  d'arret ;  or,  as  we  may  conveniently  call  it,  a  point  of 
abrupt  termination ;  and  the  branch  has  only  one  tangent. 
Such  however  can  only  arise  firom  a  discontinuous  function,  or 
from  such  functions  as  those  for  which  Maclaurin's  Theorem 
fails.    Thus,  if  the  equation  is  y  =  ^  tog  ;r,  y  =  0,  when  a?  =  0 ; 

bv  virtue  of  Ex.  2,  Art.  126  j  also  -^  =  0,  when  *  =  0 ;   hence 

'ax 
the  cnrve  passes  though  the  ori^n,  and  touches  the  axis  of  x, 
and  is  in  the  plane  of  the  paper  on  the  positive  side  of  the  axis 
of  y;  but  as  the  logarithms  of  negative  numbers  are,  sec  Art.  67, 
affected  with  +  \/— ,  the  curve  is  out  of  the  plime  of  reference 
on  the  negative  side  of  the  same  axis ;  and  therefore  there  is  at 
the  origin  a  point  of  abrupt  termination.  The  above  curve 
is  traced  in  fig.  70  as  far  as  it  exists  in  the  plane  of  the  paper; 

AO  =  l. 

If  however  at  the  point  where  the  ordinate  becomes  affected 
with  +  ■/—,  two  branches  pass  into  another  plane,  there  is 
either  a  cusp  or  a  salient  point,  according  as  the  two  branches 
have  the  same  or  different  tangents.  The  distinctive  cha- 
racters of  these  points  depend  on  the  corresponding  value  or 

values  of  -^.    And  if  the  equation  to  the  curve  is  satisfied 
3  B  a 
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hy  x=  a,  y  =  b,  but  if  when  ir  is  increased  or  decreased  by  a 
quantity,  bowever  small,  y  is  affected  with  +  ■/—,  then  at 
such  a  point  the  cnrre,  which  lies  in  some  other  plane,  pierces 
the  pliuie  of  reference ;  and  the  point  is  a  conjugate  or  isolated 
point ;  and  of  course  one  or  two  or  more  branches  of  a  curre 
may  pass  through  snch  a  point :  as  for  instance  if  the  equation 
to  a  straight  line  iay—b  =  (— )t(x— a),  the  equation  is  satisfied 
hy  x  =  a,y  =  b,  which  indicates  a  point  in  the  plane  of  refer- 
ence ;  but  every  other  point  of  the  line  is  in  the  plane  passing 
through  the  line  bd,  see  fig.  71,  oi  =  a,  ah  =  b,  and  perpendi- 
cnlar  to  the  plane  of  the  paper. 

When  two  branches  of  the  curve  simultaneously  pierce  the 
plane  of  the  paper,  the  two  roots  of  (136),  Art.  248,  are  im- 
possible, as  is  the  case  in  Ex.  8,  which  is  traced  below  in 
Art.  260.  And  a  curve  may  have  any  number  of  such  conju- 
gate points,  by  continually  passing  through  the  plane  of  the 
paper,  such  as  in  the  subjoined  example : 
y  =  ax*  +  {bx)i^nis. 

The  curve  is  traced  in  fig.  7St,  the  dotted  line  indicating  the 
branches  in  a  plane  perpendicular  to  that  of  the  paper,  y  =  ax*, 
which  represents  the  diametral  curve,  is  a  parabola,  b'ob, 
drawn  in  the  figure ;  and  the  ordinate  to  the  curve  is  periodi- 
cally reduced  to  its  ordinate  when  a:  =  0,  or  =  v,  or  =  2v, 

or  =  any  multiple  of  w ;  but  when  *  is  negative,  the  part  of  the 
ordinate  to  be  added  to  or  subtracted  fix>m  the  ordinate  of  the 
parabola  is  affected  vrith  (  — )*,  except  at  the  points  where  x  = 
some  multiple  of  ir,  at  which  the  branches  of  the  curve  pierce 
the  plane  of  reference :  and  thus  it  continues  ad  a^niivm,  the 
curve  itself  being  continaous,  but  there  being  a  series  of  dis- 
continuous points,  if  we  consider  only  those  points  which  the 
plane  of  the  paper  contains. 

Curves  such  as  the  last  have  been  called  *'  Courbes  Point- 
ill^*  ;"  which  name  however  has  been  given  by  writers  who 
discard  the  mode  of  interpretation  of  the  symbol  of  impossi- 
bility which  we  have  employed  in  this  Treatise,  and  are  there- 
fore obliged  to  allow  that  algebraical  expressions  admit  of 
discontinuous  geometrical  interpretation:    a  result  surely   at 

*  Se«  page  383  of  a  "  Treatise  on  the  Differential  Cslculus,"  by  Angustua 
De  Morgan,  M.A.     Baldwin  and  Cndock,  London,  1843. 
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variance  with  the  algebraical  nature  of  snch  fonctioDB,  which 
admit  of  differentiation,  and  thereby  indicate  that  thej'  fulfil 
the  law  of  continuity, 

4)  On  the  method  of  determining  the  Bimnltaneous  increase 
and  decrease  of  x  and  y  nothing  more  need  be  said ;  but  we 
must  be  careful  to  investigate  the  points  at  which  -^  =  0, 
and  =  00  ,  and  to  observe  whether  or  not  there  is  a  change  of 
sign,  as  such  is  the  criterion  of  maxima  and  minima.     With 

this  object  we  shall  equate  -3=-  to  0  and  ao ,  and  examine  the 
course  the  curve  takes  at  these  critical  points. 

5)  In  regard  to  asymptotes,  and  the  course  of  the  curve 
with  respect  to  them,  we  must  examine  the  finite  values  of  x 
for  which  t/  is  infinite  ;  and  the  values  of  y  for  which  x  is  infinite, 
as  sncfa  will  be  asymptotes  parallel  to  the  axes  of  y  and  x  re- 
spectively }  and  by  investigating  whether  ~  changes  sign  or 
not  for  these  asymptotic  values,  we  shall  determine  whether  the 
infinite  ordinate  is  a  maximnm  or  a  minimam;  that  is,  whether 
it  retoms,  or  whether  it  continues  round  the  circle  of  infinite 
radius,  such  as  we  described  in  the  last  chapter ;  and  which  of 
the  forms  delineated  in  figs.  24,  25,  26,  61  the  curve  takes.  We 
must  also  be  careful  to  determine  whether  there  are  rectilineal 
asymptotes  inclined  at  obhque  angles  to  the  axes  of  coordi- 
nates, general  mles  for  the  discovery  of  which  have  been  given 
in  Art.  284 ;  and  whether  the  curve  is  above  them  or  below 
them.  It  may  happen  that  two  distinct  branches  of  a  curve 
will  approach  the  same  asymptote.     Sometimes  also  a  curve 

will  cut  its  asymptote ;   as  e.  g.  if  y  =  a ,  the  axis  of  s  is 

an  asymptote,  and  the  curve  cuts  it  whenever  x  =  aa  integral 
multiple  of  ir. 

6)  The  general  character  of  a  curve  with  regard  to  the 
curvature  of  it  in  a  particular  direction  and  its  points  of  in- 
flexion has  been  sufficiently  discussed  in  Section  3  of  the  present 

Chapter.     Practically  however  -j^  is  of  little  use  in  enabling 

us  to  trace  a  curve,  unless  it  assumes  a  simple  and  explicit 

form ;  and  should  also  at  any  point  of  the  curve  -7^  =  0,  and 
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not  cliange  iU  ngn,  we  may  conclude  that  more  elements  of  the 
cnrre  than  two,  and  therefore  more  points  of  the  curve  than 
three,  are  in  one  and  the  same  straight  line. 

7)  There  is  nothing  more  to  be  added  on  the  theory  of 
multiple  points  and  their  varieties. 

8)  And  generally  it  is  of  little  use  to  examine  the  values 
of  X  and  y,  except  at  such  critical  points  as  we  have  above 
described  ;  and  except  when  a;  =  00 ,  and  y  =  n  ,  in  order  that 
we  may  determine  the  course  the  curve  is  taking  at  such  dis- 
tances from  the  axes. 

259.]  Thus,  in  the  discussion  of  any  particular  equation  re- 
presenting a  plane  curve,  the  method  indicated  by  the  following 
rules  is  the  must  convenient  to  adopt : 

I.  Reduce  the  equation  if  possible  to  the  explicit  form,  and 
simplify  it,  as  far  aa  may  be,  by  means  of  a  change  of  origin,  or 
by  a  transformation  into  polar  coordinates. 

II.  Discover,  arrange,  and  tabulate  with  their  proper  signs, 
all  the  critical  values  of  y  and  m,  both  in  and  out  of  the  pl&ne 
of  reference. 

III.  Discuss  and  tabulate  the  critical  values  of  -^ ,  as  c.  g. 

determine  the  angles  at  which  the  curve  cuts  the  axes,  the  mnii- 
mnm  and  nunimum  ordinates,  &c. 

IV.  Find  the  equations  to  the  asymptotes,  nnd  determine 
whether  the  curve  is  above  or  below  them. 

V.  Find,  if  it  is  possible  in  a  convenient  form,  -^-^ ;  thence 
determine  the  direction  of  curvature,  and  tbo  points  of  inflexion. 

VI.  If  at  any  point  ^  =  si  evaluate  the  quantity,  and 
determine  the  several  double,  triple  points,  &c. 

260.]  Examples  illustrative  of  the  preceding  theory. 

Ex.  1.    Trace  the  curve  whose  equation  is  y'  =  a*j^. 

.-.     y  =  ±  axi;  (152) 

dy       3a*x*       ,      dy  _        Sajc* 
di  =  "alT'  ite  -  ±  ~2~' 


D,g,t7cdb/GOOgIC 


26o.] 


EXAMPLES  OF  CVBTES. 


309 


From  (152)  it  is  plain  that  the  curve  is  sytnmetricat  with 
respect  to  the  axis  of  x ;  and  stDce  the  curve  passes  through  the 

origin,  the  former  vnlue  of  -j-  at  that  point  assumes  an  indetermi- 
nate form,  the  value  of  which,  as  before  shewn  in  Ex.5,  Art.249, 
is  auch  as  to  give  a  cusp,  both  branches  of  which  touch  the  axis 
of  X,  and  which  are  in  the  plane  of  the  paper  on  the  positive 
side  of  the  axis  of  y,  and  out  of  it  on  the  negative  side.     The 

same  thing  is  also  apparent  from  the  second  value  of  -^ ,  which 
=  0  at  the  origin,  and  is  affected  with  +  "/^  when  x  is  nega- 
tive,  and  with  +  when  x  is  positive;  also  t-j,  being  affected 

with  +,  shews  that  one  branch  of  the  curve  is  convex,  and 
the  other  concave,  downwards. 

Hence  we  may  tabulate  as  follows  : 


X 

y 

% 

S 

1 

8 

0 

+    00 

± 

From  1  it  appears  that  the  curve  passes  through  the  origin, 
with  two  branches,  both  touching  the  axis  of  x,  one  of  which 
is  convex,  and  the  other  is  concave,  downwards,  and  which  are 
out  of  the  plane  of  the  paper  on  the  negative  side  of  the  axis  of 
X,  and  are  in  it  on  the  positive  side.  From  2  and  3  it  appears, 
that  as  X  increases,  whether  positively  or  negatively,  y  increases 

also,  and  since  -^  approximates  to  so ,  that  the  curve  approaches 

to  parallelism  with  the  axis  of  y ;   the  only  critical  value  ia 
;r  =  0 ;  the  curve  is  drawn  in  fig.  64. 

Ex.  2.    Discusa  the  curve 

y  =  «>-2ir»-5a:+6  =  ix  +  Z)(x-l)(x-S) ; 


J  3a!«-4«-5  =  8(x 


2+yi9\ 


2-^/l9\ 
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d*y 


-4  =  6  (.-I) 


Ai  the  equation  does  not  admit  of  expanuon  in  descending 
powers  ot  X  of  a  form  such  that  the  highest  positive  power  of 
X  may  he  nnity,  it  follows  that  the  cmre  has  no  rectiUnesl 
asymptote.    The  table  of  the  critical  values  is  as  f<^owB. 


* 

y 

s 

1 

-2 

-,o,  + 

+  15 

1 

2 

0 

+  6 

-5 

3 

1 

+,0, - 

-6 

+        ■ 

4 

8 

-,o,+ 

+  10 

+ 

5 

2+,/l9 
3 

_ 

-.0,+ 

+       1 

6 

2-715 

8 

+ 

+  ,0,- 

1 

? 

2 
8 

+ 

- 

-.0, + 

8 

+  « 

+  0C 

+  00 

+ 

e 

—00 

— 

+  00 

- 

On  examination  of  which  table  it  appears  that,  when 
jt  =  —  00 ,  the  curve  is  at  an  infinite  distance  below  the  axb  of 
X,  approaching  to  parallelism  with  the  axis  of  y,  and  being  con- 
cave downwards;  whence  it  cuts  the  axis  of  :r,  when  jr  =  —  2, 
as  shewn  by  ] ,  at  a  lai^  acute  angle,  and  the  ordinate  attaim 
a  maximum  at  the  value  of  x  given  by  6 ;  whence  the  ordinate 
decreases,  cutting  the  axis  of  y  at  a  distance  +  6  from  the 


origin,  and  being  concave  downwards  until  x  ^s  -,  ak  which 
point,  as  shewn  by  7,  there  is  a  point  of  inflexion ;  and  the 
carve  being  convex  downwards  cuts  the  axis  of  x,  when  :ir  =  1, 
and  decreases  until  x  is  equal  to  the  value  given  in  5,  at  which 
point  there  is  a  minimum  ordinate :  after  which  the  ordinate 
again  increases,  outs  the  axis  of  x  when  «  =  3,  and  goes  off  to 
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an  infinite  distance  approaching  to  paralleliam  with  the  axis  of 

!/,  Mid  being  oodtox  dovnwardB.    The  curve  ia  drawn  in  fig.  78, 

„  ,  „  2-719  2+yi9 

OA  =  2,     OB  =  1,     OC  =  8;      01  =  5 ,     OD  =  5 , 


'-8 

Ex.  3.    Discuss  the  cturre  whose  equation  ia 

,=  j(o>-«")»; 

dy  b         X*  ,        dy  b*  X* 

:r  = ? ;    also   :/  = ;  -? 

dx  a  (o>_*S)f  dx  a'  y* 

d*y  _    —Za'bx 
Also  to  find  the  asymptote, 


therefore  the  equation  to  the  asymptote  is 


and  as  the  next  term  of  the  expansion  is  positive,  the  curve  lies 
above  the  asymptote. 


* 

t 

t 

s 

j    I 

0 

t 

-,o,- 

+,0,- 

1    ^ 

a 

+  ,0,- 

— ,  ao,  — 

-. «,  + 

i    ^ 

+» 

-« 

_b 

+ 

1      4 

—00 

+« 

b 
a 

+ 

An  inspection  of  which  table,  together  with  the  equation  to 
fRicXj  vol.  I.  3  7 
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the  aayinptote,  shews  that  the  curre  is  sach  u  that  drawn  in 
fig.  74 ;  OA  =  a,  ob  =  b,  with  points  of  inflexion  at  a  and  b. 
Ex.  4.    Discuss  the  curre  whose  equation  is 

dy         1-x'  rf*y  _  2g(Jg'-8) 


dn'  ~    (l  +  l")' 


' 

» 

i 

3    1 

1 

0 

-.0,+ 

1 

+  ,0,- 

2 

+  1 

1 

+  ,0, - 

- 

3 

-1 

1 

2 

-   0, + 

+ 

4 

+  75 

+ 

- 

-.0,  + 

5 

-,/3 

- 

- 

-,o,  + 

6 

+00 

+  0 

0 

+ 

7 

—00 

-0 

0 

An  inspection  of  which  table  shews,  that  the  curve  is  such  as 
is  drawn  in  fig.  75.  For  when  x  z=  —00 ,  y  =  —0,  that  is, 
the  curve  lies  immediately  below  the  axis  of  x,  which  is  an 
asymptote  to  it;  and  the  curve  recedes  further  from  it  on  the 
negative  side,  and  when  x=  ~  -/s  =  o b',  there  is  a  point  of 
inflexion;  for  the  curve,  having  been  concave,  becomes  con- 
vex downwards ;  and  when  x=  ~l  =  oi.',  the  curve  is  at  its 
greatest  distance  below  the  axis  of  x,  and  there  is  a  minimum 
ordinate ;  after  which  the  curve  approaches  to  the  axis  of  x, 
and  passes  through  the  origin,  cutting  the  axis  of  x  at  43",  and 
goes  through  the  same  phases  as  on  the  negative  side,  except 
that  it  is  above,  instead  of  below,  the  axis  of  x :  and  as  the 
sign  of  y  changes  from  +  0  to  —  0,  when  x  changes  &om 

+  00  to  —  00 ,  so  do  the  two  branches  which  are  asymptotic 
to  the  axis   of  x  unite,  and   the  curve   is   continuous  firom 

+  00  to  —  so  , 
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Ex.  5.    DiKius  the  curve  whose  equation  ia 

y  =  «*{2o— x)*; 


<fe- 

3*»(2o- 

■.)•■ 

'"■'  ix- 

dx' 

~ai 

-8o> 

!»(2<l-»)» 

To  find  IhB 

equation  to  the 

asymptote. 

y  = 

—  X 

C-^t)*- 

_ 

—  X 

^1-?^- 

therefore  y  =  —x+-^,va  the  equation  to  the  asymptote,  and, 

aa  the  next  term  of  th^  expansion  is  positivej  the  carve  lies 
above  the  asymptote. 

Also  since  x  =  0,  if  y  =  0,  and  as  in  this  case  ^  =  »>  it 
must  be  evaluated  ; 

rf«        4ax— 8jv*       0        t  n. 

£ 8? S'    •'"»•'  =  !'  =  <'. 

_  (4a  — 6jT)(tg 
~        Bydy      ' 

•■•      (s)'=SF  =  "'   '''=■"  =  !'  =  »! 

■•■     l=±(|)*=±  »."»»  =  »■ 

Therefore  there  are  at  the  ori^  two  branches  of  the  curve 
touching  the  axis  of  y ;  and  the  value  of  -^  shews  that,  if  y  is 
negative,  -^  is  affected  with  +  '/^,  and  therefore  the  origin 
is  a  cusp  of  the  first  species. 

The  existence  also  of  such   a  cusp  ia   manifest   from   the 
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ta6o. 


r 

y 

1 

0 

+  .0,  + 

e=±» 

2 

ia 

+,0,- 

— ,  00,  — 

-, ».  + 

3 

3 

+ 

+,0,- 

- 

4 

+  =0 

-» 

-1 

+,0, - 

6 

-- 

+  «= 

-1 

-,o,  + 

Hence,  and  from  the  asymptote,  the  curre  is  that  delineated 
=  -o.  oc=  -ff^.     For  it  ap- 


in  fig.  76,  in  which  ua  =  2a,  ob 


pears  from  1  that  the  curve  passes  through  the  origin,  which  is 
a  cusp  of  the  first  species,  the  two  branches  touching  the  axis  of 
J/,  and  above  the  axis  of  m,  both  branches  being  concave  down- 
wards ;  and  the  curve,  having  been  above  the  axis  of  x,  from 
X  =  0  to  X  =  2a,  at  this  last  point  cuts  the  axis  of  x  at  right 
angles,  and  changes  its  curvature :  for  having  been  concave, 
it  becomes  convex  downwards.     3  shews  that  the  curve  has 

4a 
a  maximum  ordinate  when  x  =  -s-;  the  curve  approaches  to 

^  Ha 


shewn  by  4  and  6,  it  cuts  and  touches  when  ar  =  00 ,  where  is  a 
point  of  inflexion,  and  thus  the  two  asymptotic  branches  unite. 
We  have  traced  the  curve  only  in  the  plane  of  reference,  aa 
we  have  not  discussed  the  geometrical  meaning  of  the  cube 
roots  of  + . 
Ex.  6.  Discuss  the  Cissoid  of  Diodes,  the  equation  to  which  is 

As  y  is  afiected  with  +,  the  curve  is  symmetrical  with  re- 
spect to  the  axis  of  x. 


jf*(3a-j) 


dy  _  J* (3a— a?). 
dx  ~  y[2a--x)' ' 
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Also  the  equRtions  to  the  asymptotes  as  round  in  Ex.  1, 

i.rt.  233,  are  1    /— ,     .    ^ 

'  y  =  +  V-ix  +  a). 

Hence  the  table  becomes 


X 

y 

a 

s 

1 

0 

±^^,0,  ± 

+  y^,o,  + 

+  */=,«.,! 

2 

in 

±.«,±^^ 

+  ,  »,  +  ^/^ 

+,  oo,  +  y^ 

3 

Sa 

±y- 

+  y^,0,  +  v^ 

±y^ 

4 

a 

±'» 

±* 

± 

5 

+  00 

±a/^« 

+yr 

+  ^/= 

6 

—  00 

±n/==o 

±v^ 

tv'^ 

Hence,  and  by  means  of  the  asymptote,  the  cnrre  is  tiiat 
delineated  in  fig.  34;  oc  =  ca  =  a;  on  =  8a,  od  being  the 
abscissa  correspoading  to  the  maximum  and  minimum  ordi- 
natea-  of  the  curve  out  of  the  plane  of  the  paper. 

Ex.  7.  Discnss  the  Witch  of  Agnesi,  the  equation  to  which  is 
,  2a~x 


-.  4<i> 


-M^f- 


Thus  it  appears  that  the  curve  is  symmetrical  irith  respect  to 

the  axis  of  x ; 

dy       _  2a»  ,       dy  4a" 

-^  =  +  — ; r ;    also  -f-  = r-  > 

dj!  xi{2a-x)i  <*•?  x*y 

^  _       2a'(8g-2g) 

dx'  ~  -  x(2ax~x*)i' 

Also  the  equations  to  the  asymptotes  as  found  in  Ex.  2, 


Art.  283,  I 


/  =  +  ■/^2a 
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that  is,  the  as^mptotea  are  two  straight  lines  out  of  the  plane 
of  the  paper,  parallel  to  the  axis  of  x,  and  at  distances  +  2a 
from  it. 
The  table  is  as  follows : 


;f 

y 

di 

s 

1 

0 

±^/^,",± 

±^/^,=o,± 

+  y^,  00 ,  + 

2 

in 

±,0,  ±y^ 

±.".±V^ 

+ 

3 

Za 
2 

+ 

± 

±.0.  + 

4 

+» 

±y^2o 

±^/^0 

±^ 

« 

—00 

±y^2<i 

±,/^0 

±^^ 

An  examination  of  which  table  shews  that  the  cnire  is  that 
drawn  in  fig.  SS,  where  oc  =  CA  =  a;  OB  =  OB'  =  2a. 

Ex.  8.    Discnss  the  ctirre  whose  equation  is 
y*{x*—a*)  =  X*. 


Since  the  given  equation  is  not  changed  when  we  write  —x 
and  —  y  for  +x  and  +  y  respectirely,  it  appears  that  the  cnrve 
is  situated  symmetrical];  in  the  four  quadrants.  Differentiating, 
we  have 

dx        -    (j». 
dx' 


— J- ,    also  -J-  =  -7:5 — ^  ; 


(-P»_o»)S 
To  find  the  equations  to  the  asymptote, 


'('-S)* 


■»■/     ■ 
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therefore  the  equatioDB  to  the  asymptotes  are 

y  =  +  *; 
and,  as  the  sign  of  the  next  term  is  positive,  the  curve  lies 
above  the  asymptote  in  the  first  quadrant. 
When  a?  =  0,  y  =  0 ;   therefore  the  curve  passes  through 

the  origin,  at  which  pcnnt  -^r  —  n'  **  appears  firom  its  second 
value  ^ven  above,  and  is  therefore  to  be  evaluated. 


dx       y(,^-a') 


=  ^ ,  when  X  = 


=  0, 


6x'~y*—2xj/ 


dy 


(^_a«)|  +  2;ry' 


,  when  X  =  y  =  0; 


-0\4 


,  at  the  origin; 

which  implies  that  two  branches  of  the  carve  touch  the  axis 
of  7  at  the  origin,  both  of  which  are  out  of  the  plane  of  the 
paper. 
The  table  of  critical  values  is  as  follows : 


X 

» 

dy 
dx 

dx' 

1 

0 

±J^,o,±J^ 

±v^,o,  ±^= 

±-r= 

2 

+  a 

±y^,  00,  + 

+  y:i,=o,  + 

± 

8 

—  a 

±,oo,  +y3 

+  ,00,  +^/^ 

± 

4 

^■/i 

+  2a 

T,  0,  ± 

± 

S 

-«V5 

±.a 

+  .0,   T 

± 

6 

+  00 

+  « 

±1 

±,0,  + 

7 

—  00 

±  oo 

±1 

±,0,  + 
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From  1  it  appears  that  the  carve  passes  through  the  origin, 
and  has  two  branches,  both  of  which  are  out  of  the  plaoe  of  the 
paper,  and  which  touch  the  axis  of  x ;  whence,  as  2  and  3  shew, 
the  curve  recedes  from  the  axis  of  x,  until  when  x  =  +  a 
=  OA  =  oa',  y  =  +  00  ,  and  there  are  two  asymptotes  paral- 
lel to  the  axis  of  y.  For  values  of  x  beyond  these  lines,  the 
curve  is  in  the  plane  of  reference,  aud  returns  towards  the  axis 
of  X,  until  the  ordioates  reach  minimum  and  maximum  Talaes 
when  x=ia  VS.  as  is  shewn  by  4  and  5,  whence  it  recedes 
again  towards  the  asymptotes  whose  equations  are  y  =  +  x, 
and  intersects  them  at  infinity  in  a  point  of  inflexion,  as  shewn 
by  6  and  7,  the  curve  lying  above  the  asymptote  in  the  first 
quadrant,  and  being  symmetrically  situated  in  the  others.  Its 
course  is  traced  in  fig.  77,  where  oa  =  a,  ob  =  v'^o,  ac  =  fta, 
and  where  the  dotted  line  represents  the  curve  out  of  the  plane 
of  reference. 

If  the  equation  to  be  discussed  had  been 

the  branches  of  the  curve  which  are  in  the  plane  of  refer^ice 
would  have  been  out  of  it,  and  vice  versd.  The  continuity  of 
curve  is  remarkable  in  both  cases. 

Ex.  9.    Discuss  the  curve  whose  equation  is 

y*  =  X* 

a~x 

whence  it  appears  that  the  curve  is  symmetrical  with  respect  to 
the  axis  of  x ; 

dy  a'  +  ax—s' 

dx~  -  (a  +  x)iia-x)i' 
^  _  a*  (2a  +  X)      . 

<^'        -  (a  +  a!)9(o-ar)»' 
and  the  equations  to  the  asymptotes  are 
y  =  ±  -/^(x+a). 
Also  since  ~  =0,  when  x  =  ^  (1  +  v'S),  a  careful  inspec- 
tion of  the  above  quantities  shews  that  the  form  of  the  curve  is 
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that  drawn  in  fig.  78,  the  dotted  branches  being  those  ont  of  the 
plane  of  the  paper;  oa  =  ob  =  bc  =  a, 

o,  =  l[l  +  Vi),       o.  =  |{l-v'5}. 

Ex.  10.  Examine  the  Folium  of  Descartes,  the  equation  to 
which  is  y>-8fl*!/  +  *»  =  0. 

As  shewn  above  in  Ex.  8,  Art.  285,  the  equation  to  the  asymp- 
*****  "  V  =  —X  —  a 

Also  at  the  origin  there  is  a  double  point,  as  shewn  in  Ex.  3, 

Art.  349. 

...  dv       av—a^ 

Also  smce  —  =  -^ , 

(ut        y*~ax 

-^  =  0,i£ ay  =  3^;  that  is,  if  £  =  a(2)*,  mi  y  =  a {4)*. 

Also  ^=ao,itax  =  y*;  that iB,if^  =  a(4)i,«ndy  =  a(2)i; 
and  the  curve  does  not  extend  beyond  these  limits;  it  is  such 
as  is  delineated  in  fig.  63. 

Ex.  11.    Trace  the  curve  y  =  sin^. 

dy  d'y 

-f-  =  cos  X ;  -=-4  =  —  sin  *. 

ax  dx' 

In  tracing  carves  of  this  kind  involving  circnlar  functions, 
the  arc,  of  which  the  trigonometrical  function  is  given,  is  to  be 
measured  along  the  coordinate  axis ;  in  tbe  present  case  along 
the  axis  of  x,  since  sin  :r  is  involved  in  the  equation,  and  the 
ordinates  are  to  be  constructed  corresponding  to  the  arcs  or 
abscisste  thus  measured ;  ir,  we  must  remember,  is  the  symbol 
for  the  arithmetical  number  S.14159;  and  we  most  give  to  x 
such  values  as  will  render  y  a  quantity  capable  of  construction. 
Thus,  in  the  equations  above,  let 


d'y  _ 


Hence  we  may  form  the  following  table : 
PRICE,  vol..  I. 
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X 

» 

2 

s 

1 

0 

-.0.  + 

1 

+  .0,- 

2 

1 

+,0, - 

- 

3 

w 

+,0,- 

-1 

-.0,  + 

4 

3. 

-1 

-,o,  + 

+ 

5 

21 

-,o,  + 

1 

+,0.- 

After  vhich  the  values  recor,  and  tlie  carre  is  that  drawn  in  fig.  79. 
Ex.  12.    Trace  the  curve  whose  equation  is  y  =  e*"*,  e  beJog 
the  base  of  the  Napierian  logarithms. 

dv 

'  _  e«e'8ecxtaa j!; 
dx 

9  _  e-"»ecar  {(secaf)'  +  2(8ecfl!)'  — seciF— 1}. 

In  the  table  A  is  a  small  increment  of  x. 


JP 

» 

1 

a 

0 

e 

-,o, + 

+ 

2 

i-* 

+00 

+  00 

+ 

3 

i+* 

0 

0 

+ 

4 

. 

1 

+.0,- 

- 

6 

¥- 

0 

0 

+ 

6 

¥-' 

+  ae 

« 

+ 

7 

2ir 

« 

-,o,  + 

+ 

The  curre  is  that  drawn  in  fig.  80,  where  oa  =  ab  =  bc  =  cd 
=  OS  =  X,  oF  =  «,  BL  =  -.  There  are  also  two  pconta  of 
inflexion  between  a  and  c. 
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CHAPTER  XI. 

PBOPEETIBS  OF   PIiAHE  CURVES,  A8  DEFINED  8T  EQUATIONS 
REFEBRED  TO  POLAR  COOBDINATBB. 

Section  1. — 7^  mode  qf  inierpretaiiem,  and  the  equatioru,  of 
curves  referred  to  polar  coordinatet. 

261.]  In  tbe  preaent  Chapter  we  shall  investigate,  for  polar 
cnrvea,  formula  somewhat  analogous  to  those  diacusaed  in  the 
last  Chapter  for  cnrves  referred  to  rectangular  coordinates ;  hut 
previously  it  is  necessary  to  extend  the  usual  mode  of  inter- 
preting polar  equations,  so  as  to  accommodate  them  in  a  greater 
degree  to  the  law  of  continuity. 

Let  r= /(d)  he  the  equation  to  the  curve.  Then,  taking  a 
fixed  point  b  as  the  origin,  which  is  called  the/wfe,  and  a  fixed  line 
sx  paasiog  through  it  as  the  line  of  origination,  which  is  called 
the  prime  raditu,  see  fig.  81,  it  is  manifest  that  the  moveahle 
radius,  which  is  symbolized  by  r,  may  revolve  about  b  in  either 
of  two  directions ;  and  thus,  if  the  only  datum  is  that  r  makes 
an  angle  6  with  the  prime  radius,  it  is  undetermined  whether  r 
is  above  or  below  sx :  that  is,  whether  r  revolves  up  firom  bk 
from  right  to  left,  or  dottm  from  left  to  right.  Hence  arises  the 
necessity  of  some  symbol  of  the  direction  in  which  r  tarns,  so 
that  angles  formed  in  one  direction  may  be  differently  sym- 
bolized to  those  formed  in  another.  This  iadeftniteness  will  be 
avoided  if  we  call  angles  positive  when  measured  up  from  sx,  as 
in  fig.  81 :  that  is,  when  the  radius  vector  revolves  round  s  in 
the  direction  indicated  by  the  curved  arrow ;  and  negative  when 
they  are  measured  down  from  sx,  and  the  radius  vector  revolves 
in  the  direction  indicated  by  the  curved  arrow  in  fig.  83.  In 
this  case  then,  -|-  and  — ,  as  afi'ecting  angles,  indicate  the  two 
different  directions  in  which  r  can  revolve  in  the  plane  of  the 
paper. 

Again,  suppose  that  for  a  given  value  of  6,  r  ia  affected  with 
a  n^^tive  sign,  a  question  arises,  in  what  direction  is  the  nega- 
tive r  to  be  measured  ?  No  doubt,  if  r  is  affected  with  a  positive 

3  0  2 
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sign,  the  leagth  of  it,  determined  by  the  equation  to  the  curve, 
is  to  be  measured  from  the  pole  along  the  revolving  radius 
vector  which  is  inclined  at  the  ^ven  angle  to  the  prime  radius ; 
as  e.  g.  if  a  polar  equation  between  r  and  d  is  such  that,  when 
0  =  -g,  r  =  a,  then  a  length  =  a  is  to  be  measured  irom  the 
pole  along  the  revolving  radius,  which  is  inclined  at  45°  to  the 
prime  radius.  From  analogy  therefore  to  what  has  been  said 
in  Art.  189,  on  the  signs  +  and  —,  —  r  must  be  measured 
along  the  radius  vector  produced  backwards ;  i.  e.  if,  when 
6  =  2^,  r  =  —  a,  h  line  equal  to  a  must  be  measured  fi-om  the 

pole  along  the  revolving  radius  produced  backwards :  that  is, 
in  a  direction  making  an  angle  of  235°  with  the  prime  radius. 
That  we  may  the  better  avoid  confusion  on  this  subject,  conceive 
the  revolving  radius  to  be  an  arrow  of  variable  length,  such  as 
we  have  drawn  in  figs.  81  and  82,  the  pole  being  a  fixed  point 
in  it ;  then,  if  tf  is  the  angle  betweeu  the  prime  radius  and  the 
part  of  the  arrow  towards  the  barbed  end,  lines  measured  &om 
8  in  the  direction  sp  will  be  positive,  and  in  the  direction  sq 
negative.  If  therefore  r  iz  affected  with  a  positive  sign,  it  is  to 
be  measured  towards  the  barbed  end,  but  if  with  a  negative 
sign,  towards  the  feathered  end  of  the  arrow.  In  the  figures 
different  positions  of  the  arrow  are  drawn  to  indicate  different 
positive  and  negative  directions  of  r. 

In  the  following  Chapter  we  shall  omit  those  particular  values 
of  r  which  are  affected  with  +  V^,  as  no  satis&ctory  inter- 
pretation of  such  symbols  in  such  a  rehition  exists,  and  we  shall 
consider  those  only  which  are  affected  with  ±  ;  being  careful 
however  to  make  r  revolve  in  both  the  positive  and  n^ative 
directions,  otherwise  at  certain  points  the  curve  will  appear  to 
be  discontiDuoua. 

And  for  the  purpose  of  illustration  in  the  sequel,  we  most 
here  insert  an  account  of  the  mode  of  descriptioo,  and  the  equa- 
tions of  some  polar  curves,  many  of  which,  having  been  treated 
of  at  length  by  old  geometricians,  possess  no  small  historical 
interest. 

262.]  The  Spiral  of  Archimedes. 

Dep. — If  the  length  of  the  radius  vector  of  a  spiral  is  pro- 
portional to  the  angle  through  which  it  has  moved  from  its 
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originatiDg  pontioD,  the  locus  of  ita  extremity  is  the  Spiral  of 
Archimedes. 

Let  a  =  the  length  of  the  radius,  when  the  nngle  described 
is  equal  to  unity* ;  and  let  r  be  its  length  after  describing  the 
angle  8 ;  therefore  the  equation  is 

r  =  a0;  (1) 

see  fig.  83. 

Tlie  carve  therefore  starts  from  the  pole ;  and  the  radios 
vector,  which  at  the  banning  is  equal  to  tero,  is  equal  to  sa, 
that  is  a,  when  it  has  revolved  through  the  unit  an^e  asx; 
and  at  the  end  of  the  first  complete  revolution  is  equal  to 
2va;  and  this  is  the  distance  between  the  points  at  which 
any  radius  vector  is  cut  by  two  successive  convolutions  of  the 
curve.  The  dotted  curve  is  that  described  by  the  generating 
point,  as  the  radius  vector  revolves  in  the  negative  direction. 

263.3  ^l>e  reciprocal  spiral. 

The  reciprocal  or  hyperbolic  spiral  is  so  called  from  the  form 
of  its  equation,  which  is 

r  =  5-  (2) 

The  form  of  the  curve  is  given  in  fig.  84,  The  radius  vectm 
=  00  when  d  =  0,  and  the  curve  is  asymptotic  to  the  straight 
line  d'ab,  as  will  be  shewn  in  the  sequel.  Also,  when  9  =  1 
=  a'sz,  r=:a  =  sa';  also  r  =  0,  when  0  =  00  ;  therefore,  after 
an  infinite  number  of  revolutions,  the  curve  falls  into  the  pole. 
The  curve  has  also  the  dotted  branch  arising  &om  the  revolution 
of  r  in  the  n^ative  direction. 

264.]  The  litnus. 

This  spiral  is  so  called  from  its  form  as  delineated  in  fig.  85. 
Its  equation  is 

r  =  ±.  (., 

The  prime  radius  is  an  asymptote  to  the  curve ;  which  has  a 
point  of  inflexion  when  r  =  sb  =  a  -Ji,  as  will  be  shewn  here- 
after. Also,  when  8  =  1  =  asx,  r  =  %a  =  a;  there  is  an 
apparent  discontinuity  at  the  pole  and  at  the  extremity  of  the 
infinite  branch,  which  arises  from  our  not  interpretiug  r  when 

*  The  Huh  angle  i«  that  whose  subtending  arc  is  equal  to  the  nidiu*,  and 
exiwessed  iu  dorses  —  57.20573.    See  Ex.  G,  Art.  34. 
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affected  with  ±  •/—,  as  aoch  it  will  be  if  the  radius  vector  is 
made  to  revolve  in  a  n^ative  directioa. 

365.]   The  lo^thmic  spiral. 

Def. — The  logarithmic  apiral  is  that  whose  radius  vector  in- 
creases in  a  geometric,  as  its  angle  iocraases  in  an  arithmetic 
ratio. 

Hence  the  equation  is  r  =  ef.  (4) 

Therefore  when  0=0,  r  =  1  =  sa;  when  6  =  \,r  =  a;  when 
0  =  so ,  r  =  ao  ;  when  0  =  —  » ,  r  =  0 ;  and  therefore  the 
spiral  runs  into  its  pole  after  an  infinite  number  of  revolutions 
in  the  n^ative  direction ;  the  spiral  is  also  called  the  equi- 
angular spiral  from  a  property  which  will  subsequently  be  proved ; 
viz.  that  it  cuts  all  its  radii  vectores  at  a  constant  angle ;  that 
is,  the  angle  btp  is  constant,  at  whatever  point  r  the  tangent  is 
drawn.     Its  form  is  ddineated  in  fig.  86. 

266.]  The  involute  of  the  drcle ;  fig.  87. 

Def. — The  involute  of  the  circle  is  the  curve  formed  by  the 
extremity  of  an  inextensihle  string,  as  it  is  wrapped  round  the 
circumference  of  a  circle. 

If  r  is  the  radius  vector  of  a  cnrve,  and  p  is  the  per- 
pendicular from  the  pole  on  the  tangent,  it  is  frequently  con- 
venient to  express  the  equation  to  the  cnrve  in  terms  of  r  axiAp. 
Such  an  equation  is,  as  will  be  subsequently  seen,  a  differential 
one  ;  but  expressing  as  it  does  an  essential  property  of  a  curve, 
it  is  sufficient  to  individualize  it,  and  thus  to  be  a  mathematical 
definition.  The  equation  of  the  involute  of  the  circle  can  be 
easily  obtained  in  this  form 

Let  SA  =  a,  the  radius  of  the  circle;  sp  =  r;  by  =p;  and 
let  A  be  the  point  at  which  f,  the  generating  point  of  the  invo- 
lute, is  in  contact  with  the  circle. 

Then  from  the  geometry  it  is  plain  that  qpy  is  a  right  angle, 
and  consequently  qp  is  parallel  to  by  ;  whence  we  have 

SP*  =   SV*  +  PY*, 

=  8Y»  +  84*  ; 

.-.     H=p>  +  <i».  (5) 

267.]  To  find  the  equation  to  the  circle  in  terms  of  ^  and  r, 
any  point  being  the  pole ;  fig.  88. 


,,  Google 


a69.]  TANGENTS  AND  HOKMALS.  415 

Let  CA,  the  nidias  of  the  circle,  =  a;  so  =  c,  b  beiog  the 
pole;  av  =  r;  »Y=p. 

8C*  =   8P*  +  PC*  — 2.8P.PC,COa8PC, 
=   8P*  +  PC'  — 2.8P.PC.COS  YBP, 

c>  =  f^  +  d>-ira^; 


(6) 


Hence,  if  the  pole  is  on  the  circumference,  say  at  b,  c  =  a ; 
and  the  equation  is  ^ 

268.3   '^'^  fi°^  ^^  equation  to  the  epicycloid,  in  terms  of 
r  and  p. 

Prom  Art.  204,  equations  (37), 

a?  =  {o  +  4)cosfl-Aco8^-S, 


r»  =  (i*+24(a  +  , 
Also  differentiating  and  reducing, 

dt^  =  2(a+i)>  |l_cos  |fl|  d6*  =  ^  (r'-a»)d0>; 
ydx-xdy  =:  (o  +  i)  {o  +  2A)  |  coa^fl -1 1  rffl 

Also  by  equation  (44),  Art.  219, 

pda  =  ydx—xdy; 


Section  3. — Tangeata  and  normalt  to  polar  atrvea. 

269.]  Ijet  r  =f(e)  be  the  general  type  of  the  explicit  equa- 
tion to  polar  correa,  and  let  ub  assume  the  figure  drawn  in 
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fig.  89  to  be  the  normal  form  of  Bach  correa ;  which  fi^re  the 
student  is  recommended  to  examine  care1\t]l7,  for  the  valoea 
of  the  lines  tn  coaaexion  with  it  will  be  deduced  from  the 
geometry  of  it. 

Let  a  be  the  pole,  as  the  prime  radius,  Apg  the  cnrre, 
psx  =  $,  8F  =  r.  lid  ZBP  be  increased  by  a  small  an^e 
Q8P  =  d$,  then  sq  =f(6  +  <l6)  =  r  +  dr.  From  centre  8,  with 
radius  sp  =  k,  describe  the  small  arc  p&,  subtending  dO. 

.-.    PR  =  rde,  (10) 

EQ  =  dr,  (11) 

Let  FQ,  the  element  of  the  arc  of  the  curve,  be  represented 

^'y^''  .-.       PQ»  =  PR«  +  EQ«, 

da*=  dr'  +  r^dtf.  (12) 

Through  the  two  points,  p,  q,  on  the  curve,  let  the  straight 
line  QPT  be  drawn;  then,  as  the  two  points  are  infinitesimally 
near  to  each  other,  the  tine  is  a  tangent,  in  accordance  with  the 
definition  of  b  tai^ent  given  in  the  last  Chapter;  through  p 
draw  the  normal  po,  and  through  s  draw  tso  perpendicular  to 
the  radius  rector  sp,  and  st  perpendicular  to  the  tangent  ft. 
The  lengths  p  t  and  p  o  are  respectively  called  the  Polar  Tangent 
and  the  Polar  Normal ;  so  is  called  the  Polar  Subnormal;  st 
the  Polar  Subtaugent ;  and  sy,  the  perpendicular  from  the  pole 
on  the  tangent,  is  symbolized  by  p.  The  value  of  these  lines 
we  proceed  to  determine. 

Since  tanpQE  =  — ,  we  have,  from  (10)  and  (11), 

tanpQB  =  -3—.  {13) 

And  since  spt  =  sqt  +  pbq  =  pQE  +  t'tf;  therefore,  spt  and 
PQR  being  in  general  finite  aisles,  and  dO  h&ng  an  infinitesi- 
mal angle,  we  must  neglect  d0  in  the  above  equation,  and  thoa 
8PT  =  fqr;  and  spt  is  the  angle  contidned  between  the  curve 
and  the  radius  vector ; 

■■.     tan  SPT  =  —f—  ;  (14) 

sin  SPT  _  COS8PT  _    1  - 

frffl     -  ~S~  -  di'  ^'^ 

by  reason  of  Preliminary  Theorem  I,  and  equation  (12)  abore. 
Hence  also  the  following  values  result : 
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ST  =  polar  subtangent  =  sf  tan  spt  = 


dr 


FT  =  polar  taogeot  =  bf  sec  sft  :=  —z—  , 

pQ  =  polar  DOrmnl  =  bf  cosec  spt  =  -j^i 

r'de  r*de 


rf*         (dr»  +  r»rffl»)* 


(16) 


(17) 


(18) 


ft  =  sp  cos  SPY  =  -J—  =  (r*—p*}'. 

Similarly  may  the  valaes  of  other  lines  be  determined. 

270.]  The  value  of  p  may  be  put  under  another  form  which 
ia  often  convenient.     Let  u  be  the  reciprocal  of  the  radius  vec- 
tor, so  that  u  =  - :  then 
r 


,  ,  ,  1        dr>  +  r*dff^        1         1    rfr* 

and  from  above,  — r  = r-^rz —  =  -s  +  — r  -r:«  ! 

p»  r*d9*  r»       r*  d0* 

therefore  substituting,  in  terms  of  u, 

The  value  of  p  m  (18)  might  also  have  been  deduced  aa  fol- 
lows, from  the  expression  for^  in  equation  (44),  Art.  S19,  viz. : 
dx         dy 

«  =  rco8fl)  .-.     dx  =  dr  cot  6  —  r  a\a  B  do  \ 

y  =  r%\n$)  '  dy  =  drainO +  reotedB)  ' 

.-.     ydx-xdy  =  -r^de,  d»  =  +  {dr»  +  r»rffl>}*; 

.-.  P=±^. 

271.3  I*  "  frequently  necessary  to  express  the  geometrical 
quantities  of  Article  269  in  terms  of  p  and  r. 
By  similar  triangles  pqe,  spy, 

PRICE,  VOL.  I.  3  H 
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r*d0  =- 

272.]  Examples  illustrative  of  the  preceding  theory. 
Ex.  1.    The  Spiral  of  Archimedes. 

r  =  0(9;  ,-.     rfr  =  ado. 

dr       rd6  da 


the  polar  normal  =  (a*+r*)i; 


■  ■    '^       (a»+r»)* 

the  polar  subnormal  =  -7-  =  a. 

Ex.  2.    The  circle,  the  pole  being  at  the  end  of  a  diameter. 

r=2acostf;  .-.     dr  =1  —Zamaede; 

—  dr    _  rd9  _  d$  . 

iaaia0  "     r     ~  2a' 

ft 

.*.    p  =  ^  =  rcoa0  =  v  =  the  rectangular  abscissa; 

rde  r 

-J-  =   —  -= !--r  =    —  cot  ff. 

dr  2  a  sin  0 

Ex.  S.    The  Ic^aritbmic  spiral ;  see  fig.  86. 

r  =  o';  .•.     dr  =  log,  a.a'tM  =  log,a.rdC; 

dr    _  rd0  _         .     dt  . 

loga  ~     1     ~   {H-(log,o)»}»' 

rd0  1 

.■.     — ;—  =  i =  tansPT; 

dr         log,  a 

which  is  a  constant ;  and  therefore  the  curve  cuts  all  its  radii 
vectores  at  a  constant  angle ;  and  accordingly  it  is  called  the 
Equiangular  Spiral. 
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.,  r*de  r 

Also  P  =  —3 —  =:    :. 

d*  {(log,a)»+l}* 

which  may  be  written  is  the  form, 

p=mr:  (26) 

iind  this  is  the  equation  to  the  eqniaugalar  spiral  in  terms  of  ji 
and  r,  and  wberdn  m  ia  the  sine  of  the  constant  angle  con- 
tained between  the  radins  vector  and  the  cnrre. 

Ex.4. 


The  lituus. 

a 

.-.  <fr  = 

ad» 

rde 
it 

dr 

T  = 

-Tie 

ft 
(l  +  4»')»' 

r'de 

ia'r 

■  i-  (26) 

—  (r*+4a*)* 

Ex.  5.    To  find  the  relatifm  between  p  and  r  in  the  conies, 
the  focus  being  the  pole. 

The  general  equation  in  terms  of  r  and  0  is 
_       2ae 
"  1  +  e  cosfl' 
wherein  2  a  is  the  distance  from  the  focus  to  the  directrix. 
Taking  formula  (19), 

_  l  +  ecoa6  du       —sin  tf . 

"  ~        2^r~  '  '''     M~      2a     ' 

1  .  *^  _      1  1        coatf 

■'■     "  "^  (W»  ~  4aV  ■*"  4o»  "'"  2«»e' 


1-e' 
'  4o»c»' 


and  the  equation  represents  an  ellipse,  a  parabola,  or  a  hTperbola, 
according  as  e  ia  less  than,  equal  to,  or  greater  than,  unity. 
Hence  the  equation  to  the  parabola  is 
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Sbction  3. — Asymptotet  to  polar  curva. 

S73.3  Curves  referred  to  polar  coordiDates  admit  of  recti- 
lioear  and  curvilinear  asymptotes,  in  the  same  manner  aa  those 
referred  to  rectangular  coordinates.  As  curvilinear  asymptotes 
however  are  of  little  use  in  determining  the  course  of  a  curve, 
we  shall  say  nothing  of  them  in  general,  and  shall  describe  only 
one  remarkable  species,  viz.  the  a^mptotic  drcle. 

As  a  rectilinear  asymptote  is  a  tangent  to  a  curve  at  an 
infinite  distance,  the  formuls  of  Art.  369  enable  ns  to  deter- 
mine it. 

If  for  tmj  finite  value  of  &,  say  fl  =  a,  r  is  infinite,  then  either 
the  mdius  vector  itself,  or  a  line  parallel  to  it,  is  an  asymptote 
to  the  curve;   and  the  polar  subtangent,  which  is  equal  to 

r*  2~  1  becomes  in  this  case  the  perpendicular  distance  from  the 


to  0  =  a  and  r  =  00 ,  is  finite,  the  line  can  be  constructed ;  if 

—T —  =  Oj  the  radius  vector  itself  is  the  asymptote ;  and  if  it  is 

equal  to  00 ,  the  asymptote,  being  at  an  infinite  distance  from 
the  pole,  cannot  be  constructed.  An  inspection  of  fig.  90  will 
render  this  plain ;  in  which  sp  is  the  infinite  radius  vector,  tl 

the  asymptote,  bt  the  value  of  -        ,  when  0  =  a,  and  r  =  oo  . 

If  &  has  many  values  for  which  r  is  infinite,  there  may  be  many 
rectilinear  asymptotes.  Hence,  to  determine  them,  we  must 
find  what  finite  values  of  6  render  r  =  qq  .  If  the  polar  sub- 
tangents,  corresponding  to  such  infinite  values  of  r  and  finite 
values  of  6,  are  finite,  the  curve  has  rectilinear  asymptotes  which 
may  be  constructed  in  the  way  explained  above. 

It  is  to  be  borne  in  mind  that  when  —j —  is  positive,  the 

asymptote  lies  beloto  the  radius  vector,  as  in  fig.  90 ;  and  if  it 
is  negative,  the  asymptote  lies  above  it,  as  in  fig.  91. 

Or,  in  other  words,  according  as  r"  j-  is  positive  or  neigative, 

BO  is  the  perpendicular  on  the  asymptote  to  be  drawn  m  cmue- 
gtietitia  or  ut  antecedeniia. 


D,g,t7cdb/GOOgIC 


a74-]  ASYHPTOTia.  421 

274.]  Examples  iUiistrative  of  the  preceding  theoiy. 
Ex.  1,    To  find  the  ponttons  of  the  asymptotes  of  the  hyper- 
bola whose  polar  equation  is 

(cos  g)*       (BJntf)* 1_ 

.*.    r  =  oo,  when  tanfl  =  +  -. 
~  a 

Therefore  the  asymptotes  are  indioed  to  the  prime  radius  at 
tan->{+  -).     Also 

.rftf  _        aA]y(co8fl)*-q»(sing)'}*. 
dr"  -  (a»  +  *2)  sin 0 costf      " ' 

which  is  equal  to  0,  at  the   critical   angles;    therefore  both 
asymptotes  pass  through  the  poJe- 

Ex.  S.   To  determine  the  position  of  the  asymptote  to  the 
Conchoid  of  Nicomedes ;  see  Art.  196,  equation  (18). 

r  =  aaec6  +  &. 
r  =  00 ,  when  0  =  ^;  the  asymptote  therefore  is  perpendicular 

to  the  prime  radius. 

...  1  cosO 


r       a  +  bcosd' 
1   dr  aam9 


r*  dS  Co  +  Acos9)»' 

'*''*  1.       -      ' 

■•■     -dir  =  '^    whend=2. 

The  asymptote  therefore  cuts  the  prime  radius  at  right  angles, 

and  at  a  distance  a  firom  the  pole  in  the  positive  direction ;  see 

fig.  86. 

Ex.  8.    To  determine  the  asymptotes  to  the  lituus. 


»»' 

.-.     r  =  »,   when  9  =  0 

m>. 

a   ' 

1    dr            1 

r'  d»       2<.(»)i; 

r'de  _ 

-  2a6i  =  0,   when  6  =  0. 

The  prime  radius  therefore  is  an  asymptote,  as  delineated  in 
fig.  85. 
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Ex.  4.    To  (letenmne  the  a^mptotea  of  the  reciprocal  spiral. 

r  =  - ;  r  =  00  ,   when  0  =  0. 

..                 10                           1   rfr       1 
Also  -  = -,  .■. i-jT;  =  -; 


The  asymptote  therefore  ia  a  line  parallel  to  the  prime  radius, 
at  a  distance  a  from  it,  to  be  measured  in  mUecedeniia,  since 

—  ,  ■-  18  negative ;  see  fig.  84, 

275.3  Asymptotic  circles. 

Suppose  the  eqnation  to  a  polar  curve  to  be  such  that  r 
approaches  to  a  finite  limit,  say  a,  as  0  is  infinitely  increased ; 
then  the  curve  approaches  more  and  more  nearly  to  a  circle 
whose  radius  is  a,  which  circle  is  said  to  be  asymptotic  to  the 
curve ;  and  if  the  curve  approaches  to  it  from  the  outside,  the 
circle  is  called  an  interior  asymptotic  circle,  and  if  from  the 
inside,  an  exterior  asymptotic  circle. 

which  may  be  written  in  the  form. 


First,  let  $  be  positiTe ;  then  r  is  always  greater  than  a ;  and 
when  0  =  0,  r  is  Qo ,  and  r*  -p  =  —  a,  shewing  that  the  straight 

line  parallel  to  the  prime  radius  at  a  distance  a  above  it  is  an 
asymptote  to  the  curve ;  and  when  6  =  x ,  r  =  a;  whence  we 
have  an  interior  asymptotic  circle  such  as  is  drawn  in  fig.  91. 
Secondly,  let  0  be  negative ;  then 


and  therefore  when  0  =  0,  r=  —  00 ,  and  r  is  negative  as  0 
increases  until  fl  =  1,  in  which  case  i-  =  0,  and  thence  r  is 
always  less  than  a  until  d  =  oo ,  when  r  =  a.  Thus  we  have 
the  curve  dotted  in  the  figure,  and  with  an  exterior  asymptotic 
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circle  of  ndiiiB  6a  =  a;  the  continuity  of  the  two  branches  of 
the  curve  ii  worth  remarking. 

Ex.  2.    To  determine  the  aaymptotic  circle  to  the  curve, 

tf(2ar-r>)*  =  1; 

.•,    fl  =  00,  when  r  =  2a,  and  when  r  =  0. 

Therefore  the  circle  whose  radina  is  Za  is  asymptotic  to  tlie 

curve ;  and  as  r  must  be  always  less  than  2  a,  otherwise  0  would 

be  affected  with  's/--^,  the  asymptotic  circle  is  exterior  to  the 


Section  4. — Direction  0/ curvature,  and  points  0/ inflexion. 
276.]  On  an  inspectioa  of  the  figures  numbered  92  and  98  it 
is  manifest  that,  if  a  curve  referred  to  polar  coordinates  is  con- 
cave towards  the  pole,  as  t*  increases,^  increases  also,  aod  there- 
fore -r-  is  positive ;  and  if  the  curve  is  convex  towards  the  pole, 

as  r  increases,  p  decreases,  and  vice  versd,  and  therefore  -:-  is 

dp 

n^ative.     If  therefore  the  equation  to  the  curve  is  given  in 

the  (ana  r=f(d),  in  order  to  determine  whether  the  curve  is 

concave  or  convex  towards  the  pole,  we  must  transform  the 

equation  into  its  equivalent  between  7-  and  p,  by  means  of  the 

relations  given  in  (19)  or  (21)  of  Art.  270,  and  thence  find  -^ ; 

dp 


towards  the  pole ;  and  for  all  values  for  which  ~t~  is  negative, 

the  curve  is  convex  towards  the  pole ;  and  therefore  if  at  any 

point  -J-  changes  sign  by  passing  through  0  or  00 ,  at  such  a 

point  the  direction  of  curvature  changes  and  there  is  a  point 
of  inflexion ;  hence,  to  determine  such  points,  we  must  equate 

-3-  to  0  and  to  » ,  and  examine  whether  -7-  changes  sign ; 

if  it  does,  there  is  a  point  of  inflexion. 

Ex.  I.    To  determine  the  point  of  inflexion  of  the  lituus. 
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By  equation  (26),  Art.  272.  p  =  — ^-^ —  ; 

'  '    dr~     {4B*+r*)»    ' 

=  0,  if  r  =  aVi,  and  changes  sign  from  +  to  —  ;  the  curve 
therefore  having  been  concave  towards  the  pole  for  vitlues  of  r 
less  than  av2,  changes  its  direction  of  cumture  at  that  ptunt, 
uaA  becomes  convex  towards  the  pole ;  see  fig.  85,  sb  =  a-ZZ. 

Ex.  2.    To  prove  that  the  equiangular  spiral  is  always  con- 
cave towards  the  pole. 

r  =  a*i 

and  by  (25),  Art.  272,  p  =  mri   therefore  ^  =  ».  wluch  is 

always  positive,  and  therefore  the  curve  a  always  concave 
towards  the  pole. 


Section  5. — On  traciTtg  polar  curves  by  meant  of  their  eqrHOtioaa. 

277.]  Having  discoised  all  the  pecnliaritiea  which  corves 
referred  to  polar  coordinates  generally  admit  of,  we  are  now  in 
a  condition  to  analyse  the  equations,  and  to  give  general  rules 
for  tracing  the  curves  of  which  they  ara  the  mathematical  ex- 
pressions and  definitions. 

1)  If  the  equation  is  of  the  form  r  =  /Cfl)  +  ^(fl),  so  that 
r  =  /(0)  is  diametral  to  the  curve  to  he  traced,  we  had  better 
trace  separately  the  two  curves  T=f{6)  and  r  =  <^(tf),  and 
then  by  addition  and  subtraction  of  the  radii  vectores  trace  the 
required  curve.  Thus  if  it  is  required  to  draw  the  curve  whose 
equation  is  r  =  a(2  +  siud),  the  circle  whose  radius  is  2a  is 
diametral  to  the  required  curve,  and  its  radii  are  to  be  increased 
and  diminished  by  a  sin  &  corresponding  to  the  several  values 
<tf  0 ;  see  Gg.  94. 

2)  Investigate  the  several  values  of  6  which  make  r  =  0,  and 
=  00  ;  and  in  the  latter  case,  if  the  value  of  d  is  finite,  de- 
termine whether  the  polar  subtaagent  is  finite  or  not,  as  this 
is  the  criterion  whether  the  rectilinear  asymptote  can  be  con- 
atmcted  or  not.     Give  such  particular  values  to  0  as  the  eqna- 


D,g,t7cdb/GOOgIC 


178.]  TBACIHG  POLAB  CURVES.  425 

tion  suggests ;  as  e.  g.  if  the  equation  involves  a  function  of  S$, 
put  0  =  15°,  SCf,  45°,  &c. ;  or  if  the  equation  involrea  a  function 
of  J,  put  e  =  60°,  90°,  120°,  180°,  and  so  on.     In  general  give 

to  0  values  such  that  r  may  be  constructed ;  and,  by  giving  to 
6  the  values  0  and  nir,  we  find  the  values  of  r  when  the  curve 
cuts  the  prime  radius,  or  the  prime  radiui  produced  backwards ; 
and  make  r  revolve  in  both  directioas. 

3)   It  is  convenient  to  find  -j-,  as  it  ia  the  ratio  of  the  cor- 

resp<mdiiig  increments  of  r  and  6 ;  and  therefore,  if  it  is  positive, 
as  0  increases,  r  increases ;  and,  if  it  is  negative,  r  decreases  as 


of  r  corresponding  to  an  increase  of  0 ;  that  is,  the  curve  is  at 
right  angles  to  the  radius  vector;  which  is  also  manifest  from 
equation  (14),  Art.  269,  because  at  such  a  point  tan  spt  =  00  . 


Tninimum  value  of  r,  the  point  corresponding  to  which  is  called 
an  ap»e ;  of  which  there  are  instances  in  the  ellipse,  if  the  focns 
is  the  pole,  at  the  eitremities  of  the  major  axis :  and  of  the 
circle,  if  the  centre  is  the  |>ole,  every  point  is  an  apse. 

4)  Nothing  more  need  be  said  on  the  subject  of  rectilinear 
asymptotes  and  asymptotic  circles ;  or 

5)  On  the  direction  of  curvature  and  points  of  inflexion. 

278.]  Hence  then  to  trace  a  curve  referred  to  polar  coordi- 
nates, 

I.  Investigate,  arrange,  and  tabulate  with  their  proper  signs, 
all  the  particular  values  of  0  which  render  7-  =  0,  and  =  oo  ; 
and  equal  to  a  value  that  may  be  constructed  without  difficulty. 


it  ia  equal  to  0,  and  to  oo ,  and  whether  it  changes  its  sign ;  if 
it  does,  at  such  ptHnts  there  are  maximum  and  minimum  radii 
vectores. 

III.  Determine  whether  any  finite  values  of  0  render  r  =  oe ; 
if  so,  find  the  value  of  H  t-  corresponding  to  this  value  of  0, 
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and  coBstmct  the  asymptote.     Sxamine  whether  there  ii  in 
asymptotic  circle. 

IV.  Transfwm  the  eqaatioa  into  its  equivalent  between  r 

,  dr 


terminiDg  whether  the  curve  is  convex  or  concave  towardi  the 

pole;   also  examine  whether  -^  changes  its  sign  by  pasnng 

through  0  or  00 ,  for  a  point  at  which  such  a  change  takes  place 
will  be  a  point  of  inflexion. 

v.  Trace  the  curve  in  a  nmilar  maimer,  by  making  r  to  re- 
volve in  a  negative  direction. 

279-3  ^Examples  illastrative  of  the  preceding  theory. 

Ilx.  1.    Trace  the  cnrve  r  =  a  sin2tf. 


dr 


=  2(icos29. 


The  curve  has  no  rectilinear  asymptotes,  because  no  value  of  6 
makes  r  =  so  j  hence  we  may  tabulate  as  follows : 


» 

r 

dr 
dS 

1 

0 

-,o,  + 

+ 

2 

i 

a 

+  ,0,- 

3 

■n 

+,0, - 

- 

4 

—  a 

-,o,  + 

6 

w 

-,o,+ 

+ 

which  values  are  sufficient  to  enable  us  to  draw  the  cnrve. 
-  We  have  thus  examined  the  course  of  the  curve  through  two 
right  angles ;  and  as  sin  28  has  passed  through  all  its  values,  it 
is  unnecessary  to  tabulate  further,  as  the  tradng  point  will 
describe  equal  curves  in  the  other  two  quadrants. 

Also  the  revolution  of  the  radius  vector  in  a  negative  directioa 
produces  the  same  curve.     The  curve  is  delineated  in  flg.  95. 

It  begins,  as  shewn  by  1,  from  the  pole  s,  and  as  B  increases 
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e§,  until  9  =  -r,  where  the  radius  rector  attaina  to  a 

maximiim  vahie  a,  as  shewn  by  2 ;  afterwards  the  radius  vector 

decreases,  becomes  equal  to  zero,  when  6  =  -r,  and  passes  into 

the  fourth  quadrant,  because  for  all  values  of  6  between  ■=  and  « 

r  is  n^ative,  and,  when  <J  =  -^ ,  attains  to  a  minimum  value 

— a,  and  describing  a  loop  exaetly  equal  to  that  in  the  first 
quadrant,  falU  into  the  pole  when  0  =  ir;  afterwards  in  the 
third  quadrant  r  is  positiTe,  so  that  the  tracing  point  describes 

another  equal  loop  in  it,  reaching  a  maximum  when  fl  =  -—  > 

and  the  curve  falls  into  the  pole  when  tf  =  -^ ;  after  which  the 

radius  vector  again  becomes  negative ;  and  therefore,  passing 
through  the  fourth  quadrant,  describes  the  loop  in  the  second 
qnadrant,  which  is  exactly  equal  to  those  which  have  been 
already  traced  out  in  the  other  three  quadrants. 

Ex.  2.    Trace  the  curve  r  =  a  sin  8  0. 

-T^  =  8a  cos89. 


9 

•■ 

dr 

1 

6 

a 

+,0,- 

2 

8 

+  ,0,- 

- 

S 

2 

—  a 

-,o.+ 

4 

2t 

-,o, + 

+ 

6 

St: 
6 

-a 

,    +.0, - 

6 

' 

+,0,- 

- 

Whence  the  cnrve  is  maoifesay  that  draws  in  fig.  96.    If 
311 
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the  nvdiuB  vector  revolvea  ia  the  n^ative  dircctioD,  the  same 
three  loops  will  be  traced  out. 

From  this  and  the  former  eiample  it  appean  that  ia   all 
cuFFes  whose  equations  are  of  the  form 
r  =  a  ainntf, 
the  ciure  consists  of  r  loops  if  n  is  an  odd  uamber,  aad  of  2w 
loops  if  »  is  an  even  number. 

£x.  3.  Trace  the  curve  whose  equation  is 


therefore  r  is  never  greater  than  a ;  and  r  =  0,  when  e  =  0, 

=  2ir,  =  ...  =  2nir. 

dr 
Also  ^  =  0,  when  e  =  v,  =Sv,  =  ...  =  (2ii  +  l)ir. 

Accordingly  we  have  the  following  table : 


e 

r 

dr 

it 

1 

0 

-,0, + 

+ 

i 

v 

a 

+  ,0, - 

3 

u 

+  ,0,- 

- 

4 

3. 

—  a 

-.0,  + 

5 

in 

-,o,  + 

+ 

Hence  the  radius  vector  is  zero,  when  tf  =  0,  and  attains  a 
maumum  valued,  whend  =  is;  whenceit  decreases, becoming 0, 
when  0  =  Sir,  until  it  reaches  a  minimum  —  a,  when  0  =  Sir; 
after  which  it  increases,  passing  through  zero,  when  $  =  4t, 
and  becomes  a,  when  0  =  5  ir ;  wherefore  the  curve  is  that 
drawn  in  fig.  97. 

Ex.  4.    Trace  the  carve  whose  equation  is 
H  =  o'{(tantf)»-l}. 
.-.    r=  ±  o{(tantf)*-l}*; 
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therafore  r  cannot  be  coastnicted  whenever  (taud)*  is  less 
than  1.  Also  u  r  is  affected  with  ±,  the  pole  is  the  centre  of 
the  curve. 


And  as  r  =  oo,  when  9  =  »  *^^  ~  ~i^  ""^  must  find  t' 
in  order  to  determine  the  asymptote. 
1  ±1 


dr 


r        a{(tanfl)*-l}* 
1   dr         +  tang  (sec g)* 


r*  d0       o{(tauff)»-l}t' 
,  a{(tang)'-l}' 


Hence  there  are  two  asymptotes  perpendicular  to  the  prime 
radius,  at  distances  +  a,  from  the  pole. 


« 

r 

dr 

di         1 

1 

4 

±»^,0.  ± 

± 

2 

2 

±.  "■  ± 

± 

8 

3> 
4 

±.  0,  ±  y^ 

± 

i 

The  curve  therefore  is  that  delineated  in  fig.  98. 
Ex.  5.    Trace  the  curve  whose  equation  is 

e*  dr         -%a6 


' '   de~  (ff»-i)>' 

Also  r  =  00  ,  when  tf  =  +  1 ;  therefore  we  must  find  r*  — 
is  order  to  determine  the  asymptote. 

1  _  e*-\  1  rfr      a\ 

r  ~     aff*    '  r»  rf«  ""  otf»  ' 

r*  ^  = 2~  ~  +  9  •  *^*°  ^  =  ±  1 ;   the  asymptotes 

therefore  are  inclined  at  +  1  to  the  prime  radius,  and  the  per- 
pendicular diatanoes  from  the  pole  on  them  are  +  ^ . 
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Also,  when  $  =  ta ,  r  =  a,  and  therefore  the  circle  irfaoM 
radius  is  a  is  asymptotic,  and  ia  an  interior  asymptotic  circle. 
because  r  is  greater  than  a. 

As  tbe  radius  vector  revolves  in  the  positive  directum,  r  =  0, 
vhen  0  =  Q,  and  is  negative,  and  negatively  increases,  nntil 
0  =  1,  when  r  =  —  00  ;  and  changes  to  +  ao ,  approaching  to 
the  rectilinear  asymptote,  receding  on  one  side  of  it,  and  re- 
tomiag  on  tbe  other ;  after  which,  as  9  increases,  r  decreases, 
until  it  attains  its  least  value  a,  when  0  =  so  . 

Again,  as  r  revolves  in  a  negative  direction,  it  mast  be  mea- 
sured backwards  from  0  =  0  to  d  =  —  I,  at  which  latter  an^ 
r  =  —  00 ,  and  then  changes  its  sign  to  +  oo  ;  that  ia,  the 
branches  of  the  curve  have  approached  the  rectilinear  asymp- 
tote, and  cut  it  at  infinity ;  and  as  &  increases,  r  continaally 
decreases  and  approaches  to  the  asymptotic  circle,  of  which  tbe 
radius  is  a.  See  fig.  99,  in  which  the  dotted  branches  indicate 
the  parts  due  to  the  negative  revolution  of  r. 

Ex.6.    Trace  the  cnrve  whose  equation  is 

_     a  +  ain  6  rfr  _  2a(6coB9— sinfl) , 

~     e  —  tm$'  d9~         ((9  — ainflj*        ' 

if  d  is  positive,  r  is  positive,  noce  the  arc  is  greater  than  its 
sine.  And  since  for  all  values  of  6  in  the  first  and  second 
qnadraats  sin  0  is  positive,  and  for  values  in  the  third  and 
fourth  qoadrants  sin  6  is  negative,  therefore  in  tbe  first  and 
second  quadrants  r  is  greater  than  a,  and  in  the  third  and 
fourth  r  is  less  than  a. 

And  when  0  =  0,  vaxB  =  0;  and  therefore  when  0  =  0, 
r  =  00  ;  hence,  to  determine  the  corresponding  polar  suhtan- 
gent,  we  have 

T^  J-  =  n  ;: :; = — :;  =  n  ■  when  0  =  0, 

dr       20COS0  — 8m0       0'  ' 


~  2  -08m0  ~  0' 

_     (1+COB0)'  — ain  0(0  + sing) 
~  —  sin  0  —  0  cos  0 

therefore  the  rectilinear  asymptote  cannot  be  drawn. 
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When  6  =  »  ,r  =  a;  tberefore  there  is  an  asymptotic  circle, 
-whose  radius  is  a.     Hence  we  tabulate  as  follows  : 


e 

r 

1 

0 

CO 

2 

2 

»  +  2 
°,-2 

8 

V 

a 

4 

3. 

8.-2 

T 

°3»  +  2 

5 

2i 

a 

6 

Sir 
2- 

6,  +  2 
°6,_2 

7 

8i 

« 

8 

so 

a 

It  appears  then  that  the  curve  starts  from  infinity,  as  de- 
lineated in  fig.  100,  and  periodicaUy,  when  6  =  v,  =  Sv,  =  ... , 
passes  through  the  points  a  and  B,  which  are  the  extremities  of 
the  diameter  of  the  circle  whose  centre  is  the  pole  and  whose 
radios  is  a;  to  which  circle  the  curve  continually  approaches, 
being  outside  in  the  firat  and  second  quadrants,  and  inside  in 
the  third  and  fourth.  There  is  then  this  peculiarity,  that  the 
curve  on  the  outside  is  gradually  becoming  nearer  and  nearer 
to  the  circle,  and  the  curve  on  the  inside  is  receding  ftvm  the 
diameter  as  0  increases  and  approaching  to  coincidence  with 
the  circle. 
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CHAPTER  XII. 

ON  THE  CUBVATUEB  OP  PLANE  CURVES. 
SxcTiON  1. — Citrvet  reared  to  rectangular  eoordhuUe$. 

280.]  Ihaoine  a  tangeDt  to  be  drawn  at  a  point  in  a  plane 
curve,  which  is  auch  that  the  curre  lies  entirely  on  one  side  of 
the  tangent ;  then  the  curve  is  said  to  be  convex  towards  that 
side  of  space  on  which  the  tangent  lies,  and  concave  towards  the 
other  sidej  such  is  our  definition  of  concavity  and  convexity; 
and  on  such  a  conception  were  inveatigated  in  Chapter  X  the 
analytical  criteria  for  determining  the  direction  of  curvature. 
Let  U8  moreover  suppose  that  at  the  point  of  the  curve  under 
consideration  there  is  no  discontinuity,  or  indeterminatenesa  of 
derived-functioni ;  then,  as  the  curve  deviates  from  the  tangent 
line,  such  a  deviation  may  be  greater  or  less,  or,  in  other  words, 
the  curve  may  be  more  or  leas  bent ;  herein  then  we  have  a 
new  affection,  vii.  the  amount  of  bending  or  of  cnrvatore,  as  it 
is  called :  the  nature  of  which  we  propose  to  examine  in  the 
present  Chapter. 

And  to  consider  it  ttom  another  ptnnt  of  view ;  an  infiniterimal 
element  of  the  curve  commencing  from  a  given  point  b^g 
straight,  it  is  in  its  length  coincident  with  the  tangent  line  at 
that  point;  and  the  next  element  being  inclined  at  an  angle 
to  the  former  one  deviates  from  the  tangeot  Now  let  the  two 
conaecutive  elements  be  of  equal  lengths,  and  &om  the  ex- 
tremity of  the  second  let  a  perpendicular  be  drawn  to  the 
tangent :  aa  this  perpendicular  is  longer  or  shorter,  bo  will  the 
deviation  be  greater  or  leas,  and  the  curve  will  be  more  or  less 
bent. 

These  terms  however  are  but  relative ;  and  accordingly  it  is 
necessary  to  fix  on  some  standard  with  which  to  compare  such 
amount  of  bending,  and  to  investigate  some  means  by  which 
the  comparison  may  be  made. 

The  circle  naturally  suggests  itself  for  a  standard ;  whatever 
its  curvature  or  bending  is,  it  is  the  same  at  all  points  of  the 
same  circle :   and  in  different  circles,  as  the .  radius  changes, 
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SO  does  the  citrrature.  As  the  radins  iDcreases,  the  deviation 
from  a  straight  line  becomes  less  and  less ;  and  in  the  limit 
vanishes  when  the  radius  becomes  infinite ;  see  Art.  186 ;  and 
as  the  radius  decreases,  the  cnrvature  increases,  and  in  the 
limit  when  the  radius  becomes  zero,  the  curvature  becomes 
infinite ;  for  the  circle  becomes  a  point,  and  the  curve  at  once 
returns  into  itself;  the  radius  of  the  circle  therefore,  and  its 
curvature  or  deviation  ^m  a  straight  line,  are  so  related  that 
one  varies  inversely  m  the  other.  If  then  r  is  the  radius  of  a 
circle,  the  amount  of  deviation  of  that  circle  from  a  straight 
line  is  a  function  of  the  reciprocal  of  r ;  let  ns  give  some  definite 
name  to  this  deviation,  and  in  order  that  we  may  have  a 
measure  of  it,  let  us  define  it.  Curvatttre  is  the  name  which 
-we  shall  adopt ;  and  onr  mathematical  definition  of  it  is  the 
simplest  function  of  the  reciprocal  of  r,  viz., 

The  curvature  of  a  circle  =  - ; 

so  that  the  curvature  =  1,  when  r  =  1 ;  and  therefore  the  cur- 
vature of  a  circle  whose  radius  is  unity  is  the  unit-curvature. 

Now  when  a  finite  arc  of  a  circle  is  given,  we  can  in  many 
ways  determine  the  radius  of  the  circle ;  but  when  the  arc  is 
infinitesimal,  the  following  is  best  adapted  to  our  present  con- 
ceptions. 

The  relation  between  an  arc,  the  radius,  and  the  angle  sub- 
tended at  the  centre  is,  sec  Art.  24,  (16), 

the  arc  =  the  radius  x  the  angle. 

Let  {x,  y),  (x  +  dx,  y  4-  dy)  be  any  two  points  on  a  circle  infini- 
tesimally  near  to  each  other ;  and  let  d*  be  the  arc  between  the 
two  points;  let  normals  be  drawn  to  the  circle  at  the  points 
(x,y),  (x+dx,  y  +  dy),  and  let  d^  be  the  angle  at  the  centre 
contained  between  these  normals,  and  let  r  be  the  radius :  then 
ds  =  rd^|l■,  (1) 

and  the  curvature  of  the  circle  =      =  -r-  ■ 
r        d» 

281.]  Let  us  now  extend  these  principles  to  any  plane  curve. 

Suppose  the  two  points  (T,y),   (x+dx,  y  +  dy)  to  be  on  a 

plane  curve ;  and  at  neither  of  them  let  there  be  a  point  of  dis- 
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continuity  or  of  inflexion ;  then,  although  the  ratio  given  in 
(2)  may  he  no  longer  constant  at  all  points  of  a  curve,  hut  may 
Tai7  as  we  pass  from  one  point  to  another;  yet  when  the  dis- 
tance da  is  infinitesimal,  —~  will  assume  some  determinate 
at 

value,  which  we  may  call  the  cttrvatKre  of  the  curve  at  the 
point ;  perhaps  it  may  be  said  that  it  is  a  measure  of  the  mean 
curvature  of  the  arc,  but  the  difference  between  that  and  the 
actual  curvature  at  the  point  (x,  y)  is  infiniteflimal,  and  there- 
fore must  be  neglected,  so  that  the  two  become  identical. 

Imagine  then  two  normals  to  be  drawn  at  two  consecutive 
points  of  the  curve;  these  will  generally  meet  at  a  finite  distance; 
let  d^  be  the  small  angle  included  between  them,  and  let  p 
be  the  distance  from  the  curve  of  the  point  at  which  they 
intersect ;  then,  by  reason  of  (2),  and  iatrodudng '+  so  as  to 
include  all  the  possible  simultaneous  changes  of  »  and  ^,  we 
have  J 

,=  ±^.  <3, 

From  the  analogy  of  the  circle,  p  is  called  the  radiat  qf  cur- 
vature, and  the  point  at  which  the  two  consecutive  normals 
intersect  is  called  the  cerUre  of  curvature;  and  therefore  we 
have  the  following  definition : 

The  distance  from  the  curve  at  which  two  consecutive  normals 
ot  a  plane  curve  intersect  is  the  radius  of  curvature  of  the  curve 
at  that  point 

M2.]  To  determine  the  analytical  values  of  the  rsdiua  of 
curvature. 

Let  the  equation  to  the  curve  be  y  =f{x) ;  see  fig.  101 ;  and 
let  p,  Q  be  the  two  points  on  it,  infuutesimally  near  to  one 
another,  at  which  the  normals  are  tn,  on;  n  their  point  of  in- 
tersection, which  is  therefore  the  centre  of  curvature;  throogh  o 
draw  a  line  so  parallel  toqn;  then  Fq  =  (j«,  pnq  =  d^  =  foe 

=  (/.tan~'  \-j-) ;  rn  =  on  =  p  =  the  radius  of  curvature; 

.-.     rfr=  +prf.tim-'(^),  (4) 

_  d'xdy—d^ydx      dy* 

-  ±  P  ^i  ds'  +  dy*' 
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.-.     A*  =  +  p(tPxdy-d*ydx),  (5) 

_          ±rf»'        .  ,-, 

''  ~  <Pxdy-d}ydx'  ^  ' 

which  eipresnon  is  the  most  general  valae  of  p,  as  in  it  neither 

s,  y,  nor  »  is  equicrescent. 

If  f  is  eqoicreaceut,  d^x  =  0 ;  and  we  have 


+  *.      1'+^ 


a) 


III' 

And,  if  y  is  equicrescent,  d*]/  =  0,  and 

It  is  to  be  observed  that  p  is  an  absolute  length ;  some  prin- 
ciple therefore  must  be  adopted  by  which  the  ambiguity  of  sign 
in  the  preceding  expressions  may  be  removed.  Let  ui  Bnppose 
the  type-curve  to  be  that  represented  in  figs.  47, 101,  and  102 ; 
and  let  ns  assume  the  radius  of  curvature  to  be  positive,  when 
it  is  drawn  downwards  and  towards  the  axis  nf  x ;  and  to  be 
negative  when  it  is  drawn  opwards  from  the  curve  and  away 
from  the  axis  otx,  as  in  fig.  106.    Now  let  us  take  the  value  of  p 

d*v 
given  in  (7) :  in  the  former  case  ■-—  is  negative,  because  the 

curve   is   concave  downwards;   and  therefore,  as  p  is   to  be 
positive,  , 

dx* 
and  if  in  the  result  p  is  affected  with  a  negative  sign,  it  is 
evident  that  p  is  drawn  upwards  from  the  curve,  and  that  the 
curve  is  convex  downwards,  as  in  fig.  106.     Similarly  in  (8)  the 
right-hand  member  is  to  have  a  positive  sign,  and  we  have 
/,       dx*\i 

d*x 
di,' 
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whicli  may  also  be  derived  from  (9)  by  a  change  of  the  eqiii- 
crescent  variable. 

288.  Examples  illiutrative  of  the  preceding. 

£x.  1.  Detennine  the  radiua  of  carratore  of  an  ellipse. 

o»  +  4«  -  *■ 

(to  ~        a*y '  ■  dx*  ~~       a*y* 

J»y  _  ft* 

dx*  ~        a'y' ' 


by  (9).     p=  ~ 


The  radius  of  curvature  at  extreoiity  of  axis  major  = 


axis  mmor  =  - 


Ex.  2.  In  curves  of  the  second  d^ree  whose  equations  are 
of  the  form  jr*  =  imx  +  nx^,  the  radius  of  curvature  varies  as 
the  cube  of  the  normal. 


"  dx 


=  Zm  +  nx, 


and 


•  *    ^  dx*  ^  Vrfar/  ~    '  dx*  ~       y* 

Now  by  (42),  Art.  219,  the  normal  =  V  ]  ^  +  ^  f  :  «°b- 
itituting  which,  we  have 

the  radins  of  curvature  _  1  1 

(the  normal)*         ~  d*y  "  4m*' 

^  dx*  Q.  K.n. 

Ex.  3.    To  find  the  radius  of  curvature  of  the  cycloid,  the 
starting  point  being  the  origin. 


X  =  a  versin-'  -  —  {2ay— y'}*. 


1  + 


dy* 


{2ay-y»}**  '  '  dx* 
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2.'-r''     •■■ '  =  »<^«»>'- 

Therefore,  uid  from  £x.  6,  Art.  221,  it  appears  that  the  radiui 
of  curvature  is  equal  to  twice  the  nornuJ. 

Ex,  4.  Id  illustration  of  formula  (6),  let  it  be  required  to 
find  the  length  of  the  radius  of  curvature  of  the  ellipse  whose 
equations  are,  see  Art.  193, 

X  =  aco»0,  y  =  bnn0. 

dx  =  —  aa.ned0,  dy  =  beaaBd0, 

d*x  =  —acoB0  d0\  d'y  =  —bnnBdd'; 

.-.     d»*  =  {fl»(Binfl)»  +  **(co8W^*< 

d^xdy  —  iflydx  =  —abdS*; 


P  =  +  - 


n'b' 


284.3  ^°  comparing  figures  47  and  101,  it  appears  that 

^    d,        ^  d,, 

dr,  which  ia  equal  to  tlt',  fig.  101,  is  the  angle  between  two 
tangents  drawn  at  consecutive  points  on  the  curve ;  it  is  there> 
fore  the  angle  at  which  two  successive  elements  are  inclined  to 
each  other,  and  is  called  the  angle  of  coniingence. 

285.]    We  proceed  to  determine  other  values  of  />  which  are 
required  in  the  sequel. 

■.'     ds*  =  dx'  +  dy'; 
.-.     rf#rf*«  =  dxd*x  +  dyd*y.  (11) 

dt' 

Also  by  (6),  +  =  dyd*x-dxd*y.  (12) 

/> 
Therefore  squaring  (11)  and  (12),  and  adding,  we  have 

d»Hd**)^-¥~  =  Idx'  +  dy')  {id*x)^  +  (d'y)']. 


=  rf»*{(rf»J^)»  +  (rf»y)»}; 
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.-.      ^  =  (i'»)'  +  <rf"!l)' -(<''')■!  (»l 

7  =  ^  ((■''')■+('''»)'-(''■•)■)•  (15) 

Wheace  we  have  the  following  vitlues  for  p : 
(a)  Let  8  be  equicresceBt ;  theo  d'a  =  0 ;  and 

7  =  ('^)'-©)" 

Also  by  virtue  of  (Jl),  since  rf'y  =  —  -3-  rf'ar, 

(fi)  Let  ar  be  equicreBceDt ;  tben  d'x  =  0,  and  therefore  by 
reason  of  (11),  . 

at     ' 

introducing  dx*  into  the  denominator  to  shew  that  ;r  ia  eqni- 
crescent;  see  Article  54. 

(y)  Ijet  y  be  equicrescent ;  then  d*y  =  0,  and  by  the  same 
proceaa  aa  above, 

J d^  /tPgx' 

p*  ~   d$»  \rfy»/' 
The  last  two  values  of  p  are  the  same  as  (9)  and  (lU). 

Also  from  (14),  multiplying  through  by  ds\  and  replacing 
dtdU  from  (11),  we  have 

~  =  {d'x)'dt*  +  id*y)'dfi  +  {d's)'da'-2{d*9)'di', 
P 

=  (d**)*d»»  +  (d»y)»d»"+(rf»»)*(rfa!*  +  rfy*) 

~2dtd'»{dxd'x+dj/d*y), 
=  ld'sdt-d*tdx)'  +  ld*ydt~d*tds)*. 
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•■■  f -("■£)'+ (''■I)" 


(19) 

'which  is  identical  with  (16)  when  g  is  equicrescenL 

Hence  alao,  and  from  Art,  284,  we  have  the  following  value 
for  tlie  angle  of  contingence : 

=    +   {{rf.C08T)»  +  (rf.C09+)»}*, 

where  cos  ^  and  cos  r  are  the  cosines  of  the  angles  hetween  the 
line  of  the  radius  of  currature  and  the  coordinate  axes ;  see 
Article  218. 

Also  from  (11)  and  (12),  eliminating  d'x,  we  have 


(21) 
(22) 

(?8) 
(iM.) 

286.]  If  the  equation  to  the  curve  is  given  in  the  implicit 
'°™'  H'.y>  =  c,  (25) 

we  may  suhstitute  as  follows  in  the  general  value  of  p  given  in 
equation  (6). 

Differentiating  (25),  we  have 

+  0d',  =  O;      (27) 


llx 

=  £^ 

(i)- 

COS 

'■ 

limilarly. 

dy 

d. 

'i' 

©= 

COS 

♦■ 

lence  also. 

if 

1  is  equicresceat. 

COST  = 

'S. 

COS^  = 

,,  Google 


BECTANQBLAR  C00BDINATB8.  C*^/- 


Now  from  (36), 


(dr\         /dr\         {dr\  „        idrx  .,    ' 


(29) 


'd*'        ^dy'        ^d*'  ^dtf' 

the  last  following  by  reason  of  Preliminary  Theorem  I,  if  we  ope- 
rate npoQ  the  fractions  saccessirely  by  the  &cton  d*x  and  d*y, 
«aA  add  nnmerators  and  denominators ;  each  of  which  fractions 
is  again  equal  to,  by  reason  of  the  same  Preliminary  Theorexo, 

i"'  (30, 


IO'+(|)T' 


Whence,  equating  (29)  and  (80),  and  replacing  the  numerator 
and  denominator  of  (29)  by  their  equivalents  from  (38)  and 
(5),  we  have 

±d»  1 da* 


end,  repladng  dx,  dp,  da  in  terms  of  their  propcn-tioaRls  given 
in  (29)  and  (90),  we  have  finally 


{©'-or 


.(81) 


For  an  example  of  this  formula,  let  us  take  the  equation  to  the 

(s)  =  »•     (f )  =  '■■ 

^dn'l        '         \dxdij'        '         \ds'l         ' 

■     1  =  +  __?£»_. 
'  '    p      -  (*■+}')• 

287.]  The  namerator  of  (31)  is  the  Hessian  of  the  curre. 
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At  a  point  of  infleiion  the  Hessian  =  0 ;  and  as  (-v- )  and  l^l 

do  not  both  simoltaneoasly  vanish,  so  at  a  point  of  inflexioa 
p  =  —  oo  ;  that  is,  the  cnrve  degenerates  into  a  straight  line ; 
and  the  radius  of  curvature,  which  correspoiulB  to  a  point  at 
vhich  two  coQsecntire  elements  are  in  one  and  the  same  straight 
line,  is  evidently  infinite.  The  Hessian  also  =  Oat  double  points; 

but  then  it  vanishes  identically,  because  \j-)  =  {-f)  =  ^i  <^d 

therefore  in  this  latter  case  p  is  indeterminate,  and  (31)  must 
be  evaluated.  This  is  also  otherwise  apparent.  At  a  double 
point  the  two  branches  may  not  have  the  same  curvature,  and 
as  the  same  analytical  expression  gives  the  radios  of  curvatnre 
of  both,  it  must  necessarily  take  at  that  point  an  indeterminate 
form.  If  we  multiply  (31)  by  the  denominator  of  the  right-hand 
member,  the  expression  becomes  of  8n— S  dimensions  in  terms 
of  X  and  y :  if  then  p  is  constant,  the  points  of  equal  curvature 
on  a  curve  of  the  nth  degree  are  on  a  carve  of  the  3(ti— l)tb 
degree ;  and  as  the  number  of  the  poiats  of  Intersection  of  these 
two  curves  is  3n(n— 1),  so  on  a  curve  of  the  nth  degree  there 
may  be  8»(n  —  1)  points  at  which  the  curvature  is  the  same. 


Section  2. — On  evokitet  of  plane  curves  rtferred  to  rectangular 


288.3  ^B  ^^^^  ^^°B  far  determined  the  length  of  the  radius 
of  curvature,  and  the  cosines  of  the  angles  at  which  its  line 
is  inclined  to  the  coordinate  axes ;  we  shall  now  investigate  the 
coordinates  to  the  centre  of  curvature;  and  since  it  changes 
position  aa  the  point,  at  which  the  radius  of  curvature  is  drawn, 
moves  continuously  along  the  curve,  it  thereby  describes  a  con- 
tinuous curve,  which  we  shall  determine.  This  curve  is,  for  a 
reason  which  will  shortly  appear,  called  the  evohUe  of  the 
original  curve. 

Let  the  equation  to  the  curve  be  y  =f{x),  and  let  {x,  y)  be 
the  point  on  it  at  which  the  radius  of  curvature  is  drawn; 
((,  If)  the  centre  of  curvatnre ;  so  that,  in  fig.  Itfi,  we  have 
OM  =  Xy  ON  =  f,  PTN   =  r, 

Ht  =  y,  Nn  =1  If,  pna  =  ^,  po  =  p; 

7B1CI,  VOL.  I.  3  L 

D,g,t7cdb/GOOgIC 


4^  BBCTANOOLAB  COOHDISATES.  [aS^  ' 

then  Bince  nn  ^  =  -i~ , 
geometry  of  the  figure, 


dy  <ir  ,-- 

vhicli  formalie  determine  the  positioQ  of  the  centre  <^  cnm- 
ture  corresponding  to  any  point  of  the  curve ;  and  from  eliici- 
nating  x  and  y  between  these  equations  and  the  equatdon  to 
the  corre,  viz.  y  =/(ar),  there  will  result  ao  equation  involving 
I  and  1),  which  will  represent  the  locus  of  the  centre  of  cam- 
tare. 

The  equations  (82)  assume  various  forms,  according  to  the 
value  given  to  p ;  i.  e.  whether  we  eipress  p  by  one  or  other 
of  ita  values  (6),  (7),  (8),  (16).  Thus  applying  the  value  of 
the  radius  of  curvature  given  in  (9),  when  x  is  equicreacent, 
we  have 

f  — ^t      '---#•     '»' 

dx'  dx* 

If  the  equation  to  the  curve  is  givoi  io  the  implicit  form, 
the  equations  (33)  must  be  modified  according  to  the  equation 
(81)  and  those  by  means  of  which  (81)  has  been  determined; 
but  as  the  expressions  are  long,  not  often  employed,  and  easily 
found,  it  is  not  worth  while  to  insert  them  at  present. 

289.]  Examples  on  evolntes. 

Ex.  1.    To  determine  the  evolute  of  the  paralx^ 

y*  =  iax; 

^  -^  ^'g  _       *«' 

dx~  y  '  dx'  ~"       y' 

Sobatitnting  which  Id  (38), 

c  -''+        yi        ia^    y' 

iax  +  ia^ 
=  "  +  — 2^-' 


D,g,t7cdb.GOOgIC 


BVOWTTBa  OF  CPBTB8. 


n  =  s 


y*       4a' ' 


-y'. 

4«»  ' 


,-.     y  =  {-4a»,)*; 
anbatatating  which  id  the  equation  to  the  parabola,  ve  have 

the  eqaatton  to  a  Bemi-caluca]  parabola,  whose  cusp  ia  on  the 
axis  of  or  at  a  distance  2a  from  the  vertex  of  the  p&rabolaj  see 
fig.  108. 

Ex.  2.    To  find  the  equation  to  the  erolnte  of  a  circle. 
«*  +  y»=a'; 

(ty  _  _  ^  _  I     ''y'  _**  +  ?'_"'. 

(/» ~       y '  <i*'  ~       y*      ~  y* ' 

rf*y  _       o» 

...  f  =  , -44^  =  0. 

y*  a*  y         ' 
a*  V* 

'  =  »-?!»  =  '" 

the  centre  itaelfia  the  erohite. 


Ex.  8.    To  find  the  equation  to  the  erolnte  of  the  ellipee. 


£V 


_     i* 


~  d'y*  i*    (i*y ' 
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[289. 


vhence,  by  addition, 

the  carve  represented  by  which  is  delineated  la  fig.  104^ 

In  reference  to  the  properties  of  the  evolote  which  are  men- 
tioned in  Art.  229,  I  may  observe  that  for  all  points  within 
ECE'c'four  nonnalB  may  be  drawn  to  the  elhpse;  from  points 
on  the  curve  three  normals  may  be  drawn ;  and  for  all  apace 
ontside  the  curve  only  two  can  be  drawn, 

Ex.  4,    To  find  the  equation  to  the  evolute  of  the  cycloid. 
Let  the  starting  point  be  the  origin ;  then 

a;  =  B  versin"*  -  —(iay—y')^; 

j_  "  rfy'  _  2a  _ 

l  +  'j^j  -~  IT' 


rfy       (2ay-y»)*' 


2a  y' 

-  y — 

"      y    a 


i- 


x  + 


2a  y»  (2ay-y')* 


y    a  y 

=  *  +  2{iey~y*)K     . 

=  «  +  2(— 2aij  — ij»)*j 

.-.    se  =  f  — 2(-2aii-i)")*j 

Mibstitating  which  values  in  the  equation  to  the  cycloid,  we  Hare 

f  —  2(-2aij-)jV  =  a  ver8in-i^^-{-2ay  — »i")*, 


f  = 


«i-»--^+(-2a,-,»)*; 
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which  is  the  equation  to  a  cycloid,  the  higheat  point  of  which  ia 
the  origin,  equal  to  the  origins!  cycloid :  £  being  parallel  to  the 
bate,  1]  taken  along  the  axis  in  &  n^ative  direction,  aa  ia  mani< 
feat  on  a  comparison  of  the  last  equation  with  (31)  in  Art.  201, 
and  of  figa.50  and  105 ;  which  laat  represents  the  poeitiona  of 
the  original  cycloid  and  its  erolnte. 

Since  1;  =  —y,  vn  =  uv;  and  therefore  fu  =  2po,  or  the 
radius  of  curvature  is  equal  to  twice  the  normal ;  see  Ex.  8, 
Art.  288.  Alao  the  radius  of  cmrature  at  b  =  bc  =  2ba  =  4a ; 
also  it  is  manifest  that  the  radius  of  curvature  at  o  =  0. 

Ex.  5.  To  determine  the  equation  to  the  evolnte  of  the 
eqnitangential  curve. 

The  equation  to  the  curve  is,  see  equation  (27),  Art.  200, 


''»e| — r 


-(«'-»')»i 


<*» 

1              •    1  1  ''»' 

it 

(„._,.,1'           •  •     ^  1  *..       a' 

d'y           ,.,      . 

d.'      (.■-,■)■ ' 

«•      (»•-,■)■ 

••    '      "'.--J,-       .■„      • 

a»                           a* 

«■    («'-»■)■     , 

f  ^ '.=-,.   .',    (.._,.,* 

=  »+(«■-,')*, 

=-+(»'-^)*. 

whoice,  substituting  in  equation  above, 
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tlie  equation  to  the  CBteoary,  as  is  plain  (m  comparing  it  with 
equation  (35),  Art.  199. 

The  relative  position  of  the  two  carves  is  delineated  in 
fig.  106;  OH  =  X,  MP  =  y;  on  =  {,  no  =  qj  and  since 
(  =  a:  +  (a*  —  y*)^,  and  np  =  a,  it  follows  that  the  ordinate 
through  N,  the  foot  of  the  tangentj  passes  through  n,  the 
centre  of  curvature.  Also  since  p  n  is  the  radius  of  curvature, 
and  Fo  is  the  normal  of  the  eqnitangential  curve,  pn  x  to 

=  NP*  =  a';   also  pn*  =  n»— o*  =  -=■  — a*  =  -=■  («•— y*). 

Ex.  6.  To  determine  the  equation  to  the  evolnte  of  the 
hypocf  doid,  whose  equation  is 

xi  +  gi  =  at. 
^  _  _  y*  J      rfy*  _  «• . 

dx  ~       xi'  '  '  d^  ~"  ^i ' 

rf*y  _      q* 
dx'       8,#y4  ■ 

«»     fit      af* 
similarlj,  t)  =  y  +  Zx^yi; 

=  (**  +  ¥*)»; 

(f  +  tj)*  =  xi  +  yK 
Similarly,  {f— l)*  =  if*  — y*; 

.'■     (f  +  .i)*  +  (f-.))*=  2**. 
(f+'j)*-(f-l)*  =  2p*; 
.-.     {(f+'?)*  +  (f-^)*}'  +  {(f+l)*-(f-l)*}*  =  4(«»  +  y*), 
=  4at; 
{f  +  'j)*  +  (f-l)»=  2al. 
Let  the  coordinate  axes  be  turned  through  45°,  so  that 
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.-.     f«  +  V*  =  (2a)». 

AccordiDgly  the  evolnte  is  another  hypocfcloifl,  the  radius  of 
vhose  base-circle  is  twice  that  of  the  original  circle,  and  whose 
cusps  are  on  lines  bisecting  the  lines  joining  the  cusps  of  the 
original  cnrre ;  see  fig.  107.  Similarly  may  the  erolute  of  this 
new  hypocycloid  be  found,  which  will  be  another  hypocycloid, 
the  radius  of  whose  base-circle  will  be  4a. 

Theoretically,  the  equations  to  the  evolutes  of  all  curves  may 
be  fooud  by  means  of  equations  (33),  but  the  difficulty  of  elimi- 
nation is  in  all  cases,  save  iu  two  or  three  besides  the  above, 
BO  great  as  to  be  beyond  the  present  powers  of  analysis. 

290.3  ^^  proceed  now  to  discuss  general  properties  of  the 
evolnte,  of  which  the  current  coordinates  are  f  and  ij. 
From  equations  (32),  we  have 

whence,  squaring  and  adding, 

{f-a.)»  +  (,-y)'  =  p».  (85) 

Uultiplying  the  former  by  dx,  and  the  latter  by  dy,  and 

adding  (f-*)<ir  +  (,-y)rfy  =  0.  (36) 

Again,  multiplying  the  former  by  d*x,  and  the  latter  by  d*y, 

and  adding, 

{i~x)d*x  +  ('n-y)d*y  =  -^^{d*xdy~d*ydx), 

=  da* ;  (37) 

since  by  (5),  p{d^x  dy  —  d*y  dx)  =  d«'. 

Now  the  relation  between  (35),  (36),  and  (37)  is  very  re- 
markable ;  for  (36)  is  the  differential  of  (35),  and  (37)  is  the 
differential  of  (36),  the  differentiations  being  calculated  on  the 
supposition  that  x  and  y  vary,  while  £,  >j,  aud  p  do  not  change. 
And  what  geometrical  fact  is  hereby  implied?  The  following: 
(35)  is  the  equation  to  a  circle  of  which  p  is  the  radius,  and  the 
coordinates  to  whose  centre  are  £  and  ij,  and  of  which  x  and  y 
are  the  current  coordinates.    Hence  the  radius  and  coordinates 
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to  the  ceatre  of  this  circle  remain  the  aame,  when  for  x  and  y 
we  have  sncceniTely  x  +  dx,  y  +  dy,  and  x  -f  2</x  4-  d'», 
y  +  2dy  +  d*y;  this  circle  therefore  psasea  throoglt  three  coa< 
■ecutire  points  on  the  curre,  and  therefore  there  are  three 
points,  and  which  is  the  same  tbiiig,  two  consecutive  elements, 
common  to  the  circle  and  the  carve.  The  circle  U  for  an 
obrious  reason  called  the  circle  of  curvature.  This  result  is  in 
accordance  with  the  principle  of  Art.  281 ;  for  although  nothing 
waa  said  as  to  a  circle  having  pointa  conunoa  with  the  cuire, 
^et  since  f  and  i)  refer  to  the  point  of  meeting  of  two  con- 
secntiTe  normals,  and  each  normal  impliea  a  tangent  passing 
throng  two  points,  there  must  be  three  consecutive  pointa  in 
the  cnrve  for  which  (,  rj,  and  p  do  not  vary.  It  ia  also  to  be 
obserred,  that  (S6)  is  the  equation  to  the  normal,  if  £  and  ij  are 
its  current  coordinates ;  and  thus  the  centre  of  curvature  is  on 
the  normal. 

291.3  Again,  since  the  new  curve  is  the  locus  of  the  point 
of  int«»ectiou  of  any  two  consecutive  normals  of  the  original 
one,  if  the  new  cnrve  is  continuous,  each  normal  must  pass 
through  two  pointa  in  the  new  curve  which  are  infinitesimally 
near  to  one  another.  Hence,  in  the  ezpressiooa  (34),  (,  i), 
p,  X,  y  may  all  vary  simultaneously,  and  we  have 

and  Bubatitnting  for  p  and  d*9  from  (6)  and  (11),  we  have 

^  (88) 

and  similarly,  rf»j  =  —-j-<i 

Whence  it  appears  that  we  may  differentiate  (84)  on  the  sup- 
position that  p,  f,  and  17  vary  independently  of  x  and  y ;  that  is, 
the  normal  passing  through  (_x,  y)  passses  through  (f,  ij)  and 
($-i-d£,  Tf  +  dii),  though  of  coarse,  as  is  plain  from  the  figure 
102,  the  length  of  p  varies. 

293.]  Squaring  and  adding  the  two  equations  (38)  we  have 

dp  +  drt*  =  dp\  (89) 

Let  a  be  the  length  of  the  arc  of  the  new  curve,  and  dir  an 
element  of  it,  then  by  (23),  Art.  218, 
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.-.      rftr*  =  dp*, 

d^=    ±dp;  (40) 

And  taking  the  positive  sign,  that  the  analytical  expression  may 
be  accommodated  to  the  curve  in  fig.  102,  where  An  =  a,  and 
the  element  of  the  arc  at  n  =  da,  and  where  therefore  <t  and  p 
are  increasing  simnltaneoasly,  we  have 
da  — dp  =  0; 
,  ■ ,     o-  —  p  =  a  constant  =  e : 

and  therefore  the  difference  in  length  between  the  radius  of 
curvature  of  the  original  curve,  and  the  length  of  the  arc  of  the 
new  curve  is  the  same,  at  whatever  point  of  the  old  curve  the 
radius  of  curvature  is  drawn.  Imagine  then,  see  fig.  108,  a 
perfectly  flexible  and  inextensible  string  to  be  fixed  at  a  point 
(£,  tt)  of  the  new  curve,  say  at  n,  and  of  length  equal  to  the 
radius  of  curvature  of  the  old  cnrve  which  abuts  there,  say 
equal  to  p  n ;  then,  tf  the  string  is  wrapped  round  the  curve, 
say  towards  a,  just  so  much  will  be  taken  off  from  the  string 
by  the  wrapping  that  the  remainder  will  be  equal  to  the  radius 
of  the  old  cnrve,  corresponding  to  the  point  in  the  new  curve 
at  which  the  wrapping  ends;  and  therefore  if  an  inextensible 
string  is  unwrapped  from  the  new  curve,  as  e.  g.  from  ao,  the 
length  of  which  is  exactly  eqnal  to  the  length  of  the  new  curve 
+  AO,  which  is  constant  and  is  the  radius  of  curvature  of  op 
at  o,  the  extremity  of  it  will  generate  the  old  curve,  viz.  op. 
It  is  for  this  reason  that  the  new  curve  is  called  the  evolute*, 
as  being  that  from  which  the  string  is  unwrapped,  and  the 
original  carve  is  called  the  i^wohUe  with  respect  to  it. 

293.3  ^*  ^  manifest  that  the  lengths  of  all  evolutes  can  be 
determined ;  that  is,  the  lengths  can  be  compared  with  straight 
lines,  whence  they  are  said  to  be  reetifiable;  for,  it  appears  from 
what  has  preceded,  that  the  length  of  the  evolute  is  equal  to  the 
difference  of  the  radii  of  curvature  of  the  involute  corresponding 
to  its  two  extremities. 

Of  this  we  subjoin  some  examples : 

*  Bj  Frencb  writert  the  evolute  ia  nuned  dfytioppit,  and  the  Involute 
PRICE,  VOL.  I.  3  M 
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Ex.  I.    To  find  the  length  of  the  evolute  of  the  parabola,  in 
terms  of  the  coordinates  of  its  extremities. 

OM  =  X,  MP.=  jr;   ON  =  f,  NO  =  ij;   see  fig.  103. 
Let  the  eqaatioo  to  the  parabola  be  y*  =  iax. 
Then  by  (9),  p  =  — — r ;  therefore  by  what  has  preceded. 

The  length  of  ah  =  rad.  of  curv.  at  p  —  rad.  of  curv.  at  o ; 
2(a  +  a;)» 


-20, 


^(^r-- 


since  by  Ex..  1,  Art.  289,  x  =  ^—^  ■ 

Ex.  2.     To  determine  the  length  of  the  fourth  part  of  the 
evolute  of  the  ellipse ;  see  fig.  104. 

The  length  of  bc  =  rad.  of  curv.  at  b'—  rad.  of  cmr.  at  a, 

=  ^-— ,  by  Ex.1,  Art.  283, 


.*,     the  length  of  the  whole  evolute  =  4  — 7— ■ 

Ex.3,    To  determine  the  length  of  the  arc  on  of  the  cycloid; 
•ee  fig.  105. 
The  length  of  on  =  pn, 

=  2(2asf)*,  by  Ex.  3,  Art.  283, 
=  2(-2oi,)»,  by  Ex.4,  Art.289; 
.*,     if  1}  =  —2a,  the  length  of  oc  =  4(i  =  rad.  of  curv.  at  b; 
.'.     the  length  of  the  whole  cycloid  =  8a. 

Ex.  4.    To  establish  a  relation  between  it,  i),  and  f  in  the 
catenary. 
In  fig.  106,  let  An  =  <r; 
.*.     An'  =  np*, 

=  nN*  — NP*: 
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Every  plaae  curve  maaifeatly  has  an  evolute,  and  has  only 
one;  bat  it  has  an  infinite  number  of  iavolutes,  because  in 
the  unwrapping  of  the  string  which  has  been  wound  round 
the  curve,  every  point  of  the  stretched  string  describes  a  curve 
vhicfa  is  the  involute  corresponding  to  that  point. 

294.3  ^S^>  multiplying  the  former  of  (38)  by  dx,  and  the 
latter  by  dy,  and  adding,  we  have 

dxd(+dydr)  =  0;  (41) 

rfij  _        dx 
■■■     rff-  ~^" 
And  aince  ^  and  ~  are  respectively  the  tangents  of  the  angles 

made  with  the  axis  of  x  by  the  tangents  to  the  evolute,  and  to 
the  involute,  it  follows  that  the  tangent  to  the  evolute  is  per- 
pendicular to  the  tan^nt  to  the  involute,  or  that  the  normal  to 
the  involute  is  a  tangent  to  the  evolute.  This  result  might  have 
been  anticipated  from  what  is  said  in  Art.  290. 

The  radius  of  curvature  at  any  point  of  the  evolute  may  be 
expressed  in  terms  of  the  radios  of  curvature  of  the  correspond- 
ing point  of  the  involute  by  the  following  process. 

Ijet  p  and  p  be  the  radii  of  curvatnre  at  corresponding  points 
of  the  involute  and  the  evolute :  the  angle  contiuned  between 
two  consecntive  normals  to  the  evolute  is  equal  to  that  contained 
between  two  consecutive  normals,  or  between  two  consecutive 
tangents  to  the  involute ;  that  is,  is  equal  to  +  <fr  or  to  +  d^|l ; 
see  Art.  218:  and  if  da  is  the  length-element  of  the  evolute, 
d(T=:dp;  aXoo  ds=  +  pdrj  therefore 
dff 

=  ±Sp.  m 

Hence  p'=  0,  when  dp  =  Oi  that  is,  if  the  radius  of  curvature  of 
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a  curre  is  constant,  or  attains  to  a  maximam  or  minimam  value, 
that  of  the  evolute  at  the  correspoDding  point  Tanisfaes,  and  its 
carrature  is  infinite. 

Other  properties  of  the  involute  are  discussed  in  Vol.  II  of 
our  Treatise. 

295.J  Let  us  howerer  inTestigate  these  properties  of  currBtnre 
from  a  geometrical  point  of  viev. 

The  equations  (35),  (36),  (37),  connecting  x,  y,  p,  £  and  i;, 
shew  that  the  centre  of  curvature  is  the  c^itre  of  a  circle 
passing  through  three  coasecutive  points  in  the  curve.  These 
th-ee  points  are  necessary  to  render  the  circle  definite.  If  it 
passes  through  only  two  points,  its  centre  may  be  any  lohere 
on  the  normal  which  is  perpendicular  to  the  tangent  pawing 
through  the  two  points,  and  thus  there  may  be  an  infinite 
number  of  circles  satisfying  the  condition :  but  if  the  circle  is 
to  pass  through  three  points,  its  centre  must  be  on  the  normal 
perpendicular  to  the  tangent  passing  through  the  second  and 
third  points,  as  well  as  on  the  normal  corresponding  to  the 
first  and  second  points ;  and  aa  these  two  normals  will  intersect 
in  <me  point,  this  point  must  be  the  centre  of  the  circle,  and 
the  circle  becomes  definite ;  in  other  words,  the  two  consecntive 
elements  of  the  curve  which  are  delineated  in  fig.  108,  viz.  pq 
and  QB,  will  form  two  sides  of  a  triangle,  and  by  joining  pr 
the  triangle  will  be  completed,  and  the  circle  described  about 
this  biangle  will  be  a  definite  circle,  and  pass  through  the 
points  p,  Q,  R,  which  are  three  consecutive  points  on  the  curve. 
We  may  on  this  conception  determiue  the  radius  of  curvature 
as  follows : 

The  angle  of  contingence,  or  dr,  is  the  angle  between  the 
two  consecutive  elements  pq  and  qr,  whence  by  Art.  284, 

rfr  =  +  — .  (43) 

P 

Complete  the  parallelogram,  of  which  pq,  qr  are  two  ad- 
joining  sides,  and  draw  the  diagonal  so,  and  the  other  lines  w 
in  the  fig.  108 ;  then 

PQ  =  d»,      QB  =  rf*  +  d*» ; 
PK  =  dx,      QT  :=  dx  +  d*x  =  PE,     '.'    8P  is  parallel  to  aq; 
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QK  =  dy,      ET  =  dy  +  d*y  =  at,       '-■    sp  is  parallel  to  rq; 

.-.    BY  =  rf«y. 
Therefore  d*x  and  d*y  are  the  projectiona  of  bq  oq  the  co- 
ordinate axes. 

Now  the  area  of  the  parallelc^^m  pqrb 

=  PQ  X  QK  X  BinFQR, 

=  d$  {da  +  rf'»)  sin  dr, 

ds' 

=  ± (44) 

P 

omittiDg  (/*f  because  it  ia  added  to  d»,  and  replacing  aintfr  by  dr 

in  terms  of  equation  (43). 

Againj  the  area  of  the  parallelogram  fqhb 

=  the  area  of  pqdv, 

=   PK  X  ITQ  =  FK  X  KW  =   PS  (RT  — WT), 

=  dx\dy  +  d'y-(dx  +  d*x-j^l, 
—  dx  d'y  —  dy  d^x.  (45) 

Hence  equating  (44)  and  (45),  we  have 

1  _        d*xdy-d*ydx 
p-  -  d*»  •  **^^ 

Hence  if  three  pointa  of  a  carve  are  in  one  and  the  same 
straight  line,  p  q  r  s  =  0,  and  the  radius  of  the  circle  of  curvature 
is  infinite.  Also  if  of  three  elements  the  first  and  third  are 
equally  inclined  to  the  second,  the  circle  of  curvature  passes 
through  four  conaecutive  points. 

296.]   And  now  let  a  be  equicrescent ;   so  that  in  fig.  109 

PQ  =  QR=:  d$,    OM  =  X,    MP  =  y,    HN  =  dx,    NL  =  dx  +  d*X, 

NQ  =  y  +  dy,  LR  =  y  +  2dy  +  d^y ;  let  us  complete  as  before 

the  parallelogram  pqrs,  which  is  in  this  case  equilateral  j  and 

therefore  the  radius  of  curvature  lies  along  the  line  nsQ,  which 

is  coincident  in  direction  with  the  diagonal  bq.    Join  pr,  which 

is,  as  is  plain  from  the  geometry,  perpendicular  to  sq ;  then,  if 

p  is  the  radius  of  curvature,  by  the  property  of  the  circle, 

2p  :  rq  ::  RQ  :  TQ; 

_  rq'       ds* 

■'■    **  ~  2^  ~  "so"' 
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Draw  Bv,  yq,  as  in  the  figure;  then  it  ma;  be  proved,  as  in 
the  last  Article,  that 

SY  =  d*y   and   vq  =  —d^x; 
.-.     8(i»  =  {d'y)*  +  {d*x)*; 
1         /rf*S\*      /d*x\' 

■■■  ;ii  =  (5p)+W)- 

Hence  also  we  have  a  geometrical  proof  of  the  valaes  of  cos  r 
and  cos^  detcrminefl  in  Art.  385,  equations  (23)  and  (34). 
As  8Q  is  coincident  in  direction  with  the  radios  of  cnrvatnre, 
YQ  d*x       1 

-       "'-•  ,47, 

SY  d*y 

cos  T  =  —  =  p  -j"^  . 

SQ       'da*       J 

297.]  Ere  we  conclude  this  part  of  our  subject,  we  must 
investigate  some  general  properties  of  evolutes ;  and  I  will 
assume  the  equation  to  the  base-curve  or  involute  to  be,  as 
heretofore,  an  algebraical  equation  of  the  nth  degree,  of  the 
form  (45),  Art.  207 :  although  the  geometrical  properties  which 
follow  are  generally  true  of  all  curves. 

Let  the  equation  to  the  curve  be  given  in  the  implicit  form 
?(«,!/)  =  c.  (48) 

Now  if  we  express  f  and  rj,  the  current  coordinates  of  the 
evolute,  in  terms  of  the  partial-derived  functions  of  this  equa- 
tion we  have, 

each  of  which  expressions  is  evidently  of  3(n  — 1)  dimensions  in 
terms  of  x  and  y,  and  does  not  admit  of  further  reduction. 
And  as  the  equation  to  the  evolute  is  found  by  the  elimination 
of  X  and  y  between  these  equations  and  (48),  which  is  of  n  di- 
mensions, the  evolute  itself  is  of  3R(n  — 1)  dimensions. 
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Also  the  class  of  a  curve,  see  Art.  S23,  is  the  Bame  as  that  of 
the  nnmber  of  tangents  which  cad  be  drawn  to  it  &om  any 
given  point.  Now  the  number  of  normals  which  can  be  drawn 
to  the  involate  firom  a  ^ven  point  is  n*;  and  as  every  normal 
to  the  involute  ia  a  tangent  to  the  evolute,  so  the  evolute  is  of 
the  n'  class,  so  far  as  tangents  can  be  drawn  in  the  plane  of 
reference ;  yet  this  does  not  affect  the  relation  which  has  here- 
tofore been  shewn  to  exist  between  the  order  and  class  of  a 
given  carve.  Thus  the  evolute  to  a  conic  is  of  the  sixth  degree, 
aee  Ex.  3,  Art.  289,  and  of  the  fourth  class :  the  evolute  to  a 
general  curve  of  the  third  degree  is  of  the  18th  degree,  and 
of  the  ninth  class. 

As  a  normal  drawn  at  any  point  of  an  involute  is  a  tangent 
to  the  evolnte,  so  if  there  is  any  peculiarity  at  a  poiut  of  the 
involnte  a  corresponding  peculiarity  will  exist  in  the  tangent  of 
the  evolnte :  the  two  curves  will  therefore  have  reciprocal  pro- 
perties.    Some  of  these  I  proceed  to  indicate. 

To  a  point  of  inflexion  on  the  involute,  an  infinite  branch  of 

the  evolute  corresponds ;  because  at  a  point  of  inflexion  -t-|  =  0, 

and  the  radius  of  curvature  is  infinite ;  and  the  normal  to  the 
involute  is  the  asymptote  to  this  infinite  branch  of  the  evolute ; 
and  as  the  direction,  in  which  the  radius  of  curvature  is  drawn, 
changes  at  a  point  of  inflexion,  so  does  the  infinite  branch  of 
the  evolute  return  on  the  side  opposite  to  that  in  which  it  went 
off;  that  is,  the  evolnte  travels  round  the  sphere  of  infinite 
radius;  8eeArt.l86,audfig.24;  and  has  at  infinity  a  point  of  in- 
flexion. Hence  it  appears  that  the  evolnte  has  as  many  rectilinear 
asymptotes  as  the  involute  has  points  of  inflexion;  and  thus  as 
the  involute  is  of  the  nth  degree,  it  may  have  8n(n— 2)  points 
of  inflexion  within  a  finite  distance,  and  therefore  the  evolnte 
may  have  that  number  of  different  rectilinear  asymptotes  within 
a  finite  distance.  The  evolute  of  a  conic  therefore  has  no 
rectilinear  asymptotes.  The  evolute  of  a  curve  of  the  third 
degree  may  have  nine  rectilinear  asymptotes. 

To  a  point  on  the  involute  at  which  the  curvature  is  a  maxi- 
mum or  a  minimum,  a  cusp  corresponds  on  the  evolute ;  the 
cusp  being  at  a  distance  from  the  involute  equal  to  the  maximum 
or  minimum  radins  of  curvature. 

If  two  branches  of  the  involute  pass  through  the  same  point. 
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and  hftve  a  coromou  tangent  and  different  ciirTatDre§,  the  normil 
at  that  point  is  a  double  normal,  and  it  ia  coiiBequeotly  a  double 
tangent  to  the  evolute. 

At  a  cuap,  the  radius  of  curvature  is  zero,  w>  that  at  tb^t 
point  the  evolute  meets  the  involute  and  cuts  it  at  right  anglei. 
Hence  the  curvature  of  a  curve  at  a  cusp  is  infinite. 


Sbction  8. — On  curvature  of  plane  curvet  r^erred  to  polar 


298.]  To  determine  the  length  of  the  radius  of  cnrvature. 
Let  r  =/($)  be  the  equation  to  the  curve;  see  fig.  HO;  now 


but  r  =  the  angle  pkx  =  psx  -|-  sps. 


o 


'^   dr' 
__  r'ilf+rdrd'e  +  ldr'dS-rded'r 
dr'  +  r'de'  ' 

and  unce  from  equation  (12),  Art.  369, 
di=  (,dr'  +  r'de')i; 

(dr'  +  r'dg')* 


(61) 


'  ~  -r'dll'  +  rdrd'e  +  idr'de-rded'r' 
wlience,  if  0  is  eqaicresceat,  d'9  =  0,  and  we  liave 
_  (dr'  +  r'de^l 

'-  ±  r<i»>+ 2*'*)-r<»<(V  ■ 
and  if  r  is  equicreacent,  (f*r  =  0,  and  we  have 
_  (dr'  +  r'da*)* 

'  ~  ±  r-die+rdrd't+idr'dt'- 
The  general  value  (51)  may  also  be  deduced  from  that  of 
eqoation  (6),  Art.  282,  by  substituting  x  =  r  cos  0,  y  =  r  sin  0, 
and  calculating  the  successire  differentials  of  x  and  y,  aa  is 
done  in  Ez.  4,  Art.  77. 


(63) 
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The  following  are  examples  of  the  formnla  (52). 

Ex.  1.    To  find  the  length  of  the  radins  of  currature  of  the' 

cardioide,  r  =  a  (1  —  cos  0). 

dr  .     .  d^r  ^ 

-7-  =  d  am  0,  -yiii  =  fl  COB  ff ; 

{g*  (Bin  fl)*  +  a*  (1  -  C08  g)'}" 

~  {8o>(l-costf)}* ' 


£x.  2.    To  find  the  length  of  the  radius  of  curvature  of  the 
Spiral  of  Archimedes,  r  =  ad. 
dr  d'r       _ 

5^  =  "'        d&^=^' 

299-3  ^^  expresBion  for  the  radius  of  cnrrature  may  also  be 
put  under  an  elegant  and  simple  form,  as  follows : 

Let  the  equation  to  the  curre  be  changed  into  its  equivalent 
in  terms  of  r  and  ;>,  by  means  of  either  (19)  or  (21)  of  Art.  270; 
"o*^**'  r=fip). 


ti-try, 

9  + nil-' 

P. 

r  ' 

,-.    dT=de  + 

Tdp- 
rfr'- 

■pdr 

-p.)i 

equationH 

(23)  and  (21),  Art.  271, 

p* 

•}*' 

rdr 

r(r>-> 

(•■' 

_p.)» 

dr 

dp 

(rJ_pi)4- 

■  ■■    P 

=  ± 

d,        ^rdr 

(55) 

300.]  Which  expression  may  also  thus  be  obtained ;  see 
fig.lll :  BP  =  r,  BT  =  p,  po  =  p,  the  radius  of  curvature,  o  being 
the  point  at  which  two  consecutive  normals  intersect.  Draw 
8Z  from  8  perpendicular  to  op;  then  ps  =  by  =;»;  therefore 
from  the  geometry, 
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so*  =  sp* +  po'— 28P.PO.  siaspy, 

=  r*  +  p*-%pp.  (56) 

Tben,  since  o  and  p  remain  the  same  for  the  next  coosecntiTe 
point  ID  the  cnrre,  and  r  and  p  vary,  we  may  differentiate  on 
these  conditions,  and  we  have,  0  =  2rdr—2pdp ; 

•■■  -f  ■ 

The  geometrical  meaning  of  which  expression  may  thus  be 
shewn  by  fig.112.  Let  py,  py'  be  two  tangents  drawn  at  con- 
secntive  points  on  the  curve,  sy,  st',  the  corresponding  per- 
pendiculars irom  the  pole,  then  Ypy'istbe  angle  of  coatingence ; 

and  therefore  .  .„  i„  „„^ 

dg  =  p  X  angle  ypt  ; 

but  the  angle  ypy'  is  subtended  by  the  small  arc  ijt'=  dp,  at 
the  distance  py',  which  is  equal  to  (r*—p*)ii  therefore  the 
angle  ypt'  may  be  replaced  by 

(r>-y')*' 
and  r^lacing  d»  by  its  value  given  above,  there  results 
rdr 

'  =  -*• 

301.3  ^  compariaoD  of  the  preceding  results,  with  what  has 
been  said  in  Art.  290,  shews  that  o  is  the  centre  of  a  circle 
which  passes  through  three  consecutive  points  on  the  carve. 
Let  this  circle  be  drawn  as  in  fig.111 ;  then  pv,  the  part  of  the 
radins  vector  bp  which  is  intercepted  by  the  circle,  is  called 
the  chord  of  the  circle  qf  curvature.  Its  vdue  is  thus  de- 
termined;  „  =  2„  =  2poo.op!, 

=  2psiQSPY  =  2p", 

=  2y|.  (58) 

30s.]   Examples  illustrative  of  the  preceding  Articles. 

Ex.1,  To  find  the  lengths  of  the  radius  and  of  the  chord 
of  curvature  of  the  logarithmic  spiral,  whose  equation  between  r 
and  j}  is^  =  mr.     See  equation  (26),  Art. 272; 
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-  i- 

=  m; 

and  p  =  — ;       the  chord  =  2mr  — 
.-.     pv  =  2p>. 

=  ari 

Ex.2. 

The  involute  of  the  circle. 

?■  =  -••-«■.             Pf  =  r; 

£z.  8.    The  Lemniscata  of  Bernoulli. 

The  polar  equation  i«  r*  =  o*  coa  26.     And  if  a  =  r-',  then 
o»b'  =  aeeZ0. 


:■} 


=  Zi^^tm20 
1    _  «V  ...       ^.Sr"^ 


_  2a>;>  _  2 


Section  4. — On  evobite»  of  cttnes  referred  to  polar  coordinatet. 

309.3  '^^  following  is  the  most  coDvenient  method  of  deter- 
miniog  the  equation  to  the  evolate  of  a  polar  curve. 

Jjet  the  original  equation  be  tmnsformed  into  its  equivalent 
between  r  and  p,  so  that, 

r=f(p)i  (59) 

then,  bearing  in  mind  what  has  been  said  in  Section  Z  of  the 
present  Chapter  on  the  properties  of  evolatea,  which  are  general 
and  independent  of  the  particular  system  of  determining  posi- 
tion, the  line  po  in  fig.  Ill,  which  is  a  normal  to  the  involute, 
IB  a  tangent  to  the  evolute ;  therefore,  referring  the  evolute  to 
polar  coordinates,  r  and  p',  if  we  take  s  to  be  the  pole  of  the 
evolute,  we  have  so  =  r',  sz=p';  and  these  are  the  coordinates 
to  the  evolute ;  and  we  have  the  following  equations : 
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and  from  the  geometry,     p' =  (i"'— ^)*;  (61) 

and  trom  equation  (56),  Art.  SOO, 

r'  =  T*  +  f^~2pp;  (62) 

from  which  four  equations  we  can,  theoretically  at  least,  elinii- 
nate  r,  p,  and  p,  and  obtain  a  final  equation  involving  only  / 
and  j/,  which  will  be  the  polar  equation  to  the  evolnte. 

The  several  properties  of  evolntea,  and  the  relation  they  bear 
to  their  respective  involuten,  might  be  deduced  from  a  diacus- 
sion  of  them  referred  to  polar  coordinates ;  but  as  they  have 
been  fiilly  explained  in  the  former  part  of  this  Chapter,  it  is 
not  necessary  to  repeat  them. 

Ex.  1.  To  find  the  equation  to  the  evolute  of  the  logarithmic 
^  p  =  mr. 

dp  r 

-■.     -f-  =  m,  p  =  — ; 

.-.    /=  (l-i»>)ir,  K»  =  r»+~-2r«; 

.",     /)'  =  mr  ; 
which  represents  another  equal  logarithmic  spiral. 

The  same  result  also  follows  from  Ex.  1,  Art.  302 ;  for  since 
pv  =  2  FB,  the  perpendicular  to  bf  from  s  meets  the  normal  in 
the  centre  of  curvature,  or  according  to  the  type-figure  89,  o  is 
the  centre  of  curvature ;  therefore  the  angle  sop,  which  is  equal 
to  BPT,  is  constant ;  and  therefore  as  ro  is  a  tangent  to  the  evo- 
lute, the  locns  of  o  is  a  logarithmic  spiral,  the  angle  between 
the  radius  vector  and  tangent  of  which  is  equal  to  the  cor- 
responding angle  of  the  original  curve ;  and  therefore  the  two 
curves  are  equal. 
Ex.  2.  To  determine  the  evolute  of  the  involute  of  the  circle. 
r»  =  /<»  +  o* ; 


dr 

r 

■  ■■   p=p; 

/  =  /=.. 

-2^ 

P' 

=  a. 

Hence  the  evolute  is 

a  cirde  whose  radius 

is  a 

,  as  is  manifest      i 

from  the  figure 

87, 
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CHAPTER  Xm. 

ON  CONTACT  OP  CITKVB8  AND  ON   ENVELOPES. 
Section  1. — On  the  theory  qf  contact  of  plane  cttrvet. 

8O43  In  Art.  214  a  tangeat  ia  defined  to  be  that  line  which 
paues  througli  two  consecntiTe  points  on  a  cnrre ;  and  therefore 
it  follows  that  there  are  two  points  common  to  the  tangent  and 
to  the  curve ;  and  in  Art.  290,  it  is  shewn  that  three  points  are 
common  to  the  curve  and  to  the  circle  of  cnrvstore.  This 
property  of  curves  having  consecutive  points  in  common,  or,  as 
it  is  called,  having  contact,  it  is  our  ohject  to  generalize,  and 
with  reference  to  it  we  define  as  follows : 

Curves  which  have  two  consecutive  points  in  common  are 
said  to  have  contact  of  the  firat  order :  those  which  have  three 
cousecntive  points  in  common  are  said  to  have  contact  of  the 
second  order ;  and  similarly  two  curves  have  contact  of  the  »th 
order,  if  they  have  (n  + 1)  consecutive  p<»nts  in  common. 

Thus  ordinarily,  a  tangent  line  has  contact  of  the  first  order 
with  a  curve ;  and  the  circle  of  curvature  has  contact  of  the 
second  order. 

Curves  which  possess  these  relative  properties  are  also  called 
oscviaiinff  curvet,  and  curves  are  said  to  osculate  to  each  other. 

Nothing  is  said  as  to  carves  having  only  one  point  in  common, 
because  such  a  condition  imphes  no  more  than  that  they  inter- 
sect, and  does  not  enable  us  to  determine  the  relative  direction 
of  the  curves. 

3O6.3  Hence  then  it  appears  that  if  for  two  curves  whose 
equation,  are,        y=/(„_        ,  =  *({),  (1) 

we  have  the  series  of  common  pmnts  indicated  in  the  following 
table, 

.     {[  ,  the  two  carves  intersect; 
(f,  l) ' 

{x,y),  (x  +  dx,  9  +  dy))      the  two  curves  have  contact  of  the 

l£,n),  (f  +  «^,  l  +  rfn)*'    first  order; 

(•i^.y).  (*  +  <ir.  y  +  dy),  (it  +  idx+d*x,y  +  Zdy-+d*y)} 

the  two  curves  have  contact  of  the  second  order ; 
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and  similarly  as  to  contact  of  the  »th  order,  for  which  it  ia  ne- 
cesaary  that  the  successive  differentials  of  the  variables  up  to 
the  nth  should  be  equal  in  both  curves. 

These  cooditioDS  become  greatly  simplified  if  we  consider 
X  and  f  to  be  equicrescent,  and  each  to  increase  by  the  same 
at^^ent,  in  which  case  the  several  differentials  of  x  and  {, 
after  the  first,  vanish ;   and  we  have,  if 

'  ~      i  ,  intersection  of  the  curves; 

V  =  y) 

f  =  ^l  -„^^^^ 

V  =  y 

i  =^  xidTt^dy   ^^j  d*r,  _  d*y 

ri  =  yy   di       dx'  df 

and  if,  besides,  all  the  several  successive  differential  coefficients, 

up  to  the  nth  inclusively,  are  equal  in  both  curves,  there  is 

contact  of  the  nth  order. 

Hence,  if  two  curves  hav^  contact  of  the  first  order,  they 
have  a  point  in  common,  and  the  same  tangent  at  the  point; 
and  therefore  the  tangent  has  contact  of  the  first  order.  And 
if  two  curves  have  contact  of  the  second  order,  they  have  not 
only  a  common  tangent  at  the  common  point,  but  the  curva- 
ture is  the  same,  and  is  tamed  in  the  same  direction;  that  is, 
they  have  the  same  circle  of  curvature. 

S06.]  Hereby  then  the  criterion  of  the  order  of  contact 
assumes  a  new  form;  it  depends  on  the  nnmber  of  the  suc- 
cessively-derived functions  of  the  equations  to  the  curves  whidi 
are  equal ;  hence  we  are  led  to  the  following  mode  of  viewing 
the  subject,  from  which  many  important  properties  may  be 
deduced. 

Let  y=fix),      T  =  *(f),  (2) 

be  the  equations  to  the  two  curves,  which  have  a  common  point ; 
that  is,  let  «  =  f,  ^  =  I) ;  and  let  y  and  >]'  be  the  ordinates 
corresponding  to  the  abscissa  x+h;  then 

y'  =  /(»)  +  j/w  +  ^rw  +  •••  +  iX3-''"+**''  ''' 
n  =  *W  +  y *'(*)  +  ^  *"(«)  + ...  +  j-|J^  *■(»+  eh)*.  (1) 

*  Bit  used  as  the  general  symbol  of  a  proper  fraction,  and  doea  not  necei- 
Htril;  represent  the  same  quantity  in  (3)  and  {4),  or  in  the  subeequent  equa- 
tions :  this  is  nunifest  from  the  argument  of  Ch»pter  tV. 


,,  Google 


306.]  CONTACT  OP  CUBVBS.  463 

Therefore  if  the  contact  is  of  the  first  order,  that  is,  if  n  =  3, 
f{x)  =  <t>(x),      fix)  =  ^'{x);    and 

y'-^'=  ~{/"{j?  +  tfA)-f' (*-)  $h)];  (5) 

that  is,  if  h  is  infiniteBimal,  the  difference  between  the  ordi- 
nates  corresponding  to  a?  +  A  is  an  infinitesimal  of  the  second 
order. 

And  no  other  line  can  pass  between  these  two  curves,  unless 
it  has  with  each  of  them  a  contact  of  at  least  the  first  order ; 
for  suppose  it  to  he  possible  that  the  ordinate  ^i  corresponding 
to  the  abscissa  x-\-hot  the  cnrve  y  =  v{3!)  should  be  such  that 
f'(x)  is  not  equal  tof{x),  then 

tf'-Vi  =  j{/'(a^  +  M)-p'(*+OA)}:  (6) 

which  difference  is  obviously  greater  than  that  given  in  (5),  if 
h  is  infinitesimal ;  and  therefore  the  cnrve  y  =  r(x)  does  not 
come  between  the  curves  y  =/(x)  and  y  =  <t>ix). 

If  the  contact  is  of  the  second  order,  then,  besides  the 
former  conditions,  we  have 

f'(a!)  =  <f"ix); 
and,  if  n  =  3,  then  subtracting  (4)  from  (3),  we  have 

^-T,-=  Y^  {/"V  +  flA)-0"'(a7  +  flA)};  (7) 

that  is,  the  difference  between  the  ordinates  corresponding  to 
the  abscissa  ^4  A  is  an  infinitesimal  of  the  third  order. 

And  if  there  is  another  curve,  y  =  r  (x),  such  that  r"{x)  is 
not  equal  to /"(*),  although  v^(x)  =f\x) ;  then,  if  y\  is  the  or- 
dinate of  this  third  curve  corresponding  to  the  abscissa  x-{-h, 

y'-yi  =  ^  {/"{*+«A)-pV+flA)};  (8) 

which  difference,  being  an  infinitesimal  of  the  second  order,  ia 
obviously  greater  than  that  given  by  equation  (7) ;  and  there- 
fore this  third  curve  does  not  come  between  tlie  first  two  curves. 
Similarly,  if  the  contact  between  two  curves  is  of  the  nth  order, 
the  difference  of  the  ordinates  corresponding  to  jt  +  A,  whtn  A 
is  infinitesimal,  is  an  infinitesimal  of  the  (n  +  l)th  order.  Hence 
we  have  the  following  theorems : 

*'  Two  curves  which  have  contact  of  the  nth  order  are  infi- 


,,  Google 


464  CONTACT  OF  CURVES.  [SO?- 

nitelj  nearer  to  one  another  than  two  curves  which  have  con- 
tact of  an  order  lower  than  the  nth." 

"  A  carve  which  has  contact  of  the  nth  order  cannot  come 
between  two  carves  which  have  contact  of  an  order  higher 
than  the  nth." 

"  Two  curves  which  have  contact  of  the  nth  order  with  a  third 
curve,  have  contact  of  at  least  that  order  with  each  other." 

S07.]  An  inspection  of  the  equations  (6)  and  (7)  above,  ^d 
of  other  eqnations  formed  in  a  similar  manner,  and  giving  the 
difference  between  the  ordinates  y'  and  *)'>  corresponding  to  the 
several  orders  of  contact,  leads  to  the  following  theorem : 

"  If  the  contact  of  two  curves  is  of  an  odd  order,  they  touch 
and  do  not  intersect ;  and  if  the  contact  is  of  an  even  order, 
they  touch  and  intersect" 

For  suppose  the  contact  to  be  of  the  nth  order. 

Then,  if  n  is  even,  j/—  r/  changes  its  sign  as  k  changes  sign; 
and  therefore /(«— A)— ^(a-— A)  tmd /[x  +  h)—<p(x+h)  have 
different  signs,  and  therefore  the  curves  intersect  at  the  point 
of  contact.  But  if  the  coutact  ia  of  an  odd  order,  n  is  odd 
and  n  -f  1  is  eveuj  and  i/~  n'  does  not  change  sign  with  A ;  that 
is,  the  curve  which  was  nearer  to  the  axis  of  .7  befoi«  contact  is 
nearer  to  it  afterwards,  and  the  curves  do  not  intersect. 

308,]  Suppose  two  corves,  of  one  of  which  the  equation  is 
given,  nnd  contains  certain  fixed  constants  bo  that  its  form  and 
position  are  completely  determined ;  and  the  equation  to  the 
other  involves  arbitrary  constants,  in  the  determination  of  which 
we  may  make  the  curve  fulfil  certain  conditions ;  we  will  shew 
that  these  latter  may  be  satisfied  by  making  the  curve  have 
with  the  former  curve  a  contact,  the  order  of  which  depends  on 
the  number  of  undetermined  constants. 

Let  r(x,y)  =  0,  (10) 

be  the  equation  to  the  former  carve ;  and 

f{£,rt,ci,c^ c,)  =  0,  (U) 

that  to  the  latter,  in  which  Ci,  Ct, c^  are  n  arbitrary  con- 
stants, and  to  be  determined.  By  the  theory  of  algebraical 
elimination  it  is  plain  that  there  must  be  n  independent  equa- 
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tioQB  to  deternuoe  the  s  unknown  quantities ;  let  n  equations 
be  formed  hj  making  the  curve  pass  through  n  given  points, 
that  is,  b;  substituting  succesaivelj  the  coordinates  to  the  given 
points  for  the  current  coordinates  to  the  curve  in  its  equation ; 
and  let  us  suppose  these  »  points  to  be  on  the  curve  (10),  and, 
which  is  allowable,  to  be  infiuiteBimally  consecutive  points; 
then  making  x  and  f  equicrescent,  and  variables  with  the  same 
augments,  in  the  two  curves,  hj  the  latter  part  of  Art.  305, 
all  the  saccessivelj-derived  functious  up  to  the  (n— l}th  of  the 
equations  of  the  two  curves  must  be  equal;  up  to  the  (n— l)th, 
I  say,  for  thereby  will  n  consecutive  points  be  common,  and 
sufficient  conditions  will  have  been  introduced  for  the  determi- 
nation of  all  the  constants. 

And  if  the  latter  curve  has  with  the  former  a  contact  of  an 
order  lower  than  the  (»  — l)th,  the  conditions  will  not  be  suffix 
cient  to  determine  all  the  n  constants ;  and  therefore  the  form 
and  position  of  the  latter  curve  may  vary ;  and  the  number  of 
curves  satisfying  the  conditions  is  infinite. 

309.^  Suppose  the  equation  to  the  latter  curve  to  contain 
two  arbitrary  constants,  and  to  be  of  the  form, 

/(f.'!,'^i,C,)  =  0;  <12) 

then,  differentiating, 

(f.f+(f).,  =  0;  ,,3, 

by  means  of  which  equations,  when  x  and  y  are  substituted  for 
f  and  If,  in  combination  with  r  (7,  y)  =  0,  we  may  determine 
Ci  and  C],  and  find  a  curve  which  will  have  contact  of  the  first 
order  with  the  latter  curve. 

Ex.  1.  To  determine  the  values  of  the  constants  a  and  b,  ao 
that  the  straight  line  whose  equation  is 

t .  i_. 


(14) 


may  have  contact  of  the  first  order  with  the  curve 

r(i,S)  =0. 
Since  (14)  is  to  pass  through  a  point  on  (15),  we  haye 

Also  differentiating  (14), 
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and  from  (15),  {■£)  dx  +  [^)  dy  =  0 ;  <18) 

and  since  dt)  and  d(  are  to  he  equal  to  dy  and  dx,  we  have 
from  the  laat  equations 

and  multiplying  (16)  by  the  terms  of  this  equality,  there  results 

«-')©+..-.)  0  =  0, 

which  is  the  equation  to  the  tangent  to  the  curve  at  the  point, 

and  which  has  therefore  contact  of  the  first  order  with  the 

curre. 

Also  from  (17)  -j^;  =  0;  and  therefore  if  at  any  point  oa 

d*y 
the  curre  -j-^  =  0,  the  tangent  will  have  contact  of  the  second 

order;  hence  at  a  point  of  inflexion  such  is  the  case.  Similarly 
if  the  several  derived-functions  of  the  equation  to  a  curve  up  to 
the  nth  inclusive  vnnish  at  a  certain  point,  the  tangent  at  the 
point  will  have  contact  of  the  nth  order  with  the  curve. 

Hence  it  appears  that  a  straight  Hue  can  generally  have 
contact  of  only  the  first  order  with  a  curre,  but  may  have  con- 
tact of  any  order  if  the  differential  coefficients  of  the  eqnatioa 
to  the  curve  vanish  at  the  point ;  that  is,  if  many  points  of  the 
curve  are  at  that  point  in  one  and  the  same  straight  line. 

810.]  If  the  equation  to  the  latter  curve  involves  three  coft- 
stants,  and  Is  of  the  form 

/{f ,  >),  ci,  «j.  c,)  =  0; 
then,  if  f  is  equicrescent,  we  have, 

by  means  of  which  equations,  when  at  and  y  hare  been  sub- 
stituted for  I  and  rj,  in  addition  to  f  (ar,  y)  =  0,  the  constaata 
may  be  eliminated ;  and  the  carve  which  has  contact  of  the 
second  order  with  the  given  curve  may  be  determined. 


,,  Google 


310.]  CONTACT  OF  CORVES.  467 

Ex.  1 .  To  determine  the  conditions  of  contact  of  h  circle  vith 
a  given  curve. 

For  the  sake  of  aimplicity  let  the  equation  to  the  given  carve 
be  in  the  explicit  form,  _  ,..  .  ,|gj 

Bud  let  the  equation  to  the  circle  be, 

(f_a)»  +  {,-^)»  =  p»;  (20) 

in  vhicb  three  arbitrary  constants  are  involved ;  hence  ordi- 
narily  the  circle  may  have  contact  of  the  second  order  with  a 
given  curve.  Accordingly,  differentiating  twice,  and  taking 
neither  variable  to  be  equicrescent,  we  have 

(f-a}</f  +  (n-^)dr,  =  0.  (21) 

(f-o)rf*f  +  (ij-^)rf'')4rff»  +  di''  =  0;  (22) 

whence,  by  elimination 

"f-^-  dndH-d^d*n'  ^^' 

and  therefor.  ,«  =  ^^ig!±^^;  (25) 

and  replacing  i),  f,  ttnd  their  diflerentials  by  y,  x,  and  their 
differentiats ;  and  putting  dx*  +  iy*  =  d«*,  we  have 

.       J  I  ''''■'!' (26) 

^"'-dyd's-Ld'y'-  '"> 

which  are  severally  the  coordinates  to  the  centre,  and  the  radius 
of  the  circle  which  has  contact  of  the  second  order  with  the 
curve. 

If  X  is  taken  to  be  equicrescent ;  and  if  the  above  expressions 
are  modified  accordingly,  it  will  be  seen  on  comparing  them 
with  (9)  and  (33)  of  the  last  Chapter,  that  they  are  the  same  as 
those  determined  for  the  ooordinetea  of  the  centre  of,  and  for 
the  radius  of  curvature ;  and  ther^ore  the  osculating  circle,  or 
that  circle  which  has  contact  of  the  second  order  with  a  curve, 
303 
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is  identical  with  the  circle  of  cnrvature ;  and  all  the  properties 
which  were  in  the  Ust  Chapter  proved  to  beloog  to  the  aicle  of 
ciuratnre,  are  also  equally  true  of  the  osculating  circle. 

Hence,  and  from  Art,  307,  it  appears  that  a  circle,  which  hat 
contact  of  the  second  order  with  a  curve  at  a  given  point,  cuts 
the  curve  as  well  as  touches  it;  that  is,  as  at  such  a  point  the 
curvature  continuously  varies  without  a  singular  value,  the  os- 
culating circle  is  wholly  within  the  carve  on  the  side  towards 
which  the  curvature  decreases,  and  is  without  it  on  that  towards 
which  the  curvature  increases. 

8II.3  Let  us  consider  whether  nnder  any,  and  if  so,  nnder 
what  circumstances  the  osculating  circle  determined  as  above 
has  contact  of  the  third  order  with  a  given  curve. 

In  (21)  and  (S2),  replacing  f  and  i;  by  ^  and  g,  we  have 

{j:-a)(te+(y-^)rfy  =0,  (29) 

(ig-a)d*x+(t/-p)d'i/  +  dy*  +  ds'  =  0;  (80) 

therefore,  differentiating  again,  since  the  contact  is  to  be  of  the 
third  order, 

(a.-o)(f»x  +  (y-^)rf»y  +  3(<ird>ir+rfyd»y)  =  0;        (31) 
whence,  by  cross-multiplication,  from  (39),  (30)  and  (31),  we 
have, 
8  ((te  d V  +  dy  rf*y)  (dx  4py — dy  d*x) 

■+(d'xdy~d'ydx){dx*  +  dy*)  =  0;    (82) 
and  since  da'  =  dx'  +  dy' ; 

.-.     dsd'a  =  dxd'x  +  dyd'y; 
therefore  (32)  becomes 

ad'aidxdh/-dyiPx)  +  ds(d'xdy-d'ydx)  =  0,  (38) 
which  condition  must  be  eatislied,  so  that  the  circle  may  have 
contact  of  the  third  order. 

ds' 


Also  since 


dxd'y—dyd'x 


_Sd«'d's(,dxd*y~dyd^x)-d^(dxd>y-dyd'x) 
•'■     '*''  -  idxd*y-dyd*x)*  '  ***' 

the  numerator  =  0,  by  virtue  of  equation  (83) ;  therefore  dp=:Oj 
and  p  is  a  maximum  or  a  minimum,  or  a  constant.  Therefore  if 
at  any  point  of  a  curve  the  radius  of  curvature  is  a  maximum 
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or  a  minimuiD  or  constant,  the  osculating  circle  at  thnt  point 
hfia  contact  of  the  third  order  at  least. 

Thns  in  an  ellipse  the  mdius  of  curvature  has  singular  values 
at  the  extremities  of  the  principal  axes ;  at  these  points  there- 
fore the  circle  of  curvature  has  contact  of  the  third  order. 

And  if  at  any  point  on  a  curve  the  curvature  is  a  maximum 
or  a  minimum,  so  that  the  contact  is  of  an  odd  order,  the  osca- 
lating  circle  tonches  but  does  not  intersect  the  curve :  falling 
entirely  within  it  when  the  curvature  is  a  maximum,  and  en- 
tirely without  it  when  the  carvature  is  a  minimum.  In  gene- 
ral too,  in  a  closed  curve  which  has  no  points  of  inflexion  or 
cusps,  such  as  an  ellipse,  the  curvature  has  at  least  one  maxi- 
mum and  one  minimum  value,  and  necessarily  has  the  same 
number  of  miuimn  as  of  maxima. 

312.]  Hence  also  it  appears  that,  as  the  complete  equation 
of  the  second  degree  of  two  variables  is 

M'  +  BflJ  +  Cf'  +  DlJ  +  Bf +  p  =  0, 
which  involves  apparently  six  constants,  but  of  which  only  five 
are  arbitrary,  because  one  fixes  the  standard  of  comparison,  a 
central  curve  of  the  second  degree,  with  all  its  terms  complete, 
may  have  generally  contact  of  the  fourth  order  with  a  given 
curve ;  but  as  in  the  case  of  the  parabola  one  relation  is  given 
amongst  the  constants,  only  four  are  arbitrary,  and  therefore  a 
parabola  can  have  contact  of  only  the  third  order.  Similarly 
with  regard  to  the  ellipse,  if  certain  conditions  are  given,  the 
number  of  disposable  constants  becomes  diminished,  and  the 
order  of  contact  is  lowered ;  as,  for  instance,  an  ellipse  with  its 
major  axis  parallel  to  the  axis  of  x  has  for  its  equation 

(f-o)'     (n-ff)*  _  1 

a*  b*  ' 

which  has  only  four  arbitrary  constants,  a,  ^,a,b;  and  there- 
fore there  can  be  contact  of  only  the  third  order.  Similarly,  if 
in  addition  the  ellipse  is  to  be  of  a  given  eccentricity,  a  relation 
is  given  between  a  and  b,  and  we  have  only  three  arbitrary  con- 
stants, and  the  contact  can  be  of  only  the  second  order. 

Thus  again  suppose  the  problem  to  be,  to  determine  the  co- 
ordinates to  the  vertex  and  the  latus  rectum  of  a  parabola, 
whose  principal  axis  is  parallel  to  the  axis  of  ^,  and  which  has 
contact  of  the  second  order  with  the  cnrve  y  =  f{x). 
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Let  a  and  ^  be  the  coordinates  to  the  vertex  of  the  parabola, 
and  im  the  latus  rectum;  tben 

(n-^)»  =  4m{f-a);  (85) 

whence,  replacing  (,  i),  and  their  differentials  b;  x,  y,  and  their 
differentials,  we  have 

dy^  ^ 

^  =  ,+  §1,  »  =  --^i  (36, 

dx'  di' 

i^=--±L;  (37, 

a*y 

B^  means  of  (36),  in  combination  with  the  equation  to  the 
curve  y  =  f{x),  we  may  find  the  locus  of  the  vertex  of  the  para- 
bola, as  the  point  of  contact  moves  along  the  given  curve. 

It  is  required  to  determine  the  system  of  conies  which  shall 
have  contact  of  the  third  order  at  the  origin  with  the  conic 
x*  +  2  bxy  4-  cy*  +  2  ey  =  0. 

Let  the  general  equation  to  the  required  conies  be 
iT*  +  2  BjTff  +  cy*  +  a  DiT  +  2  By  +  F  =  0. 
As  these  conies  are  to  pass  through  the  origin,  p  =  0 :  and  as 
they  are  to  have  the  same  tangent  at  the  origin,  -^  is  the  same 

are  at  the  origin  to  be  the  same  in  both,  we  have  s  =  e,  a  =  i; 
so  that  the  equation  to  the  required  conic  is 

ir'  +  2Aary  +  cy»  +  2ey  =  0, 
wherein  c  is  undetermined ;  and  therefore  we  have  a  system  of 
conies  fulfilling  the  conditions  of  the  problem.     If  the  required 
curve  is  a  parabola,  then  c  =  A*;  and  the  equation  to  the  para- 
bola is  I    .1      a  i\ 
(*4Ay)*+2«y  =  0, 

which  is  the  original  curve;  and  therefore  no  conic  except  itself  can 
have  contact  of  the  third  order  with  a  jurabola  at  a  given  point. 
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Section  2. —  T?ie  theory  of  envelopet. 

313.]  In  the  diBcussion  of  the  relative  properties  of  evuiutes 
aod  involute)!,  in  Chapter  XII,  Arta.  294  and  303,  it  ia  proved 
that  the  normal  to  the  involute  is  a  tangent  to  the  evolnte; 
or,  in  other  words,  that  aa  each  normal  to  the  involute  passes 
through  two  consecutive  points  of  the  evolute,  the  latter  curve 
may  be  imagined  to  be  made  up  of  an  infinite  number  of  in- 
finitesimal straight  lines,  each  of  which  is  a  part  of  a  normal 
to  the  involute ;  thus  we  say  that  the  evolute  is  formed  by  the 
intersection  of  consecutive  normals.  To  take  another  caao :  let 
us  conceive  a  system  of  straight  lines  infinite  in  number,  and 
varying  in  position  iufinitesimally  from  each  other,  such  that 
the  perpendicular  from  a  given  point  on  each  of  them  is  the 
same;  then  the  curve  formed  by  the  intersection  of  all  is  a 
circle.  Or  again,  suppose  that  an  infinite  number  of  equal  cir- 
cles have  their  centres  along  a  straight  line,  and  infinitesimally 
near  to  each  other;  then  they  all  intersect  in,  and  by  their  in- 
tersections form,  two  straight  lines  parallel  to  the  given  line. 
Curves  formed  in  this  manner,  by  the  ultimate  intersection  of 
straight  lines  or  curves  drawn  accordiug  to  some  given  law,  are 
called  envelopes,  and  are  said  to  envelope  the  fatnily  of  strugfat 
lines  or  curves.  We  proceed  to  discuss  the  general  theory 
of  them. 

It  is  plain  from  algebraical  as  well  as  geometrical  reasoning, 
that  if  an  equation  to  a  curve  is  given,  involving  one  or  more 
Constanta,  as  well  as  the  current  coordinates,  the  position  and 
dimensions  of  the  curve  will  be  changed  by  a  change  in  the 
constants,  and  yet  generally  the  kind  of  curve  will  remain  the 
same;  that  is,  a  variation  of  a  constant  may  involve  a  specific 
though  not  a  generic  change  of  curve.  A  constant  that  enters 
into  an  equation,  and  varies  in  the  way  ahove  explained,  is 
called  a  variable  parameter.  Thus  in  the  equation  to  a  para- 
bola, y*  =  ^mx,  as  m  varies,  the  form  of  the  parabola  will  vary, 
because  its  latns  rectom  varies,  though  its  vertex  and  principal 
axis  are  unaltered.     In  the  equation  of  the  ellipse 


a  and  b  may  be  variable  parameters;  in  which  case,  changes 
of  them  will  involve  a  change  of  an  individual  ellipse,  though 
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the  family  represented  by  the  equation  will  remain  that  of 
ellipaeB  still. 

314.]  Let  the  equation  to  the  family  of  curves,  of  which  it 
is  our  object  to  determine  the  envelope,  involve  only  one  para- 
■n.ter..ndbe  ,(,,„,.)  =  0,  (38) 

in  which  a  is  the  variable  parameter;  so  that  for  every  value  of 
a  we  have  some  particular  curve,  but  if  we  make  a  to  vary  in- 
finitesimally  and  continuously,  we  have  a  series  of  curves,  the 
position  of  each  one  differing  infinitesimally  from  that  of  the 
next.  Suppose  a  to  receive  a  variation  da,  then  the  two  curves 
whose  equations  are  (38)  and 

r(x,y,a-\-da)  =  0,  (39) 

are  in  position  infinitesimally  near  to  another;  but  owing  to 
the  variation  of  a  they  will  in  general  intersect  in  some  point, 
which  will  be  determined  by  x  and  y  being  the  same  in  both 

(38)  and  (39),  and  which  will  be  a  point  on  the  envelope.  If 
therefore  we  eliminate  a  between  (38)  and  (39),  the  resoltiDg 
equation  will  involve  only  x  and  y,  and  will  be  the  equation  to 
the  envelope. 

Before  however  we  proceed  to  apply  the  method,  we  may  put 

(39)  under  a  more  convenieat  form.     By  (21),  Art.  116, 
rix,y,a  +  da.)  =  r  (x,y,  a)  +  da^  (x,y,  a+  0da)  =  0; 

and  therefore  by  reason  of  equation  (88) 

r'{gyy,a  +  9da)  =0; 
and  therefore  in  the  limit,  when  da  is  infinitesimal, 

p'(a7,y,o)  =  0.  («) 

To  determine  therefore  the  envelope  of  the  family  of  curves 

whose  general  equation  is   f  (j?,  y,  a)  =  0,  and  of  which  the 

several  individuals  are  formed  by  making  a  to  vary,  we  most 

eliminate  a  between  y  =  0,  and  -^  =  0. 
da 

The  geometrical  conception  of  ench  envelopes  evidently  re- 
quires that  the  particular  carve  and  the  envelope  should  have 
the  same  tangent  at  their  common  point.  And  this  truth  is 
also  manifest  from  the  following  considerations : 

Differentiate  (88),  making  x,  y  and  a  to  vary,  then 
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but  bj  reason  of  (40),  -=-  =  0;  therefore,  whether  a  variea  or 
not,  we  have  the  same  equation,  viz. 

(£)*'+©*  =  <'. 

whereby  to  determine  -p;   and  therefore  the  tangent  is  the 

same  to  the  envelope  and  to  each  curve  at  their  common  point. 

816.]  Ex.  1.  To  detennine  the  equation  to  the  curve  formed 

by  the  intersection  of  the   straight  lines  whose   equation  is 

m       , 
y  =  af  H ,  whtfe  a  vanes. 

Differeatiatiiig  with  respect  to  a,  x  and  y  being  constant,  we 
have  , 

o=.-5.      ...  «=±{^)S 

■'-     y  =  ±  {  ■v^('»*)  +  Vimx)} ; 
y*  =  4t»d:; 
which  is  the  equation  to  a  parabola. 

Ex.  2.  To  determine  the  envelope  of  the  straight  lines,  of 
which  the  general  equation  is  y  =  ax  +  (i^cfl  +  t^)i,  wherein  a 
varies. 

Differentiating  with  respect  to  a,  we  have 

b  X 


=  «+- 


substituting  which  in  the  general  given  equation,  and  redodng, 
we  have  .         , 

a»  +  Ji  -  *■ 

On  examination  of  these  two  examples  it  will  be  seen,  that 
the  determination  of  envelopes  produced  by  straight  lines  is  the 
inverse  one  to  that  of  finding  the  equation  to  a  tangent  to  a 
curve;  for  the  two  equations  to  the  straight  lines  given  in  the 
two  preceding  examples  are  those  known  by  the  name  of  the 
"magical"  equations  to  the  tangents  severally  of  the  parabola 
and  the  ellipse.  In  this  case  then  we  have  the  equation  to  the 
tangent  given,  and  the  problem  is,  to  determine  the  curve ;  in 
the  other  case  Uie  equation  to  the  curve  is  given,  and  we  have 
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to  determine  that  to  the  tangent.  Hence  the  method  of  enve- 
lopes has  been  sometimes  called  "  the  inverse  method  of  tan- 
gents." 

The  geometrical  property  involved  in  Ex.  1  is,  "  From  a  point 
in  the  axis  of  >,  at  a  distance  m  from  the  origin,  lines  are  drawn 
catting  the  axis  of  ^ ;  at  the  points  of  intersection  other  lines 
are  drawn  perpendicular  to  these ;  to  find  the  envelope  of  these 
latter  lines."  And  that  involved  in  Ex.  2  is,  "  To  find  the 
envelope  of  a  aeries  of  straight  lines  drawn,  bo  that  the  product 
of  the  two  ordinates  at  distances  +  a  from  the  origin  may  be 
eqoal  to  b*." 

Ex.  3.  To  determine  the  envelope  of  all  parabolas  expressed 
by  the  equation  y  =  ax —  x*,  wherein  a  varies. 

Differentiating,  with  respect  to  a,  we  have 

fi  =  x-~x*;  .-.     a=^; 

The  envelope  therefore  is  another  parabola,  having  its  focna  at 
the  origin. 

Ex.  4.  It  is  required  to  find  the  envelope  of  normals  drawn 
to  a  given  curve. 

Let  the  equation  to  the  curve  be  y  =/(»);  then  the  equa- 
tion to  the  normal  ii 

('j-ff)^+f-»  =  0.  (42) 

Differentiating,  considering  tj  and  f,  which  are  the  current 
coordinates  to  the  normal,  to  be  constant,  we  have 

From  which,  and  from  (42), 

d^  dji 

dx'  ,  *  dx'tty 

'  =  "+-15-     ^  =  '—^I--    <"' 

dx'  dx* 

which  are  the  same  expressions  as  (88),  Art.  288 ;  and  therefore 
the  evolute  is  the  envelope  of  the  normals.    The  method  pur- 
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saed  above  is  manifeatly  the  same  as  that  of  Chapter  XII,  bnt 
expresBed  in  different  language. 

816.]  If  the  equation  repreBenting  the  family  of  curves  in- 
volve many,  say  n,  variable  parameters,  and  these  parameters 
are  related  by  (n  — 1)  other  and  independent  equatioss,  which 
conditions  are  equivalent  to  there  being  only  one  variable  para- 
meter,  instead  of  eliminating  (n— 1]  parameters,  and  then 
differentiating  with  respect  to  the  remaining  one,  and  proceed- 
ing as  in  the  last  Article,  the  following  method  is  more  el^ant. 
Let  the  equation  to  the  family  of  curves  be 

tix,y,  a,,<ig,03, 0,)  =  0;  (4S> 

and  let  the  (n  — 1)  equations  of  condition  be 

/i(oi.  a». a»)  = 

/»(«!.  oa On)  =  0, 


(46) 

/(«-!)  KjO*) Of.)  =  0.  J 

Let  auatiOf, Oq  vary  by  infinitesimal  variations;  theu 

)rfa,+    +  {^)dan=Oi  (47) 


m^'Mm"'.^ +(^)-- 


■ j-  (48) 

Now,  if  T  and  y  are  the  same  in  (4i5)  and  (47),  they  refer  to 
the  point  in  the  envelope  where  the  two  particulnr  curves  of  the 
family  intersect ;  and  therefore  if  the  several  variable  para- 
meters  and  their  differentials  can  be  eliminated,  the  resulting 
equation  between  x  and  y  will  represent  the  locus  of  the  points 
of  intersection,  which  will  be  the  envelope  required. 

By  equations  (45) (48)  we  have  2n  different  rela^ 

tions,  from  which  (2n  — 1)  quantities,  viz.  ai,  oj,  a^ a„ 

-j-^ .  ""' ,  are  to  be  eliminated:  which  is,  of  coarse,  a 

oon  aa„ 

possible  problem.    To  solve  it,  multiply  the  (n— 1)  equations 

in  (48)  by  (»— 1)  indeterminate  multipliers  Ai,Ai,  Ag, Aa_i, 

and  add  all  and  (47)  together ;  by  whieh  means  there  will  be  n 

conditicHU  involved  in  one  equation ;  and  therefore  we  are  tA 

3pa 
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liberty  to  make  n  new  coaditions.     Let  these  be  that  the  co- 

effiidentB  of  the  differeatials,  vis.  dai,  da^, da^  be  equal 

to  zero ;  wbeDce  we  have 


and  between  the  equations  (15),  (46),  and  (49),  which  are  3s 

in  number,  we  may  eliminate  the  (2n  —  1)  quantities,  ai,at, 

<tn>  ^ii  ^t, K-h  and  ultimately  arrive  at  an  equation  be- 
tween X  and  y  only,  which  will  be  the  required  envelope  to  the 
family  of  curves. 

In  the  particular  case  in  which  the  general  equation  contains 
only  two  variable  parameters,  and  one  equation  is  given  con- 
necting them,  the  result  assumes  a  form  identical  with  that 
considered  in  Art.  168;  and  therefore,  as  is  therein  shewn,  the 
ratio  of  the  coefficients  of  the  above  differentials  in  the  two 
differential  equations  is  constant. 

317.]    Ex.  1.  To  find  the  envelope  of  a  series  of  straight  *" 
lines,  such  that  the  perpendiculars  from  the  origin  on  them  are 
equal  to  a  given  straight  line  c. 

Let  a  be  the  angle  which  the  perpendicular  on  any  one  of 
the  lines  makes  with  the  axis  of  x ;  then  the  equation  to  the 
'"^"  afcostt  +  ysina  =  c;  '  (50) 

whence,  differentiating  with  respect  to  a, 

ycosa  — ;rsina  =  0;  (51) 

whence,  squaring  and  adding  (50)  and  (51),  and  beuring  in 
mind  the  condition  (cos  a)*  -j-  (sin  a)V=  1,  we  have 

x^  +  y'  =  c'; 
the  equation  to  a  circle,  which  is  manifestly  correct. 

Ex.  3.  A  straight  line  of  given  length  slides  down  between 
two  rectangular  axes;  to  find  the  envelope  of  the  line  in  all 
positions. 
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Let  c  be  the  length  of  the  line ;  a  and  b  the  intercepts  of  the 
axea  of  x  and  y  by  the  line :  then  the  equation  to  the  Une  is 

S  +  5  =  ">  <52) 

wbemn  a  and  b  are  connected  by  the  equation 

o»  +  4>  =  c».  (58) 

Diflerentiatiiig  therefore  (5i)  and  (53)  by  making  a  and  b  to 
vary,  we  have 

^da  +  ^db  =  0, 

ada  +  bdb  =  0; 
and  therefore,  by  reason  of  the  remark  at  the  end  of  the  last 

Artid«.  f_      y_      ^      y^ 

a'  _  b^  _    a   _    b    _J_. 
T~  b   ~?~7»~e»' 

.-,     a  =  «*ff*,  b  =  y*e*; 

.-.     «>  +  ft»=  (ar«+y«)c*; 

.*.    «*  +  y'  =  e*. 

Which  carve  is  drawn  in  fig.  45,  and  of  which  therefore  the 

length  of  the  tangent  intercepted  between  the  two  rectatigalar 

axes  is  constant. 

Ex.  8.    To  find  the  envelope  of  a  series  of  concentric  and  co- 
axal ellipses,  of  which  the  area  is  constant. 

fi  +  |;  =  l,  .*=.■; 

o"  0"  a        b 

■     a»  ~  ft»  ~  2' 


the  equation  to  a  hyperbola  referred  to  its  asymptotes  as  axes, 

Ex.  4.    To  find  the  envelope  of  a  system  of  straight  lines 
whose  equation  is  -      « 

^  +  1  =  1,  (54) 
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dimdi 

being  relatM 

by 

the  equation 

J^-f 

db 

=  0.          - 

-s= 

^0 

[3'7- 

(55) 


^         m  /         m 

IJL  ' 


(ff+ 


The  equatioD  to  a  parabola,  referred  to  two  tangents  as  coordi- 
nate axes,  the  intercepts  of  which  by  the  curve  are  /  and  m. 

The  geometry  of  the  problem  is  represented  in  fig.  112: 
OA  =  a,  0B  =  b,  oi.  =  t,  oif  =  m^  therefore  hl  is  the  fixed 
line  whose  equation  is  (55),  and  of  which  a  and  b  are  current 
coordinates ;  and  ab  is  the  varying  line  whose  equation  is  (54). 
The  formation  of  the  curve  is  manifest  ^m  the  figure. 

£x.  5.  The  centres  of  a  series  of  equal  circles  are  on  a  given 
straight  line ;  it  is  required  to  find  the  envelope. 

Let  the  equation  to  the  given  straight  line  be 
xeosa-i-y  waa  =pi 
and  X,  y  being  the  coordinates  to  the  centre  of,  and  f,  17  the 
current  coordinates  to,  the  circles  of  radius  c ;  their  equation  is 

(f-«)'  +  ('(-y)'  =  0; 

whence,  differentiating,  we  have 

cos  a  {fo  +  sin  a  (fy  =  0, 
{i-x)dx  +  {ri-y)dy  =  0; 
f— J  _  j|— y  _    ,      _  f  cosa+jjsina— (a?C08a+if«in») 
*'    COB  o  ~  sin  o  "~  —    ~  (C08o)»  +  (8ina)* 

=  (coBa-f-i}sina— j>; 
.•.     fcoBo  +  i)8ina=j)  +  c; 
the  equation  to  two  straight  lines  parallel  to  the  given  line,  and 
at  distances  +  c  from  it 
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Ex.  6.  From  a  giren  point  on  the  circumference  of  a  drcle 
chords  are  drawn,  and  on  these,  as  dinraetera,  circles  are  de- 
scribed ;  it  is  required  to  find  their  enTeto|>e. 

In  fig,  124  let  8  be  the  g^ven  point  in  the  circumference  of 
the  circle :  &om  vhich  let  the  chord  sq  be  drawn ;  and  on  aq, 
as  a  diameter,  let  the  circle  spq  be  described ;  it  is  required  to 
find  the  envelope  of  all  circles  described  similarly  to  bfq. 

Let  8P  =  r,     P8*  =  tf,    8A  =  2a,     q8A  =  ^; 
.-.     sq  =  2a  cos  ff; 
and  since  sf  =  sq  cos  Fsq, 

r  =  2(1  cos  fl*  COS  (0-ff) ;  (57) 

differentiating  which  with  respect  to  ff,  since  sp  remains  the 
same  when  ef  Taries,  we  have 

0  =  2a{coB^8in{tf-«')-Mntf'cos(fl-6')}; 
.-.    ein(fl-2^)=0,        and   tf'=|; 
whereby  (57)  becomes, 

r  =  2a  (cos  g)  , 
=  a(l4-co80); 
which  is  the  equation  to  the  cardioid. 

Ex.  7.  Again,  suppose  that  on  the  radii  vectores  of  the 
cardioid,  as  diameters,  circles  are  described  as  in  the  last 
example ;  and  again,  on  the  radii  vectores  of  the  envelope,  as 
diameters,  circles  are  described,  and  so  on  continually ;  it  is  re- 
quired to  prove  that  the  envelope  ultimately  is  a  circle  whose 
radias  =  2o. 

Suppose  in  fig.  124  sqA  to  be  a  cardioid,  and  the  circle  srq 
to  be  described  on  sq  as  a  diameter;  then,  if  sp  =  >-,  psa  =  0, 
qsA=^,  ^   , 

r  =  2b  (cos -J-)  cos(fl-ff'). 

Differentiating  which  with  respect  to  ff,  we  have 
0  =  2oeo8-s-  <aa{0—0^)  cos-^-  — coB(fl— fl')8in-g->  ; 

and  the  equation  to  the  envelope  is, 
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r  =  3a(coa^). 
And  if  a  aimilar  process  is  continued  n  times, 


a  (cos-)  j 


and  if  R  =  ao ,  r=2a;  that  is,  the  ultimate  envelope  is  a  circle 
whose  centre  ia  e  and  radius  is  2  a,  and  which  is  dotted  in  tbe 
figure. 


Skction  S.— Reciprocal  atrvei  and  the  theory  of  reciprocation. 

818.^  We  are  now  able  to  complete,  so  far  as  the  scope  of  our 
work  requires,  the  inquiry  into  poles  and  polars  which  was 
opened  in  Articles  226  and  227 ;  and  we  shall  also  be  able  to 
investigate  some  matters  of  interest  connected  with  that  inquiry. 
I  shall  take  the  requisite  equations  in  a  homc^neous  and  sym- 
metrical form,  so  that  tbe  results  may  have  all  the  elegance 
which  they  are  capable  of  Let  us  suppose  the  curve,  which  in 
these  articlea  is  called  tbe  base-curve,  to  be  an  algebraical  cnire 
of  the  nth  degree,  and  of  the  form  (49),  Art.  208;  and  to  be 
represented  by  the  equation 

v(x,y,z)  =  0.  (58) 

Let  the  pole  be  (£,  tj,  Q ;  then  the  equation  of  the  first  polar 
of  this  pole  with  respect  to  the  curve  (58)  ia 

lOM%)^c{'£)  =  0:  (59, 

which  we  may,  as  in  Art.  224,  express  by  tbe  equation  pj  =0; 
and  let  the  successive  polars  of  the  aame  pole  be  pi  =  0, ... 
;>„.!  =  0,  pn  =  0.  Let  US  for  the  present  confine  our  attention 
to  tbe  first  pcdar,  viz.  (59);  this  is  evidently  a  homogeneous 
equation  of  the  (»  — l)tb  order  with  respect  to  x,^,^;  and  is 
the  equation  to  the  curve  which  passes  through  the  n(n  — 1) 
points,  real  or  imaginary,  at  which  tangents  drawn  from  the 
pole  (f,  I),  O  meet  the  base-curve. 

Let  the  pole  move  continuously  along  another  curve,  which  I 
shall,  aa  before,  call  the  directrix ;  let  the  equation  of  this  curve 
alao  be  homogeneous  and  of  the  rth  degree  in  terms  of  the 
coordinates  £,  t),  {;  and  let  its  equation  be 

*i£.n,0  =  0;  (60) 
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then  £,  7,  {,  in  (59)  are  subject  to  the  condition  (60.)  And  na 
the  pole  moves  fdong  the  directrix,  ao  the  position  of  the  first 
polar  continuousl}'  varies;  and  as  the  variation,  corresponding 
to  SD  infiniteaim^  variation  of  the  pole,  is  infinitesimal,  so  the 
several  and  consecntive  potars  intersect,  and  in  their  intersec- 
tions envelope  another  cnrve:  this  result  is  of  course  true  for 
each  system  of  polara,  but  at  present  we  are  considering  only 
the  lirst  polars,  and  are  inquiring  into  the  envelope  of  these. 
If  the  directrix  is  a  straight  line,  it  has  already,  in  Art.  227,  been 
shewn  that  the  envelope  is  (n  — 1)^  points. 

319.]  The  degree  of  the  first  polar  envelope  may  be  deter- 
mined as  follows.  Let  ua  assume  the  degrees  of  the  base-curve 
and  of  the  directrix  to  be  respectively  n  and  r;  then,  as  the 
position  of  the  pole  varies  continuously,  let  us  take  the  ^  i)-, 
and  f-difTerentials  of  (59)  and  (60) :  so  that  we  have 


(1)"^^ 


©^-(^p 


and  as  no  other  relation  is  given  between  rff,  rfij,  rff,  wc  have 

fy     A     fy 


(|) 


(|)     (r? 


whence  we  have  two  equations  in  terms  of  x,  y,  z,  i,Ji,C\  which 
are  of  n  —  1  dimensions  in  terms  of  x,  y,  s,  and  of  r  —  1  dimen- 
sions in  terms  of  f,  i;,  f.  If  we  eliminate  i,  tf,  {*  from  these  two 
equations  and  from  equation  (60),  the  resultant  is  of  the  order 
r  (r—  1)  (n  —  1)  in  terms  of  x,  y  and  x ;  and  therefore  this  is  the 
degree  of  the  first  polar  envelope.  Thus  if  the  directrix  is  a 
straight  line,  r  =  1 ,  and  the  degree  of  the  polar  envelope  is  zero : 
that  is,  as  we  have  shewn  in  Art.  227,  all  the  several  first  polars 
intersect  in  (n— 1)*  points.  If  r  =  u  =  2,  that  is,  if  the  base- 
curve  and  the  directrix  are  conies,  the  first  polar  envelope  is 
alao  a  conic.  Let  us  consider  one  or  two  examples  of  the  forma- 
tion of  these  first  polar  envelopes. 

In  the  first  place,  I  will  take  the  base-curve  to  be  the  central 
conic  whose  eqoation  is 
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and  T  will  assnme  the  directrix  to  be  the  straight  line  whose 
e,u.ao«i,  ^f  +  „  +  cf=0,  (65) 

the  pole  being  (f ,  ij,  f ).    Now  the  first  polar  of  (64)  is 

'J  +  P  +  ^'O.  "») 

of  which  line  the  envelope  is  to  be  found,  the  pole  (£,i),  ()  being 
subject  to  the  condition  (65).    Therefore  from  (65)  and  (66)  we 

^''^  Arff  +  Bd,  +  Crff  =  0, 

.-.    X  =  Aa',       y  =  Bb',       z  =  cc";  (67) 

which  are  the  equations  to  a  point ;  and  therefore  all  the  first 
polars  of  (64)  with  reference  to  a  pole  situated  on  the  straight 
line  whose  equation  is  (65)  pass  through  the  point  whose  coor- 
dinates are  given  in  (67). 

Again,  let  ua  suppose  the  directrix  to  be  a  curve  of  the  second 
degree,  of  which  the  equation  ia 

A£»  +  B^  +  cf»-|-2Bqf+2o«  +  2Hfq  =  0;  (68) 

and  let  us  suppose  the  base-curve  to  be  the  central  conic 
(64),  as  in  the  preceding  example;  then  the  equation  to  the 
polar  of  (64)  is 

of  which  the  envelope  is  to  be  found,  £,  it,  C  being  subject  to 
(68);  whence  we  have 

(AE  +  B.,  +  OOrff  +  (Hf-|-BT  +  BOrf>?  +  (Gf  +  B"J  +  Cf)rfC=   0, 

whence  we  have 


1  ,    , 


(70) 
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Of+E)J  +  Cf  = 
f  {aBC  +  2eQH  — AE'  — BO*  — CH*} 

=   *  1^  IBC-E*)  +-|^(Ba-CH)+  ^(EH-BO)  J 


and  umilar  values  are  true  for  ti  aoA  (:  Bubstitating  these  in 


^^  +  2^^^*y  =  0;    (72) 

which  is  an  equation  of  the  second  degree,  and  therefore  repre- 
sents a  conic.  Thiu  the  envelope  of  all  the  first  polars  of  a  pole 
which  is  on  a  conic  with  respect  to  the  central  conic  (64)  is  the 
conic  (72) ;  that  is,  as  the  pole  moves  along  the  conic  (68)  the 
envelope  of  the  firat  polars  with  respect  to  (Gi)  is  another  conic. 

320.^  The  mutual  relation  of  these  two  conies  to  each  other 
by  means  of  the  central  conic  requires  farther  investigation. 
In  the  first  place  it  is  evident  that  to  every  point  of  the  former 
conic  a  tangent  of  the  latter  corresponds :  also  let  us  take  two 
points  on  the  former  conic  iufinitesimally  near  to  each  other ; 
then  the  straight  line  passing  through  those  two  points  is  the 
tangent  to  the  oonic  at  the  point :  but  the  polars  corresponding 
to  all  poles  on  this  straight  line  pass,  as  we  have  shewn  in  the 
last  Article,  throu^  the  same  point,  that  is,  through  the  point 
of  the  second  conic  at  which  the  two  polars  intersect  which 
correspond  to  the  poles  on  the  former  conic  which  are  taken 
infinitesimally  near  to  each  other ;  and  therefore  this  point  is 
the  pole  of  the  tangent  of  the  former  conic.  And  a  similar 
result  is  true  of  all  points  on  this  second  conic ;  and  therefore 
the  former  conic  is  the  envelope  of  all  the  polars  which  cor< 
respond  to  the  first  polars  of  the  points  on  the  latter  conic :  or, 
in  other  words,  the  director-conic  is  the  envelope  of  all  the 
polars  whose  poles  are  on  the  conic  envelope.  The  two  conies 
3  q  2 
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therefore  have  reciprocal  properties;  each  is  the  envelope  of  all 
the  polars  whose  poles  are  on  the  other ;  and  vhaterer  pecu- 
liarities there  are  as  to  points  on  one  conic,  there  are  cor- 
respondiog  peculiarities  as  to  the  corresponding  tangents  of 
the  other.  Two  conies  thus  related  are  called  rei^procal  polar 
conict. 

In  the  preceding  investigation  I  have  taken  the  base-curve  to 
be  H  central  conic.  The  process  will  be  simplified,  and  the  re- 
sults will  be  scarcely  less  general,  if  a  circle  is  the  base-curre ; 
and  this  is  usually  assumed  to  be  the  case  unless  it  is  expresaly 
stated  to  the  contrary.    In  this  case,  a  =  b  -  c. 

321 .]  Now  properties  similar  to  these  are  capable  of  eKteo- 
sion  to  other  curves ;  let  us  suppose  the  directrix  to  be  a  curve 
of  the  nth  degree  ;  aud  let  us  suppose  the  first  polars  of  all  the 
poles,  which  are  points  on  it,  to  be  drawn,  with  respect  to  the 
base-curve ;  all  these  polars  will  envelope  another  curve,  which 
is  the  polar  envelope ;  and  all  points  on  this  are  also  manifestly 
the  poles  of  the  tangents  of  the  original  director.  Thus  these 
two  curves  are  reciprocal  to  each  other ;  and  are  called  recijn-ocat 
polars  :  to  a  point  on  one  a  tangent  on  the  other  corresponds. 
And  in  these  reciprocal  relations  very  important  properties  have 
their  origin  :  all  properties  of  curves  become  double  :  that  which 
is  true  of  certain  points  on  a  curve,  is  also  true,  tnuiaiis 
mutandis,  of  the  corresponding  tangents  of  the  reciprocal  curve. 
Some  few  of  these  reciprocal  properties  are  indicated,  although 
it  is  beyond  the  scope  of  my  work  to  give  a  complete,  or  an  ap- 
proximately complete  catalogue  of  them. 

If  the  director  curve  is  of  the  nth  order,  a  straight  line  may 
cut  it  in  R  points ;  and  as  there  is  a  difi'erent  polar  correspond- 
ing to  each  of  these  which  touches  the  reciprocal  curve,  and  as 
these  polars  will  meet  in  a  point  which  is  the  pole  of  the  cutting 
line  of  the  original  curve,  so  to  the  reciprocal,  from  a  given 
point,  may  n  tangL-nts  be  drawn ;  therefore  the  reciprocal  polar 
is  of  the  nth  class;  and  the  degree  of  a  curve  and  the  class  of 
the  reciprocal  curve  are  the  same.  And  since  n(n  —  l)  tangents 
may  be  drawn  from  a  given  point  to  a  curve  of  the  nth  degree 
so  ia  n(n  — 1)  the  degree  of  the  polar  reciprocal  of  a  curve  of 
the  Mth  degree. 

If  for  one  of  two  rL'cil>rocal  polars  u  polygon  is  inscribed  or 
circumscribed,  then  to  each  vertex  of  the  inscribed  polygon  the 
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side  of  RDother  polygon  circumscribing  the  reciprocal  corre- 
spooda ;  and  to  each  side  of  an  iuscribed  polygon  the  vertex  of 
a  circumscribed  polygon  corresponds.  Thus,  a  vertex  of  an  in- 
scribed polygon  is  to  be  changed  into  the  side  of  another 
polygon  circumscribed  about  the  reciprocal  polar;  and-a  side  of 
an  inscribed  polygon  into  the  vertex  of  a  polygon  circumscribed 
about  the  reciprocal  polar.  The  Theorems  of  Pascal  and  Bri- 
anchon  are  thus  reciprocally  inrolred. 

It  is  plain  also  that  the  tvo  reciprocal  polars  have  the  follow- 
ing corresponding  and  reciprocal  properties.  To  a  double  point 
on  one  curve  corresponds  a  double  tangent  on  the  other :  to  a 
multiple  point  of  the  kth  order  on  one,  a  multiple  tangent  of 
the  ;tth  order  on  the  other :  to  a  cusp  on  one,  a  point  of  in- 
flexion on  the  other.  If  many  points  on  one  curve  are  oa  a 
conic,  the  corresponding  polars  are  tangents  to  another  conic. 

As   a  curve  of  the  nth  degree  is  determined  which  passes 

through  5 points,  so  is  a  curve  of  the  nth  class  which 

touches g diS'erent  lines.     And  as  all  curves  of  the  nth 

1  fixed  points  also  pass 

through  5 other  fixed  points,  so  all  curves  of  the 

nth  class  which  touch  — ^-^ — -  —  1   fixed  straight  lines  also 

touch ^ other  fixed  lines. 

Again,  let  n  =  the  degree  of  a  given  curve,  m  =  its  class; 
6  =  the  number  of  its  double  points ;  k  =  the  number  of  its 
cusps ;  T  =  the  namber  of  its  double  tangents ;  i  =  the  number 
of  its  points  of  inflexion ;  then,  from  (134),  Art.  252,  and  (142}, 
Aft.  253,  we  have 

m  =  n(«-l)-28-3«,  (73) 

i  =  3«(n-2)-6a-8»(;  (74) 

and  in  the  reciprocal  polar  these  become 

n  =  m(m-l)-2T-3i,  (75) 

K  =  3m(m-2)-6r-8i.  (76) 

This  last  equation  however  is  not  independent,  but  is  involved 

in  the  other  three.     Thus,  three  independent  equations   are 
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given  involving  six  unknown  qnantitiea ;  of  these  if  three  are 
given  the  other  three  can  be  fonod ;  ao  that  we  have  altogether 
60  different  formulae. 

For  other  properties  of  reciprocal  curves  I  must  refer  the 
reader  to  the  original  memoir  by  M.  Foncelet  in  CreUe'a 
Journal,  VoL  IV,  1839 ;  to  several  memoirs  b;  Steiner  and 
others  in  the  same  Journal ;  to  AnalytiBch-G^metri§che  Ent- 
wickelungen  of  Fliicker,  Zweiter  Band,  p.  259 ;  and  to  the 
Annales  des  Math^matiques  of  Terqnem  and  Gerono,  Vol.  XII. 


Section  4. — On  caaatiea. 

322.]  A  particular  class  of  envelopes  formed  by  straight 
lines  exists  in  optics  which  is  of  too  great  importance  to  be 
passed  over  in  silence  in  the  present  Chapter ;  we  will  therefore 
first  give  some  general  notions  of  the  formation  of  auch  en- 
velopes which  are  called  Cauatics,  and  then  consider  some 
particnlar  examples  and  general  properties  of  them. 

In  fig.  1 18  suppose  s  to  be  a  source  of  light  from  which  rays 
proceed  and  fall  on  a  highly  polished  surlace,  which  is  per- 
pendicular to  the  plane  of  the  paper,  and  of  which  ap  ia  a 
section  made  by  the  paper;  and  let  sp  be  a  type-ray  of  such 
a  system  incident  ou  the  surface  at  r.  Now  it  is  a  physical 
property  of  a  ray,  that  it  is  reflected  or  turned  back  in  the 
direction  pb;  ao  that,  if  po  is  the  normal  to  the  curve  at  p, 
the  angle  of  incidence,  as  it  is  called,  apo  ia  equal  to  the  angle 
of  reflexion  rpo.  The  envelope  of  the  lines  of  which  pr  is  the 
type,  is  called  the  caustic  by  reflexion  of  the  surface. 

And  again  in  fig.  122,  suppose  s  to  be  the  aource  of  a  system 
of  raya,  of  which  let  8P  be  the  type-ray ;  and  suppose  the  rays 
to  fall  on  a  medium  different  to  that  in  which  a  is,  of  which  the 
bounding  surface  ia  perpendicular  to  the  plane  of  the  paper :  and 
of  which  let  ap  be  the  section  made  by  the  paper;  then  by  a 
physical  law  of  optics,  called  the  law  of  r^raetvm^  tbe  ray  sp 
does  not  proceed  in  the  same  straight  line,  but  at  p  is  bent  or 
refracted  into  the  direction  pr,  which  is  so  related  to  apthat, 
if  RFN  is  the  normal  to  the  surface  at  p,  sinspN  =  fi  sinrpn, 
where  ^  is  constant  for  a  given  medium,  but  varies  for  different 
media ;  that  is,  the  sine  of  the  angle  of  incidence  bears  a  con- 
stant ratio  to  the  sine  of  the  angle  of  refraction.     Tbe  envelope 
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of  all  the  refracted  rays  is  cftlled  the  cauatic  by  refraction  of 
the  given  surface  *- 

323.]]  To  determine  the  caustic  by  reflexion  of  a  aystem  of 
parallel  rays  foiling  on  a  plane  curve. 

Suppose  the  source  of  light  to  be  at  an  infinite  distance,  such 
as  the  sun  is,  and  therefore  all  the  incident  rays  to  be  parallel ; 
and  first  let  us  suppose  them  to  be  parallel  to  the  axis  of  x. 
In  fig.  114  let  QP  be  the  incident  type-ray,  and  pb  the  reflected 
type-ray:  pb  being  the  reflecting  curve,  and  pg  its  normal  at 
the  point  p. 

Let  y  =  /(*)  be  the  equatiou  to  the  reflecting  cnrve,  and  ij 
and  (  the  current  coordinates  of  the  reflected  ray;  then  the 
equation  to  pb  is  .  ,f      ^ 

of  which  straight  line  we  have  to  And  the  envelope. 

Since    the    angles   of  incidence   and    reflexion    are    equal, 

qpo  =  BPQ,  and  therefore  their  complements  are  equal,  viz. 

dv 
qpL  =  ept;    but  qpl  =  pto  =  tan~'^; 

.*,       PBQ  =   BPT+  BTP, 


aod  therefore  the  equation  to  the  reflected  ray  is 

i-s  =  — —it-');  (7! 

dy' 

dx' 
I  {dv     dv) 

DifierentiatiDg  with  respect  to  w, 

\  l.dx' d'y      d'y)         „,,lS<i»      ^l*.  ,7! 

*  Id  the  figure  the  line  ap  is  straight,  but  the  matter  of  I&e  teit  is  e. 
prewed  m  though  it  w«re  a.  tarre. 


,,  Google 


488  CAUSTICS  BY  BEFLBXIOS.  L3^3- 

d*y  2  j»y 

B;  means  of  which  equations,  and  that  to  the  reflecting  corre. 
we  may  eliminate  x  and  y,  and  thereby  obtnin  a  relation  be- 
tween I  and  tf,  which  will  be  the  equation  to  the  caustic. 
Ex.1.   Liet  the  reflecting  curve  be  the  parabola, 
y*  =  iax; 
dy  _  2a  d'y  _       4a*, 

dx~  y  '  dx*  ~        y* 

4o*   y' 

■'■  """=  "y4^=  -^'      ■■•  "  =  "■ 

1  gn  y*~4a'    y» 

^~*~       2  7        y»       4^' 
4oir— 4a' 


""  4a 

=  -x  +  a,  .'.     £  =  a. 

All  the  reflected  rays  therefore  pass  through  the  focus,  which  is 
their  envelope ;  the  caustic  therefore  is  a  point. 
Ex.  2.    Let  the  reflecting  curve  be  a  circle. 
x^  +  y*  =  a*i 
dy  _       X  d^y  _       a^  . 

dx~       y'  dx'  ~       y"' 

„  _    **  y'  _    '^'y 


t2al,! 


Hall 
ai  +  Utt* 
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f  =  ±g{a«  +  M){i*-'7*}*; 
the  equation  to  an  epicycloid,  the  radiiu  of  whose  fixed  circle 
is  St  Bnd  of  whose  genemting  circle  is  ^,  as  will  appear  on  eli- 
minating e  between  the  two  equations  (37),  Art  204,  having 
firat  replaced  i  by  ^  and  a  by  ^-    See  fig.  119. 

The  above  examples  are  soffident  for  iUnstntioa,  bnt  the 
difficnlties  of  elimination  are  in  moat  caaes  insnrmountable ; 
the  aemi-cubical  parabola  is  another  curve  admitting  of  solution. 

824.]  Again,  aappose  the  incident  rays  to  be  parallel  to  the 
axis  of  y,  see  fig.  116,  of  which  let  hf  be  the  incident  type-ray, 
and  PK  the  reflected  type-ray;  let  p  =/(jr)  be  the  equation  to 
the  reflecting  curve ;  and  let  f ,  i)  be  the  current  coordinates  of 
the  reflected  ray ;  then  the  equation  to  fr  is 

of  which  line  we  have  to  determine  the  envelope. 

Difierentiating,  and  proceeding  as  in  the  last  Article,  it  will 
be  found  that 

dx'  dx* 

By  means  of  which,  and  the  equation  to  the  curve,  we  may 
eliminate  x  and  y,  and  determine  a  relation  between  {  and  », 
which  will  be  the  equation  to  the  caaatic. 


Ex.  1.  y*  =  4ax. 


d*y  _       4a* , 
d^~  ~~^'' 


PKICK,  VOL.  1. 
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1  y*— 40*  y'    __  a—x 

6an 

which  represeotB  a  curve  symmetrical  with  respect  to  the  axis 
of  X,  passing  through  the  origin  where  it  touches  the  axis  of  y ; 
with  a  double  point  on  the  axis  of  «  at  a  distance  9a  from  the 
origin,  and  a  loop  between  the  origin  and  that  point;  and  ap- 
proaching  to  the  semi-cubical  parabola  as  an  asymptotic  cnrre. 

Ex.  3,  Find  the  equation  to  the  caustic  of  the  cyclcnd,  the 
incident  rays  being  perpeudicolar  to  the  base. 

Take  the  starting  point  o  for  the  origin,  as  in  fig.  117 ;  then 
the  equation  to  the  curve  is 


X  = 

a  versin-i  -  - 
a 

{iay-y^i; 

%- 

(2aj-y')* 

dx'' 

a 

v 

1 

2f 

-Us  jr' 

at 

^ 

.-.     y  =  a  — {a>-a;))i. 

.-.     f-(a»))*  +  (a.)->)»)*  =  aver8in-»|l-(^)   J-(aij)*, 
f +  (ii-t')*  =  |ver8in->-^; 
.-.     f  =  |verBin-»^-(aq-T»)»;  (83) 

which  equation  is  that  to  a  cycloid,  of  which  the  starting  point 
is  the  ori^,  and  the  radius  of  whose  generating  circle  is  one- 
half  of  that  of  the  generating  circle  of  the  original  cycloid. 
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Ex.  S.    The  logarithmic  curve,    y  s=  e*. 

.-.     f-*=  -1;  .-.     ar=  f  +  1; 

=  5  {«*■"' +  «-""'}■ 
The  eqaation  to  the  catenary ;  to  the  lowest  point  of  which  the 
abacissa  =  —  I,  and  the  ordinate  =  1. 

826.]  The  following  general  properties  of  caustics  by  refiexion, 
formed  by  a  system  of  parallel  rays,  deserve  consideration. 

(1)  The  distance  from  the  incident  point  in  the  reflecting  curve 
to  tiie  point  of  intersection  of  two  consecutive  reflected  rays,  ia 
eqoal  to  one-fourth  of  the  chord  of  the  circle  of  cnrvatnre  at 
,  the  pcnnt  of  incidence  which  is  parallel  to  the  inradent  ray. 

Let  Qp,  fig.  116,  be  an  inddent  ray  and  pb  be  the  reflected 
ray,  p'  being  the  point  where  the  next  consecutive  ray  cuts  it, 
and  which  is  therefore  a  point  in  the  caustic;  let  the  circle 
drawn  in  the  ^nre,  and  of  which  n  is  the  centre  and  rn  is  the 
radios,  be  the  circle  of  cnrvatnre  at  the  point  p ;  then  rr  and 
px  are  the  chords  of  the  circle  through  p  which  are  parallel  to 
the  axes  of  x  and  y  respectively,  and  let  l  and  k  be  the  bisect- 
ing points  of  FF  and  of  pi. 

Kow,  according  to  the  notation  of  Art.  288,  fl  is  equal  to 
f— «r,  and  FK  to  y—t\  of  that  Article; 


-  "  =  -"-!. 

FK 

d'y 

But  from  the  formuUe  (80),  Art.  S2S, 

(??-)«  =  (y-7,)»  +  {a^ 

-o\ 

(2      d^ 

dx\ 

=  (¥)' 

; 
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Similarly,  if  the  incideDt  rays  are  parallel  to  the  axis  of  y, 
and  q'  is  the  point  of  the  canttic  on  the  reflected  ray,  it  may  be 
shewn  by  means  of  equations  (82)  that 
,       1 

The  expressions  throughout  vould  have  assumed  a  more  sym- 
metrical though  less  simple  form  if  we  had  not  considered  x  to 
be  equicrescent. 

(2)  If  the  radiating  point  is  such  that  a  normal  to  the  re- 
flecting curve  can  be  drawn  through  it,  the  caustic  corre^toud- 
ing  to  the  point  where  the  normal  meets  the  curve  ultimately 
becomes  a  semi-cubical  parabola. 

For  if  the  part  of  the  reflecting  curve  which  rec^vea  the 
rays  parallel  or  nearly  parallel  to  the  normal  through  the  source 
of  light  be  taken  very  small  compared  to  the  distance  of  the 
origin  of  light  from  the  curve,  the  system  may  be  supposed  to 
be  one  of  parallel  rays ;  and  also  whatever  is  the  reflecting 
curve  we  may  consider  it  to  be  identical  with  its  circle  of  cur- 
vature at  the  point,  10  that  the  problem  ultimately  becomes^ 
for  the  small  distance,  that  solved  in  Ex.  2,  Art.  S23,  niiereon 
we  may  consider  i)  to  be  small  compared  with  a. 

.-.     3f  =  (<i»4.2i)»){fl»-.il}*, 

alt   ' 


'!• 


r,* 


.«i!l_J!l_. 

,«+  : 


and  neglecting  terms  involving  powers  of  1]  higher  than  those 
retained,  we  have  _ 

2f-<.  =  |oi,li 

which  is  the  equation  to  a  semi-cubical  parabola ;  the  vertex  of 

which  is  at  a  distance  ^  firom  the  origin.    An  examination  of 

figs.  117 — 120  at  the  point  c,  renders  plain  the  geometrical 
form  of  the  problem. 
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826.]  The  general  form  of  the  equation  to  &  caiutic  of  8 
circle  bj  reflexion  mxy  be  most  courenientl;  deternuned  as 
follows : 

In  fig.  118  let  8  be  the  source  of  light,  and  sp  the  incident 
type-ray,  and  fr  the  reflected  type-ray,  o  being  the  centre  of 
the  circle.  Let  oa  =  o,  os  =  ft,  bpo  =  rpo  =  ^,  poa  =  6; 
then  taking  o  as  the  origin,  and  os  as  the  axis  of  x,  the  equa- 
tim  to  the  reflected  ray  pb  it 

or  «(Bin0cot^+co8^-r-y  (costfcot^— Bind)  +  a  =  0;  (85) 
and  from  the  geometry  of  the  figure 

bwi($  —  4d  =  a  sin  0, 

BO  that  (86)  becomes 
}f{aaxi$+b  mn20)  +y  {acotB  +  bcoa26)  +  abun$  =  0.  (87) 
Differentiating  with  respect  to  6,  we  have 
»(aco»e+Zbco»Ze)-y{aane+Zban2e)  +  ab(x»6  =  0i(88) 
whaice,  eliminating  from  (87)  and  (86),  we  have 
_  fl^  (2ffl  +  8a  COS  fl  —  a  cos 8fl 
^  ~      2  (fl»  +  Sab  cos  ff  +  2A») 

oyCSsJDtf-ginSg) 
^  ~3(o»  +  8a*co8fl-H2ft») 
which  are  the  equations  to  the  caustic  in  terms  of  a  sobudiaiy 
angle  0.    la  two  cases  they  reduce  themselves  to  the  equations 
of  an  epicycloid. 

(1)  Let  i  =  CO  ;  so  that  the  source  of  light  is  at  an  infinite 
distance,  and  we  have  a  system  of  parallel  rays  incident  parallel 
to  the  axis  of  jr.    Then 

jr  =  |(8cosfl-co83fl)1 
y  =^(8sin0-Bin30)  J 

which  are  the  equations  to  an  epicycloid ;  see  equations  (37), 
Art.  204,  the  radii  of  the  fixed  and  rolling  circles  bdng  respect- 
ively a   f^^  2'       ^^   %■  1^^- 
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(2)  Let  b  =  a;  in  which  case  the  source  of  light  is  at  the 
extremity  of  the  diuneter  of  the  circle,  see  &g.  120,  and  the 
equations  (69)  become, 


(91) 
^  (2  sin  0- sin  20) 

which  are  the  equations  to  a  cardioid,  see  Art.  205,  the  mdius 
of  the  fixed  and  generating  circles  being  each  ^ . 

327-3  Canatics  b;  reflexion  from  curves  expressed  in  terms 
of  polar  coordinates,  and  which  hare  the  origin  of  light  at  the 
pole,  may  be  determined  in  the  following  manner ;  but  as  the 
general  formulae  are  complicated,  we  will  illostrate  the  method 
by  the  particular  case  of  the  logarithmic  spiral 

In  fig.  121  let  B  be  the  pole  of  the  spiral  and  the  soorce  of 
light,  sp  the  incident,  pb  the  reflected  ray.  Let  a  be  the  point 
in  which  two  successive  rays  intersect,  wherefore  b  is  a  point 
on  the  caostic ;  and  it  is  also  to  be  observed  that  f  a  is  a  tangent 
to  the  caustic.  Let  st  =  r,Br  =p;  bb  =  t^,  as  =  y ;  pbx  =  0, 
B8Z  =  ff;  let  the  equation  to  the  reflecting  carve  be  r  =  t^; 
and  for  convenience  of  writing,  let  tog, a  =  a.;  therefore  by 
Art. 272,  Ex.8,  ^^ 

t«»  8PN  =  ^  =  A,  (92) 

and  r  =  (!+»?)*  p.  (93) 

From  the  geometry,  —  =  sinsFS  =  8in2ePN, 


P  = 


:  8in(2tan-'A)  =  ^ 
2Ar 


1  +  A» 


Also  since  srf  +  bpb  +  fbb  =  180°, 

.-.     Bin-i-^  +2tan-»A  +  tf'-fl  =  lS(f; 

differentiating  which,  p'  and  0  varying,  but  r'  and  6'  being 
constant, 


dp' 


therefore  from  (92)  and  (94), 


-d9  =  0; 
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ftAdr  1 dr  _       2dr 

1  +  A»  (r'»-p'V  ~Tr~  (1  +  A»)p" 

which  is  the  equatioD  to  a  logarithmic  spiral,  equal  to  the 
original  one. 

828.2  We  proceed  now  to  consider  some  of  the  more  general 
properties  of  caustics  by  refractioQ.  Let  (a,  b)  be  the  source  of 
light ;  («,  y)  the  point  on  the  surface  at  which  the  ray  is  inci- 
dent; f,  t)  the  curreat  coordinates  of  the  refracted  raj,  and 
therefore  of  a  point  on  the  caustic ;  [i  =  the  refractiye  indcs, 
that  is,  the  ratio  of  the  sine  of  the  angle  of  incidence  to  that  of 
the  angle  of  refraction.  Let  y  =f(x)  be  the  equation  to  the 
section  by  the  paper  of  the  bounding  surface  of  the  refractire 
medium,  the  sur£ace  bmng  perpendicular  to  the  paper ;  let  r 
and  r'  be  the  distances  of  the  point  of  incidence  from  the  source 

of  light,  and  from  the  point  of  the  caustic  ;  then  ^ ,  -^  are  the 
cosines  of  the  angles  between  the  tangent  to  the  curve  and  the 

coordinate  axes :  , those  of  the  anslea  between  the 

r  r  ° 

incident  ray  and  the  coordinate  axes;  ,  ,  ■  jr=-  those  of 
the  angles  between  the  refracted  ray  and  the  coordioate  axes ; 

• ' . ■ j-^- =-  =  the  sine  of  the  angle  of  incidence, 

(i-^)'i''+Jn-y)dy  ^  ^^ ^^^ ^f  jj^ ^gj^ ^^ refraction ; 
therefore  by  lav  of  refraction, 

S^i -  ' ?5 •      <"" 

which  is  the  equation  tp  the  refracted  ray,  and  of  which  £  and  ij 
are  the  current  coordinates;  the  envelope  therefore  may  be 
found  by  eliminating  x  and  y  between  the  equation  to  the  re- 
fracting curve,  the  equation  (95),  and  its  differential  formed 
by  making  x  and  y  to  vary. 

Also  since  r»  =  (a-_a)»  +  {y-4)M 

r'»=(f-:r)'  +  {,-y)^'  <^> 

(95)  becomes  rfr  +  ndr'  =  0 ;  (97) 
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therefore  r+^t^  a  a  constant,  or  a  maximum,  or  a  minimum ; 
but  it  cannot  be  a  mazimnm,  for  such  s  valne  ironld  be  in- 
consistent irith  the  geometrical  pouibility  of  the  problem: 
therefore  it  is  in  general  a  minimum,  and  may  sometimes  be 
constant ,-  the  former  case  is  that  of  an  ordinary  canstic ;  in  the 
latter  the  refracted  rays  converge  to  a  single  focus. 

829.]  Hence  also  we  may  prove  that  all  caustics  are  rectifiable. 

Let  f,  r)  he  the  current  coordinates,  and  d<r  the  length  of  the 
element  of  the  curve  of  the  caustic,  so  that  rf<r'=  rfij'+rff*; 

therefore  -j~,  -j-  are  the  cosines  of  the  angles  made  by  its 
tangent  with  the  coordinate  axes  ; 

rfg  _  v~Jf  d(  _  £—x 

■  •     d<r~     r'    •  rfff-"7"' 

therefore  from  (96),   dr  =  ^  d£dx  +  d^dy ,  ^^^ 

and  dijferentiBtiDg  the  latter  of  (96), 

i'A'=  (f-»)(iif-d«)  +  (,-jf)(*,-<i^)i 

dldx-i-dt)dy 

=  *' di — ' 

.'.     fida  =  (fr  +  ftrf/, 
.-.     ^  =  r  +  ^T^  +  c.  (99) 

An  expression  exactly  aualc^ni  to  that  of  Art.  292,  and  to 
which  therefore  a  similar  mode  of  explanation  is  applicable ;  and 
therefore  the  length  of  the  caustic  curve  is  equal  to  that  of  two 
straight  lines  increased  by  a  constant  which  is  to  be  determined 
by  the  data  of  the  particalar  problem ;  but  in  all  cases,  if 
(Ti  1^  Yi,  <r%  rj  Ti,  represent  two  sets  of  corresponding  values, 
/i(<r,-<r,)  =  rj-r, +fi(r,'-ri')- 
The  law  of  re&action  becomes  that  of  reflexion,  i(  fi=  -- 1 ; 
and  therefore  the  properties  of  caustics  by  refraction  proved 
above  are  likewise  tme  of  caustics  by  reflexion ;  attention  most 
however  be  paid  to  an  ambigaify  of  sign,  of  which  no  notice  has 
been  taken  in  the  preceding  investigatioQ. 
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380.]  To  detennine  the  caustic  by  refrtction  of  myn  ntncloi 
at  s  plane  Bor&ce ;  see  fig.  122. 

Let  8  be  the  Bource  of  light ;  §f  the  incident  ray ;  spr  the 
refracted  ray;  A.a  =  a,Ar  =  y,  therefore  the  equation  to  Uie 
refracted  ray  ii  ,.  , > 

T  being  the  pmnt  where  ?r  intersecta  asc. 

And  since    udsfn  =  ft  sinrrn,      .*.  tdnpsA  =  fi  sinpTA, 


(a*  +  y»)* 


tanPTA  = 


:  fl  suipta; 


y 


therefore  the  equation  to  pk  ia 

v-y  =  rrr-r?~rr:ir»^-  (^"*> 

Differentiating  which  with  respect  to  y,  and  reducing 

„-  -L  jdfL{fl_^#«l}ij  (101) 


whence  by  elimination,  and  from  (100), 

f*-iy-l)*»?»  =  m'o*-  (102) 

which  is  the  equation  to  the  evolute  of  a  hyperbola  or  of  an 
ellipse  according  as  fi  is  greatw  or  less  than  unity. 
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CHAPTER  XIV. 

APPLICATION  OF  THE  DIPPERBNTIAL  CALCULUS  TO  PB0PERT1B8 
OP  CURVED  SUBPACE8. 

331.]  An  explanation  of  the  mode  of  generation  and  of  the 
equations  of  such  curved  surfaces  and  curves  in  space  as  are 
needed  for  illustration  in  this  and  the  following  Gh^ters,  re- 
quires more  room  than  we  can  afford  to  §^Te;  but  it  is  the 
less  necessary  to  introduce  it,  as  the  ordinary  test-books  con- 
tain sufficient  information.  It  is  however  desirable  to  explain 
the  equations  to  the  straight  line  and  the  plane,  in  the  forms 
which  we  shall  employ,  as  a  familiar  knowledge  of  them  is 
requisite  to  a  due  understanding  of  our  processes. 

(I)    To  find  the  equations  to  a  straight  line  in  space. 

Let  f,  ij,  f  be  the  current  coordinates  to  the  straight  line ; 
X,  y,  z  the  coordinates  to  a  point  through  which  the  line  passes; 
A,  fi,  V  the  direction-angles  of  the  line ;  that  is,  the  angles  be- 
tween a  parallel  line  through  the  origin  and  the  coordinates  axes. 
And  let  r  be  the  distance  between  (jr,  y  %)  and  (^,  i],  f) ;  then 
the  equations  to  the  line  are 

(^      T^^ijZl^r,  (1) 

cos  A  cos  ^  COS  V 

the  last  of  the  equaUties  following  by  reason  of  Preliminary 
Theorem  I. 

If  therefore  the  equations  to  a  straight  line  are  given  under 
the  form  _  _  _ 

(2) 


f  — g  _  ij-y  _  f— g 


each  of  these  equalities  is  by  reason  of  the. same  Prelimiuary 
Theorem  equal  to 

and  therefore  comparing  (1)  with  (2)  and  (3), 
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and  therefore  l,  m,  n  in  (2)  &re  proportional  to  the  dircctiou- 
cosines  of  the  line,  that  is,  to  the  cosines  of  the  angles  between 
the  line  and  the  coordinate  axes. 

(2)    To  find  the  equation  to  a  plane. 

A  plane  is  a  surface  generated  by  a  straight  line  revolving 
nmnd  another  straigbt  line  which  is  at  right  angles  to  it. 

Let  the  origin  be  at  the  point  o  in  the  straight  line  oq, 
fig.  128,  round  which  the  perpeadicolar  and  generating  line 
QP  turns;  and  let  X,  ^  v  be  the  direetioD-angles  of  oq;  let 
£,Jl,Cbe  the  current  ooordinstes  to  any  point  t  in  the  line  qr 
which  is  in  any  position ;   and  let  of  =  p,  oq  =  d;  then  the 

direction-cosines  of  of  are  -,-,-;  and  since  oqf  is  a  rieht 

P    P    P 
rngle,  OQ  =  OP  cos  foq,  that  is, 


.-.     (C08A  +  >jcos^H-fcosy  =  S;  (5) 

and  as  this  relation  is  true  for  every  point  in  qp,  and  in  every 
position  of  qp,  it  is  according  to  our  definition,  the  equation 
to  a  plane ;  k,it,p  being  the  direction-ai^Ies  of  the  normal  to 
the  plane,  and  8  the  length  of  the  perpendicular  from  the 
origin  on  the  plane. 

Equation  (5)  is  evident  by  the  theory  of  projections,  the  left- 
hand  side  of  the  equation  being  the  snm  of  the  projections  of 
the  broken  line  OMNPq  on  the  line  o^. 

If  tiierefore  the  equation  to  a  plane  is  given  in  the  fonn 

iL{  +  BT}  +  c{=  d;  (6) 

on  comparing  this  with  (5),  we  have, 

i^  =  j^  =  ^  =  y  =  <''+''+""''^      "■! 

whence  it  appears  that  a,  b,  c,  d  are  proportional  respectively 
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to  the  direction-cosines  of  the  normal  to  the  plane,  and  to  the 
length  of  the  perpendicular  on  the  plane  from  the  origin. 

S33}  To  find  the  equation  to  a  tangent  plane  to  a  curved 
surface  at  a  given  point. 

Let  the  equation  to  the  surface  be 

T{x,j,,z)  =  0.  (8> 

Our  present  object  is  to  shew  that  if  a  straight  line  is  dravn 
through  a  point  on  the  surface  {x,  y,  z),  and  through  a  second 
p<nnt  {x  +  dx,  y  +  dy,  z  +  dz)  infiniteBimally  near  to  it  and  also 
on  the  Burfiice,  the  locus  of  such  tangent  lines  is  in  general  a 
plane ;  and  is  what  is  called  the  tangent  plane.  Of  course  it  is 
nuuiifest  that  the  number  of  points  (x-t-dx,  y  +  dy,  z  \  dz) 
contiguous  to  the  first  point  is  infinite,  and  so  therefore  is  the 
number  of  tangent  lines. 

Let  f , )},  f  be  the  current  coordinates  to  one  of  the  tangent 
lines,  and  x,  y,  z  the  coordinates  to  the  pcnnt  of  contact  on  the 
snr&ce ;  then  the  equations  to  the  line  are 

L  M  N 

as  the  line  passes  through  the  point  (x+dx,  y  +  dy,  z+dz), 
we  have  j         j         j 

^  =  ^  =  ^,  (10) 

and  therefore  by  divinon, 

fzif  =  iU!  =  £=:£  =  I.  (11) 

dx  dy  dz        dt'  ^    ' 

being  the  distance  of  (d?,  y,  z)  from  any  point  ({,  n,  f )  on  the 
^^^  &=  (d^  +  rfy»  +  di»}*;  (12) 

iat  ia,  (b  is  the  distance  between  the  two  points  on  the  sur- 
ice  through  which  the  line  passes ;  (11)  therefore  are  the  equa- 
ons  to  any  atraight  line  tonching  a  sur&ce  at  a  given  point. 
But  as  the  second  point  through  which  the  line  passes  is  on 
le  Borface,  though  it  may  have  any  position  infiuitesimally  near 
}  {x,  y,z);  so  dx,  dy,  dz,  must  be  consistent  with  the  equation 
>  the  surbce.    If  therefore  at  the  point  under  consideration 

■j-J,   (^)»  (-J-)  do  not  all  vanish,  then 
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multipl^mg  the  several  terraa  of  which  hy  the  terms  of  the 
equalities  (11),  we  have 


«-)Q-^-^>©^<^-)© 


dyf 


:   0. 


(H) 


Now  X,  y,  z,  beiog  the  coordinates  to  the  point  of  contact,  are 

constant  for  a  given  point,  and  so  are  \j-\>  \x)'  (j~)  ^^v^ 

are  functions  of  x,y,z\  and  £,  t;,  ^  being  the  current  coordinates 
of  the  locus,  it  foltowB  tliat  (14)  is  of  the  same  form  as  (6),  and 
therefore  represents  a  plane ;  and  being  the  locns  of  the  tan- 
gent lines  \a  the  snrface  represents  the  tangent  plane. 

Let  ns  once  for  all  make  certain  substitutions  which  for  the 
purpose  of  abridging  the  notation  will  be  convenient  both  in 
the  sequel  of  the  present  volume,  and  in  futnre  parts  of  onr 
Treatise.    Let 


so  that 


(15) 
(16) 
(17) 

(18) 

833,]  On  comparing  (14)  with  (6),  and  with  equations  (7),  if 
a,  ^y  are  the  direction-angles  of  the  normal  to  the  plane,  and 
ifp  is  the  perpendicular  on  the  plane  from  the  origin,  we  have 

(£) 

cosa  =  - 


n'  +  T>  +  w'  =  Q* ; 
vdx+  vdy  +  wd!z  =  0. 
and  thus  (14)  becomes 

vit-x)  +y(^-y)  +w(C-z)  = 


COS^  : 


\(%h 

-©r 

\(%h 

(£)'r 

\m^ 

(g)"^ 

(£)T 

(19) 
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and  (j-}.  ( j-)»  (  J-)  are  proportional  to  the  direction-Gosines 

of  the  normal  to  the  tangent  plane. 

834.}  If  the  equation  to  the  .surface  is  given  in  the  explicit 
form  z=fix,y);  then  r(x,y,z}  =f(x,y)—z  =0; 

'  ■   \dx'      ^dxf      ^dx>'     ^dyf      Uy'      ^dy>'     ^dz' 
in  which  case  the  equation  to  the  tangent  plane  becomes 

and  (19)  and  20)  mast  be  modified  accordingly. 

335.3  ^^  *^^  eqostioD  to  the  surface  is  a  homogeneoos  func- 
tion of  K  dimensions  of  the  form, 

then,  since  by  the  property  of  such  functions  proved  in  Art.  82, 

'(S)  +  ''(^)  +  '©  =  "' 

Uie  equation  to  the  tangent  plane  becomes 

and  (20)  becomes 
P-. 


■{(£)'- 0"- or 


Also  if  the  surface  is  expressed  by  an  algebraical  equation 
of  the  form, 

r(x,y,z)  =  «.  +  «»_i-l- +K1  +  110  =  0,  (23) 

where  Ua,  «.-),•••«!,  ho  are  homogeneous  fuoetions  of  n,  n  — 1, 
...  1,  0  dimensions;  then  by  a  process  exactly  similar  to  that 
of  Art.  222,  except  that  in  this  case  there  are  three  variables,  it 
may  be  shewn  that  the  equation  to  the  tangent  plane  is 
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f©-'.J)  +  f(r:) 

=  —  {«»-i  +  2u,-,  + +  {n-\)ui  +  ntto},    (24) 

aod  is  therefore  an  equation  of  only  (n  — I)  dimensions  in  terms 
of  X,  y,  and  z. 

In  the  equation  to  the  tangent  plane,  considering  £,  tj,  f  to  be 
constant,  and  the  coordinates  of  a  given  point  through  which 
a  series  of  tangent  planes  is  drawn,  x,  y,  z  refer  to  the  points  of 
contact  on  the  surface ;  hence  we  have  the  following  theorems : 

If  through  a  given  point  pUnes  are  drawn,  touching  a  given 
surface  of  the  nth  order,  the  points  of  contact  lie  on  a  surface 
of  the  (n  — l)th  order;  and  therefore 

If  through  a  given  point  planes  are  drawn  touching  a  surface 
of  the  second  order,  all  the  points  of  contact  lie  in  one  plane. 

In  harmony  with  the  nomenclature  of  Art.  226,  the  point 
(f  >  1j  f)  whence  the  tangent  planes  are  drawn  is  called  the  pole : 
the  surface  whose,  equation  is  (24)  is  called  the  first  polar  sur- 
face, and  the  surface  r  (x,  y,z)=.c  is  called  the  base-surface. 
Also  in  the  same  way  that  the  first  polar  surface  is  derived  from 
the  base-surface  and  is  of  the  (n  — l)th  order,  so  may  other  and 
successive  polar  surfaces  with  reference  to  the  same  pole  be  de- 
rived, and  these  will  be  of  the  (n— 2)th,  (n— S)th, order. 

Want  of  space  however  precludes  me  from  entering  on  these 
subjects,  although  they  are  replete  with  interest. 

336.]  To  find  the  equations  to  a  normal  of  a  curved  suriace. 

A  normal  is  a  straight  line  drawn  through  any  point  of  a 
curved  sur&ce,  and  at  right  angles  to  the  tangent  plane  at  that 
point. 

Let  ()  *f)  C  be  the  current  coordinates  of  the  normal,  and 
X,  y,  z  the  coordinates  to  the  point  where  it  meets  the  surface; 
then,  by  Art.  888,  the  direction-cosines  of  the  normal  being 

proportitmal  to  (^)>  (j-)'  (j~)'  '**  equations  are 

i-x      T-y      {•-■? 


^dx'        \di/'     '    \rfi' 


Also  the  form  of  the  equations  to  the  normal  shews  that  it  is 
the  longest  or  the  shortest  line  which  can  be  drawn  from  a 
point  on  it  to  the  surface. 
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If  the  cquHtioii  to  the  siu-face  is  given  in  the  explidt  fonn, 
these  equations,  b;  meaus  of  Art.  S34s  become 

n-»=-(S)(c-) 

In  these  equAtions,  if  f ,  jf,  f  are  cooatant,  x,  y,  z  refer  to  the 
points  on  a  surface  where  normals  drawn  through  a  given  point 
meet  it,  and  the  equations  (25)  or  (26)  are  those  to  a  curve 
in  space  which  is  the  locus  of  such  points  of  contact. 

337.]  From  (25)  it  follows,  that  the  equations  to  a  line  pass- 
ing through  the  origin,  and  at  right  angles  to  the  taogeait 
plane,  are  ^  . 

7^     (^    7^' 

\dml  ^iyi  \dz< 
By  means  of  which  equations,  combined  with  those  to  the 
tangent  plane  and  to  the  surface,  we  may  determine  the  equa- 
tion to  the  surface,  which  is  the  locus  of  the  point  of  inter- 
section of  a  tangent  plane,  with  the  perpendicular  drawn  to  it 
from  the  origin. 

338.]  Examples  illustrative  of  the  preceding  Articles. 
£x.  1 .    The  ellipsoid  whose  equation  is 

F(*.P,«)  =  $  +  1^  +  ^  =  1.  (28) 

/rfF\  _  2j?    -       idT\  _  %y  idr\  _  2z  _ 

\dif  ~  a^'  \dy>  ~  b'  '         ^dz'  "  c'  ' 

therefore  by  equation  (14)  the  equation  to  the  tangent  plane  is 

which  is  plainly  the  equation,  since  the  equation  to  the  surface 
is  a  homc^eneous  function  of  two  dimensions. 

Also  if  (I,  >),  O  is  the  pole,  the  eqoation  to  the  first  polar  is 

i£  +  W+ff=li  (30) 

O"  O'  C^ 

which  is  the  equation  to  a  plane. 
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HeDce  also  we  have  by  (22), 


And  the  equiitioua  to  the  normal  are 

^  (f-a')  =  jin-y)  =  ^  (f-2)-  (82) 

The  eqnations  therefore  to  a  line  through  the  origin,  and  per- 
pendicnlar  to  the  tangent  plane,  are 

£!f  =  ii  =  £!£.  (88) 

X  y  z 

Whence  may  be  found  the  equation  to  the  nirface,  which  is 
the  locuB  of  the  point  of  interBection  of  these  lines  with  the 
tangent  planes. 

For  t,  i>  C  being  the  same  in  (29)  and  (88),  we  have 

X  y  ^         £.       JL       ^ 

a        b        c 

ff     w     ff 

o>       4'       e' 

■  ■■     «'+l'  +  W  =  •■f'+i'.l'  +  c'f';  (34) 

whicll  is  the  equation  to  the  surface  required. 

Ex.  2.   The  elliptic  paraboloid  whose  equation  is 


»! 


=  0. 


therefore  the  eqoation  to  the  tangent  plane  is 


and  tiie  equations  to  the  line  through  the  origin,  and  perpen- 
dicular to  the  tangent  plane,  are 

f=_?^'=_»*_f.  (86) 

^  y  z 
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The  equation  therefore  to  tlie  locus  of  the  point  of  iateraection 
of  (36)  with  (85)  is 

of^  +  H'  +  H£*-^V>  +  C^  =  0.  (37) 

Ex.  3.   If  the  equstioB  to  the  surface  is  xyz  =  H, 

(§)  =  -=?.     (g)=f     (S)=^=  <-> 

aud  therefore  the  equation  to  the  tangent  plane  is 


( 


And  the  intercepts  of  the  coordinate  axes  bj  the  tangent  plane 
are,  according  to  the  notation  of  Art.  219, 

fo=8^,         iR,  =  3y,        fo  =  8^; 
.■.     fo»fefo  =  ZTxyz, 
=  27*», 
that  is,  the  volume  of  the  pyramid  contained  between  the  tan- 
gent plane  and  the  coordinate  planes  is  constant. 

The  equations  to  the  line  through  the  origin,  and  perpen- 
dicular to  the  tangent  plane,  are 

therefore  the  equation  to  the  locus  of  the  point  of  intersection 
of  (40)  with  (89)  is 

f»  +  .j'  +  f»=  SiCflO*.  (41) 

339.3   ^^  '*'  *^^  point  on  the  surface  at  which  the  tangent 

lines  of  equation  (11)  are  drawn,   (-j-i)   \rr-)i  *"^  (j-)  all 

vanish,  equation  (13)  is  satisfied  independently  of  any  relation 
between  dx,  dy  and  dz,  and  therefore  does  not  give  an  equation 
whereby  to  eliminate  them ;  in  fact  the  direction- cosines  of  the 
normal  at  the  point  are  indeterminate,  and  the  tangent  plane 
has  no  definite  position.  At  such  a  point  there  will  be  a  locus 
of  tangent  planes,  to  determine  which  we  must  seek  for  some 
other  relation  between  de,  dy  and  dx,  arising  out  of  the  equa- 
tion to  the  surfaoe.     Such  we  have,  if  all  the  differential-coeffi- 
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cients  of  the  second  order  do  not  raoish  at  the  point  in  ques- 
tion, in  the  differential  of  (18),  and  which  is  also  the  third  term 
of  the  expanmon  of  r(x  +  dj;,p  +  dj/,z  +  dx)  in  Art.  143,  via. 

and  multiplying  through  by  corresponding  terms  of  equality 
(11),  we  have 

+  *  (^)  <"-»>  <f-" + 2  (ra)  <f-'' «-" 

an  equation  of  a  cone  of  the  second  degree,  shewing  therefore 
that  the  locua  of  the  tangent  lines  is  not  a  plane,  hut  a  cone  of 
the  second  order. 

Changing  the  origin  to  the  point  under  consideration,  the 
equation  assumes  the  form 

Af»  +  B)^+cf*  +  2D.,i-+2zff  +  2pfij  =  0,  (48) 

and  the  vertex  of  the  cone  is  at  the  point  of  contact ;  and  it 
may  happen  that  the  coefficients  have  such  relations  that  the 
equation  is  decomposable  into  two  factors  of  the  first  degree,  in 
which  case  it  will  represent  two  planes. 

Ex.  1.    Determine  the  nature  of  the  point  at  the  origin  of  the 
surface  whose  equation  is,  ay* -\-b!^ ■{■  x{a^ -\-y* -^^ i^)  =  0. 


(^)  =  34j  +  2i»    =  0, 


'  at  the  orijpii} 


O-'^-o.  {^.)=2"+2'==«.  (S)=«»+^'=^». 


iik)'"-  (S)—' '.  o=^^=»^ 


^dydz'        '       ^dzdx'  '        ^dxdff 

3T 
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therefore  equation  (48)  beconies 

ay»  +  fta»  =  0,  (44) 

which  IB  satisfied  only  by  y  =  0,  2  =  0 ;  therefore  (44)  repre- 
sents the  axis  of  X,  or  the  surface  at  the  origin  degenerates  into 
a  cuspal  point  formed  round  the  axis  of  x. 

Ex.  2.  A  surface  is  formed  by  the  revolution  of  a  parabola 
about  an  ordinate  through  its  focus ;  it  is  required  to  find  the 
nature  of  the  points  where  it  meets  the  axis  of  z. 

The  equation  to  the  surface  is 

16fn»(a!»+y*)-(z»-4itf)»  =  Oj 
whence  it  appears  that  x  =  y  =  0,  when  z  =  +  2in ;   and  at 
such  a  point  (-^1  =  {-rj  =  {-r-j  =  0;   and  differentiating 
again,  and  substituting  in  eqaation  (42),  we  shall  find 

f  +  '('-(f±2«»)*  =  0; 
the  equation  to  two  right-angled  circular  cones,  whose  axis  ia 
the  axis  ot  x  and  vertices  at  distances  +  3m  from  the  origia. 

If  all  the  second  difiereutial-coefficieots  vanish  at  the  point 
where  the  tangent  plane  is  to  be  drawn,  we  must  proceed  to  a 
third  differentistion,  or  to  the  fourth  term  of  the  expansion  in 
Art.  142 ;  and  thus  we  shall  arrive  at  a  cone  of  the  third  order. 
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CHAPTER  XV. 

APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO  PROPERTIES 
OF  CURVES  IK  SPACE. 

840.J  Ths  curves  whose  properties  have  been  inquired  into 
lie  wholly  in  one  plane ;  that  is,  all  their  elements  and  all  their 
consecutive  points  have  been  entirely  in  the  plane  of  xy ;  and 
we  have  considered  them  ia  reference  to  two  fixed  lines  in  that 
plane.  It  is  manifest  however  that  all  curves  are  not  subject  to 
the  restriction  of  having  their  elements  in  the  same  plane; 
there  may  be  non-plane  as  well  as  plane  curves,  and  as  such 
they  exist  in  space,  and  are  conveniently  referred  to  three 
coordinate  axes  meeting  each  other  at  right-angles  and  in  one 
point ;  such  are  also  called  cnrres  of  double  curvature,  and  for 
a  reason  which  will  be  hereafter  assigned.  They  may  be  de- 
termined in  two  ways :  either  by  the  intersection  of  two 
snr&ces  whose  eqnatione  involving  «,  jr,  z  are  given,  and  there- 
fore by  the  combination  of  these  two  equations;  or,  what 
amounts  to  the  same  thing,  one  of  the  variables,  as  e.  g.  x,  may 
have  been  eliminated  between  these  two  equations,  and  an 
equation  obtained  involving  only  x  and  y,  which  will  be  the 
equation  to  the  projection  of  the  curve  on  the  plane  of  xy ;  and 
so  with  the  other  variables ;  whereby  three  equations  may  be 
formed,  each  containing  two  variables,  which  will  severally  re- 
present the  projections  of  the  cnrve  on  the  coordinate  planes, 
and  any  two  of  which  equations  will  he  sufiGcient  to  define  the 
curve;  and  according  as  one  or  the  other  method  is  adopted 
the  formulce  will  assume  different,  though  equivalent,  shapes. 

341.]  To  find  the  equations  to  a  tangent  line  to  a  curve 
in  space. 

A  tangent  line  is  the  straight  line  passing  through  two  points 
on  the  curve  which  are  infiniteaimsUy  near  to  each  other. 

Let  f]  1,  r  be  the  current  coordinates  to  the  tangent  line, 
and  first  let  the  two  points  through  which  the  line  is  to 
pass  be  at  a  finite  distance  as  apart ;  and  let  them  be  (x,  jr,  z), 
{X  +  &x,  y  +  Ay,  z  +  &.Z) ;  then  the  equations  to  the  line  are 
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Lz£  =  i:zl  =  til  =  1.  (1) 

Ait  &y  AZ  A«' 

where  r  it  the  distance  between  the  two  points  (x,  y.  x)  and 
(f  •  i)i  C)-  When  these  two  points  become  infiniteaimally  near 
to  one  another,  the  line  becomes  a  tangent,  and  ita  equations 
become  ,     _  „        /■     _        _ 

f.-g_  1-y  _  v-^-  ^  ■  (2) 

where  dt  =  ((iF*  +  rfy*  +  (fc»)J, 

and  is  the  differential  of  the  arc,  or  the  length-element   of 

the  curve. 

On  comparing  these  equations  with  those  of  (4)  in  Art.  331, 
if  A,  fi,  v  are  the  direction-angles  of  the  tangent, 

dx  dy  dz  ,„. 

cos  A  =  -^,    cosu  =  -L-,    cosv  =  -Z-.  (3) 

da'         "^       d»'  dt 

If  the  equatioos  to  the  cnrra  ara  two  equations,  say  of  the 

-r-  and  -p  can  be  found  by  differentiation,  and  equations  (2) 
and  (3)  can  be  determined  for  the  particular  curve. 

If  the  curve  is  determined  by  means  of  the  equations  to  two 
surfaces  of  the  forms, 

Fi  {X,  y,  8)  =  0,         tt  («,  y,  *)  =  0 ;  (4) 

then,  since 


'  (5) 


we  have  by  elimination  the  following  system  of  equations, 


/oFi\  ldH\  _  idTi\  idft\        /<fFi\  idr,\  _  idTi\  jdrt\ 
^dy'\dz'      ^dz'^dy'        \  dz  >  \  dx  I      ^dx'^dz' 

=   -_-_iL___;  ,6) 

whence,  multiplying  the  several  terms  of  equality  (2)  by  the 
several  terms  of  this  equality,  dx,  dy,  dz  will  divide  out,  and 
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we  shall  have  the  equatioDs  to  the  taageot  in  terms  of  the  par- 
tiat  differeDtiftl-coefficients  of  the  intersecting  surfacea.  Simi- 
larly may  the  direction  cosines  in  (3)  be  determined. 

343.]  To  fiud  the  equation  to  the  normal  plane  to  a  curve 
in  space. 

The  plane  perpendicuhir  to  tlie  tangent  line,  and  passing 
through  the  point  of  contact,  is  called  the  normal  plane.  Let 
{,  t),  C  be  its  current  coordinates,  and  (it,  y,  a)  be  the  point  of  con- 
tact through  which  it  passes;  then,  since  it  is  to  be  perpen- 
dicular to  the  line  whose  direction  cosines  are  ^-,  —-,  -y-, 

as     da     da 
its  equation  is 

{$-w)<lx+  (■n-y)dy  -\-  (C~z)dz  =  0.  (7) 

343.}  To  find  the  equation  to  the  osculating  plane  to  a  curve 
in  space. 

In  curves  such  as  we  have  discussed  in  previous  Chapters,  all 
the  points  lie  iu  one  plane ;  and  therefore  the  curves  are  called 
plane  curves.  This  property  however  does  not  hold  good  for  all 
curves  in  space ;  although  every  three  consecutive  points  mnst 
he  in  one  plane,  yet  the  fourth  may  he  out  of  it ;  or  in  other 
words,  every  two  consecutive  tangents  are  in  the  same  plane, 
hut  the  next  consecutive  tangent  is  in  general  in  a  different 
one ;  onr  object  is  to  determine  the  equation  to  the  plane  which 
contains  two  consecutive  tangents,  and  which  is  called  the 
osculating  plane,  and  is  defined  as  follows : 

The  osculating  plane  is  the  plane  containing  three  consecu- 
tive points  on  a  curve. 

Let  the  equation  to  the  plane  be 

Af-l-B^-l-Cf  =   D,  (8) 

and  let  it  pass  through  the  three  points  on  the  curve  («,  y,  x), 
{x+dx,y  +  dy,z  +  dz),  {x+2dx  +  d^Xyy-i^2dy  +  dh/,z-j-Zdz+d*z); 
whence  we  have  ,«■, 

Kdx+hdy  +  cdz  =  0,  (10) 

Ad^x+ndhf  +  cdh  =  0;  (11) 

whence,  subtracting  (9)  &om  (8), 

A(f-*)-l-B{,-y)-l-c(C-a)  =  0;  (12) 

and  from  (10)  and  (II)  we  have. 
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*  ^  "  ^  «  (13J 

dyd*z—tkd*y       dzd*x~dxdH       dadhf—dytPx' 

whence,  dividing  (12)  by  the  several  terms  of  equality  (13),  we 

have 

{dydH-dzd*y)(i-x)-\^{dzd'x-dxdH){n-y) 

+  {dx  dh/-dy  d'x)  (f-«)  =  0 ;       (14) 
which  is  the  equation  to  the  osculntiiig  plane. 

344.J  The  method  hy  which  we  have  deduced  this  eqaation 
is  the  same  as  if  we  had  defined  the  oscnUting  plane  to  be  that 
in  which  two  consecutive  tangents  lie,  as  will  be  apparent  from 
what  follows. 

Let  the  equation  to  the  plane  passing  through  (x,  y,  z)  be 
A((~x)  +  B{j,-y)  +  c((-z)  =0; 
and  since  it  is  to  be  that  in  which  two  consecntive  tangents  lie, 
whose  direction  cosines  are  respectively 

dx      dy       dz      dx+d*x      dy  +  rf'y      dz  +  d*z  _ 
d»'     d»'     ds'    dg  +  d'g'    ds  +  d's'    da  +  d»«' 
we  have  the  conditions 

Af£r-|-  sdy  +  cdz  =  0, 

A(dx  +  d*x)  +  K{dy  +  dh/)  +  c(dz  +  dH)  =  0; 
whence,  by  subtraction, 

Ad^x  +  BdH/  +  cd*z  =  0; 
which  two  relations  between  a,  b,  c  are  the  same  as  those  above 
marked  (10)  and  (11),  whence  equality  (13)  follows,  and  there- 
fore the  equation  to  the  osculating  plane  is  the  same. 

845]  It  is  manifest  from  (7)  that  all  straight  lines  passing 
through  ft  point  of  contact,  and  perpendicular  to  the  tangent 
line,  lie  in  the  normal  plane ;  two  of  these  normal  lines  have 
peculiar  properties  in  relation  to  the  osculating  plane,  vin.  thst 
which  is  perpendicular  to  it,  and  that  which  lies  in  it,  and  i> 
therefore  the  line  of  intersection  of  it  by  the  normal  plane. 
The  latter  is  called  the  principal  normal,  and  the  former  hu 
the  distinctiTe  name  of  binormal,  being,  as  it  is,  perpendicdsr 
to  two  consecutive  elements  of  the  curve,  while  aU  other  normali 
are  perpendicular  to  only  one. 
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To  find  the  eqnationa  to  the  biaorm»l. 
Let  l,m,nhe  its  direction-aQgles ;  then,  aa  it  is  pOTpeDdicalar 
to  the  osculating  plane, 

coaf ^  coBWt  _  co»« 

dy d*x  —  ds d*y  ~  dzd'x—dxd*z  ~  dxdhj—dyii^a 

= -;  (15) 

{{dy  d*z-dedhf)*  +  (dzd*x-dxd*zy+  (dxd'y-dy  d*x}*}i 

The  denominator  of  which  last  expression  may  be  modified  as 

follows : 

idyd*z~dsd*y)'*+(dzd^x—dxd'z^  +  {dxd'y—dyd'x)* 

=  ((fa»  +  rfy»  +  (fe»)  {(rf»«)*  +  (rf^)»  +  (rf»a)»} 
-{da;d*x+dyd*y  +  dxd*z)*;     (16) 
but  since  dt*  =  dx'+dy^  +  dz',  (17) 

.-.    dtd't  =:  dsd*af+dyd*y  +  d9d*»:  (18) 

and  therefore  the  right-hand  member  of  (16)  becomes 

da*{(d'x)*  +  (d>j/}'+id*z)^-(dU)»];  (19) 

and  if  «  is  eqoicrescent, 

d«»  {(d*s)*  +  (d<y)»  +  (<**«)»} ;  (20) 

whence  the  equations  of  the  binormal  are 

(-">        ^        v-y        _        C-' 

dyd'z—dz  d*y       dzd'x—dxd'z       dxd^y—  dyd*x ' 

846.]  To  find  the  equations  to  the  principal  normal. 
Let  its  equations  be 

L  M  W 

then,  by  reason  of  its  being  perpendicalar  to  the  tangent  line, 
and  of  its  lying  in  the  oscnlating  plane,  we  have 

i.dx  +  itdy  +  ndz  =  0,  (23) 

L(dyrf*a— (forfV)  +  v{,dz€Px~dxd*s)  +  v{dxd^—dy€Px)=0;  (34) 
whence  we  have 

}l =  (25^ 

dy{dxdh/-dyd*x)-dz{dsid*x-dxd*z)        '^     ' 

'    dx(dxd*x  +  dydh/  +  dzd*z)—d'x{d^  +  dy*+d!^)  ~  ' 

and  since  rf«»  =  di^  +  dy»  +  d^,  (26) 

dtd^g  =  dxd*x  +  dydhf  +  dzd%  (27) 

PHICK,  VOL.  I.  5  r 
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dxd$d*s-d^d'ie  ' 


or, 


>nB  to  the  I 


(28) 


and  therefore  the  eqnstionB  to  the  prmdpal  normal  are 

and  if  <  U  equicrescent, 

d*x         d*y         d*z  ' 
Therefore,  if  A,  fi,  v  are  the  directioQ-onglea  of  the  principal 
normal,  we  baye 
coaA         eoBf*         coBn  ds 


(29) 


(30) 


as  will  be  found  on  reduction. 

847.]  Examplea  on  the  preceding. 

Ex.  1.    The  curve  formed  by  the  intenection  of  an  ellipsoid 
by  a  central  plane. 

$+S  +  ^=l.  »,  +  .!,  +  « 


,(31) 


=  0i 


dx  _  dy 


Ad>H-B(^  +  cdz  =  Oi 
dx 


therefore  the  equatiooa  to  the  tangent  line  are 
f-a' n-y <-^ 


y  z  z  X  X  y 

b*         c'  c'         a'  o*         0' 

and  the  eqaation  to  the  nonnal  plane  is 

tf-)(4-v)+(-*>{v-7)+<f->(v-4)=''- 
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Ex.  2.    The  Iieliz ;  Bee  fig.  126. 

liCt  OA  =  OB  =  a  be  the  radius  of  the  base-cylioder  of  the 
helix,  and  <p  =  aon  be  the  angle  between  the  plane  of  xz 
and  the  radina  of  the  cylinder  drawn  to  the  point  (x,  y,  s),  and 
whf»e  prcijectioa  on  the  plane  of  d?^  is  on;  and  let  oh  t=  w, 
w  =y,  NP  =  z;  and  let  k  be  the  tangent  of  the  angle  at  which 
the  thread  of  the  helix  is  inclined  to  the  plane  of  xy ;  bo  that 
NP  =  A  X  the  arc  an  ;  whereby  the  equations  to  the  curve  are 
;r  =  acos^,         y  =  asia0,        z  =  ka<j> ;  (32) 

.  ■ .    dx  =  ~annit>d*l>,       dy  =  a  cos  tf>  dtp,     dz  =  kad^,\ 

(/»«=  -acoB0d0*,    d*y  =  —  a  Bin  0  rf^,     rf*«  =  0,J^    * 
the  differentiationB  being  performed  on  the  Buppoaition  that  ^ 
is  equicrescent ;  therefore  the  equations  to  the  tangent  are 
i-x       ^      T,-y     ^   (~z 
—  asin^         acoB^  ka 

The  equation  to  the  normal  plane  is 

—  a  (i—x)  sin  ^  +  d  (l— y)  cos  ^  +  Aa  (f— »)  =  0, 

1*-fy  +  *«(f-«)  =  0;  (35) 

when  f=t}  =  0,  C=  z;  the  normal  plane  therefore  cuts  the 
axis  of  7  at  a  distance  from  the  origin,  equal  to  the  z  of  the 
helix  At  which  it  is  drawn. 

Also  d»»  =  rfir»  +  rfy*  +  (fa», 

=  (l  +  *»)a»rf^;  (36) 

therefore  if  A,  pi,  i>  are  the  direction-angles  of  the  tangent 

dx         —  sin^ 

COB  A  =  ^-  =  ^-~ , 

<'«        {1  +  *"}* 

dy.  COB0 

COB  pi  =   -^  =    i~-  , 

da        {!  +  *>}* 
ds  k 

da       {!  +  *>}* 
The  tangent  therefore  is  always  inclined  at  the  same  angle  to 
the  axis  of  z. 
Hence  also  the  equation  to  the  osculating  plane  is 
Aa»giii0(f— a?)— *a*cos0(i)— y)+(i»(f— «)  =  0, 
or  *  (fy-.,*)  +a  (C-3)  =  0.  (38) 

Also  from  (87)  and  (36),  taking  >  to  be  equicrescent, 
3  u» 
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da'  '' 
cPy 

d*x 


"i(TT*«)' 


=  0; 


theivfore  the  directioa-cosmee  of  the  principal  normal  are,  by 
reason  of  (31),  eo»<^,  sin^,  and  0.  The  principal  normal  ia 
therefore  perpendicular  to  the  axia  of  z,  and  coincident  with 
the  radiiu  of  the  base-cylinder  drawn  to  the  point  (x,  y,  x). 

S48.2  In  connexion  with  the  subject  of  the  oscnlating  plane,  it 
is  conveoient  to  determine  the  analytical  condition,  that  a  cnrre 
in  space  may  be  wholly  in  one  plane ;  or  in  other  words,  that 
every  four  consecntive  points  on  the  curve  may  be  in  one  plane. 
Let  the  eqaation  to  the  plane  be  Af -t-By  +  cc  =  o ;  then 
idx  +  Kdy  +  cdx  =  0,  y 
A  rf»ir  +  B  rf^  +  c  dH  =  0,  I  (40) 

Ad'x  +  Bd'y  +  cdH  =  0 ;  J 
whence  by  crou-multiplication, 
dx(d']fd»t~^zd^)  +  dy(,d*zd's-d'*d'z)  +  dz(d'jid^~dh/d'x)  =  0}(4:l) 
which  condition  becomes,  if  c  is  taken  to  be  an  eqniorescent 
^"iable.  d^d^_^djydj.^ 

dz*   dz»        dz*   d«'         "  '  ''**' 

the  geometrical  meaning  of  which  condition  will  be  explained 
hereafter. 

S4®.]  Of  lines  which  can  be  drawn  on  a  surfaccj  and  whicdt 
are  therefore  generally  curves  of  double  curvature^  two  clntincB 
require  notice  in  this  place ;  although  they  will  be  discuased  at 
greater  length  in  future  parts  of  our  Treatise ;  and  when  we 
have  more  means  at  our  command. 

The  first  are  geodesic  lines,  or  geodesies  as  they  are  often 

called ;  they  are  those  lines  on  a  snr&ce  at  all  points  of  which 

the  principal  normal   is   coincident  with   the  normal   to   the 

surface.     And  therefore  their  differential  equations  axe 

dx  dy         .  dx 

a. -J-        d.-f-        d.-j- 

di d» d» 

(^)   '   i^)   ~   (^)  ' 
\dx>         ^dy>         \dzl 
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Hereafter  it  will  be  aeeu  that  they  are  the  shortest  or  the  loDgest 
lines  which  can  he  drawn  &om  one  point  on  a  surface  to  an- 
other. And  as  they  are  manifestly  of  great  importance,  irom 
this  point  of  view,  in  geodesy,  so  have  they  there&om  derived 
their  name. 

The  second  lines  are  lines  of  greatest  slope,  (lignea  de  pbu 
ffrande  petUe  of  M.  Monge) ;  that  is,  if  a  surface  is  referred  to 
three  coordinate  planes,  one  of  which,  say  that  of  xy,  is 
horizontal,  the  line  of  greatest  slope  starting  from  a  given  point 
on  the  surface  is  that  curve  each  element  of  which  makes  with 
the  plane  of  cy  a  greater  angle  than  any  other  element  on  the 
surface  abutting  at  the  same  point:  and  thus,  since  all  the 
tangent  lines  at  any  point  of  a  surface  lie  in  the  tangent  {daue 
at  that  point,  that  line  which  is  perpendicular  to  the  intersec- 
tion of  the  tangent  plane  with  the  plane  of  in/  makes  the  greatest 
angle  with  the  plane  of  xy,  and  is  therefore  the  line  of  greatest 
slope. 

Let  r  {x,  y,z)  =  0  be  the  equation  to  the  surface ;  then  the 
equation  to  the  tangent  plane  is 

«-)(£) +  (.-»)(|)  +  <f-)©  =  0;         ,«, 

the  intersection  of  this  with  the  plane  of  xy  is  the  line 

and  'd  dx,dy,dz  axe  the  prelections  on  the  axes  of  an  element 
common  to  both  the  surface  and  the  tine  of  greatest  slope,  then 
as  the  projection  of  this  on  the  plane  otxy  is  perpendicular  to 
(45)  we  have  ._,  ._ 

and  this  differential  equation  combined  with  the  equation  to  the 
surface  will  give  the  equations  to  the  line  of  greatest  slope. 
Let  the  surface  he  a  sphere  of  radius  a ;  then 
T{x,y,z)  =  ar*+y»+s*-(i»  =  0; 
so  that  (46)  becomes       xdy—ydx  =  0; 


if  the  initial  values  of  x  and  y  are  c  and  b ;  that  is,  the  line  of 
greatest  slope  is  a  mehdianal  arc. 
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CHAPTER  XVI. 

THE  OENERAL  AND  PARTIAIi-DIFFERENTIAL  EQUATIONS  OF 
SURFACES,  GENERATED  BT  LINES  HOTINQ  ACCORDIITQ  TO 
QIYEN    LAWS. 

850.]*  In  the  preseat  Chapter  I  propose  to  coDsider  a  few 
simpte  properties  of  eor&cea,  which  are  generated  by  stnii^t 
lineB  and  circles  moving  according  to  given  laws ;  which  linea, 
aa  they  produce  the  surface,  are  called  generatort.  The  general 
theory  is  as  follows : 

Snppose  that  we  have  two  equations  involving  x,  y,  z  and  two 
constants  Ci  and  Ct,  and  that  they  are  of  the  forms, 

Fi(*,y,a)  =  ci,         F,(:F,y,2)  =  c,;  (1) 

each  ctf  which  represents  a  surfece ;  and  they,  when  taken  con- 
jointly, represent  the  line  of  intersection  of  the  two  surfaces. 
But  if  Ci  and  Cj  are  variable  parametera,  and  dependent  on  each 
other  by  means  of  another  equation, 

/(ci,  c)  =  0,  (8) 

then,  as  Ci  and  ct  vary,  the  line  of  intersection  of  the  two  sur- 
faces (1)  varies,  and  by  a  continnoua  variation  generates  a 
surface,  the  equation  of  socb  a  surface  being  found  by  the 
substitution  of  (1)  in  (2),  whereby  we  have 

/(F,,  F,)  =  0.  (3) 

The  form  however  which  such  problems  actually  assame  is 
generally  somewhat  different :  a  geometrical  condition  is  given 
which  is  equivalent  to  the  equation  (2) ;  thus,  for  instance,  the 
generator  may  be  a  straigfit  line  which  is  to  pass  through  a  given 
curve,  and  move  parallel  to  itself,  or  be  parallel  to  a  given  plane 
and  pass  through  two  given  lines,  in  which  cases  the  curves 
through  which  the  generator  passes  are  called  directors.  "Vhe 
process  of  elimination  is  as  follows : 

*  To  those  who  desire  further  infonnatioa  on  mbjects  connected  with  the 
diKussionB  of  the  presentChajiter  I  must  raconuaeiid"  Application  d' Analyse 
it  1b  G^oni^tne,  parG.  Monge;  6"' edition,  par  M.  LiouviSe,  Palis,  1850." 
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Let  (1)  be  the  equations  to  the  generator  iavolnQg  two  inde- 
pendent TBriable  panuneten,  C]  and  c*;  and  let  the  equations 
to  the  director  be, 

*,  (a!,  y, «)  =  0,  *t  (*,  y,  a)  =  0 ;  (4) 

then,  as  the  generator  is  to  pass  throngb  the  director,  x,  y,  z 
are  at  that  common  point  the  same  in  (1)  and  (4) ;  eliminating 
therefore  x,  y,  z,  which  refer  to  that  common  point,  between 
these  four  equations,  there  will  result  a  relation  between  C|  and 
et  of  the  same  form  as  (2),  in  which  the;  must  be  replaced  by 
their  values  in  (1),  and  the  resulting  equation  between  x,  y,  z 
is  that  to  the  surface. 

Again,  the  condition  to  which  the  generator  is  subject  fre- 
quently is  that  it  should  circumscribe  a  given  surface :  the 
generator  therefore  must  touch  the  given  surface  at  their  com- 
mon point.     Let  the  equation  to  the  sorface  which  is  to  be 

circumscribed  be  „  ,-, 

»  =  0;  (5) 

the  direction-cosines  of  its  normal  at  any  point  are  proportional 


(!)■   0--  c) 


and  the  direction-cosines  of  the  tangent  of  the  generator  are, 
Art.  841,  equation  (6),  proportional  to 


\dyi\dzi      \dz'\dyl 


^dz'^dxl 


\dxi^  c 


ix'\dtt '      \d«l\dx' 


(7) 


^dx'\dy'  \dy'^dx' 
which  we  will  symbolize  respectively  by  p,  q,  a ;  and  as  these 
lines  are  to  be  perpendicular  to  each  other  at  the  point  of  con- 
tact, so  that  the  generator  may  touch  the  director-surface,  we 
have  the  condition 

at  their  common  points,  which  is  the  equation  to  the  curve 
of  contact ;  and  its  intersection  with  (5)  gives  us  a  director 
through  which  the  generator  is  to  pass.  Between  therefore 
(1),  (5)  and  (8),  we  may  eliminate  the  coordinates  which  refer 
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to  tfaor  common  poiiito  of  oontmct,  and  get  a  relation  bfltween 
«i  and  Ct,  fat  whidi  we  jbmj  substitute  the|  general  raloes  of 
the  coordinates  given  bf  (1);  I  propose  nov  to  eonaider  those 
properties  of  the  snriaces  thus  generated  which  tbe  Differential 
Calcnlns  enables  ns  to  elu<»date. 


Section  1. — On  surfaea  generated  by  the  motion  ofttraight 
liaei. 

351,3  Snrfii.»a  generated  b7  the  motion  of  atrai^t  lines  aj« 
generally  termed  ruled  Bnrfues  {mrfacet  r^Uen),  and  of  them 
there  are  two  distinct  classes:  according  as  two  oonsecutiTe 
generating  lines  do  or  do  not  intersect  each  other ;  or  in  other 
words,  according  as  two  conaecutive  generators  are  in  the  same 
or  in  different  planes.  Surfaces  of  the  former  class  are  termed 
developable,  and  those  of  the  latter  skew  snrAces  {wiafatet 
gauekea.). 

The  equations  to  a  straight  line  being 

'Lz^^y^^^iizl,  (9) 

six  constants  are  apparently  involved ;  of  which  however  cuily 
four  are  indeterminate,  because  the  equations  can  be  put  into 
the  forms  ^         .  ,  >,  , 

y  =  fit  +  b;) 
and  of  these  four  variable  parameters,  two  fix  the  direction  of 
the  line  and  two  fix  its  position.  To  eliminate  these  and  to 
find  the  equation  to  tbe  snr&ce,  five  conditions  are  required, 
two  of  which  are  of  necessity  tbe  equations  (10)  of  the  gene- 
rator, and  the  other  three  are  indeterminate,  and  may  be  given 
by  means  of  the  equations  of  three  directors.  Hence  no  ruled 
surface  can  in  general  have  more  than  three  directors ;  and  to 
determine  the  surface  from  the  equationa  to  the  generator,  such 
conditiona,  or  others  equivalent  to  them  in  number,  must  be 
given.  In  general  the  directors  may  be  snch  that  two  con- 
secutive generators  do  not  intersect,  in  which  case  the  surface 
generated  is  skew;  when  however  two  successive  generators 
intersect,  the  analytical  condition  of  this  being  the  case  satis- 
.  fies  one  of  the  relations  which  are  required  amongst  the  partk- 
metera,  and  leaves  only  two  to  be  satisfied  by  the  equations  of 
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the  flsed  direoton.  Developable  aurfaces  cnnnot  therefore  in 
geueral  have  more  Uian  two  directon. 

352.]  On  developable  Burfaces. 

Since  in  developable  surfaces  ever;  generating  line  and  its 
coQsecative  line  are  in  the  same  plane,  this  plane  is  the  tangent 
plane  to  the  surface  at  ever;  point  along  the  first  line :  for  con- 
sider an;  point  on  the  first  generating  line ;  the  tangent  plane 
at  that  point  passes  through  the  next  consecutive  point  on  the 
line,  and  therefore  contains  the  line ;  and  ns  the  tangent  plane 
also  passes  through  an  indefinite  number  of  points  infinitesi- 
mall;  near  to  the  point  at  which  it  is  drawn,  it  also  passea 
through  a  point  on  the  consecutive  generating  line :  and  this 
line  is  in  the  same  plane  with  the  fint  generating  line ;  there- 
fore the  tangent  plane  which  contains  the  first  line  also  con- 
tains tfaiH  latter  line;  the  tangent  plane  therefore  touches  the 
surface  along  the  whole  length  of  the  generating  line.  Hence 
also  we  have  the  following  propert;  of  such  surfaces : 

Let  an;  number  of  generating  lines  be  represented  b;  Oi, 

Of,  Oj, i  then  the  aurl^ice  is  made  up  of  the  infinitesimal 

ptuie  areas  contained  between  Oi  and  Oj,  between  Of  and  Og, 

Now  the  plane  area  l;ing  between  oi  and  og  ma;  be  brought 
into  the  same  plane  with  that  l;ing  between  oj  and  os.  b;  being 
tamed  through  a  small  angle  about  Oj ;  and  similarl;,  b;  turn- 
ing this  last  area  about  Og,  ma;  all  the  areas  between  Ui  and  Ot 
be  brought  into  the  same  plane  without  any  discontinuit;.  Let 
tbese  operations  be  performed  for  all  the  elements,  then  all  will 
be  brought  into  the  same  plane ;  and  if  we  suppose  an;  thin 
flexible  and  inextensible  film  to  be  laid  on  such  a  aarface,  it 
will  be  unfolded  into  a  plane  without  tearing,  mmpHog,  at 
doubling.  For  this  reason  such  surfaces  have  obtained  the 
expressive  title  of  Developable  Surfaces. 

If  all  the  generating  lines  of  such  surfaces  meet  in  one  point 
the  surface  is  called  conical,  and  the  point  is  called  the  vertex 
of  the  cone ;  and  if  that  point  is  at  an  infinite  distance,  so  that 
all  the  generators  are  parallel,  the  surface  is  called  cylindrical. 
Of  these  surfaces  also  independent  definitions  are  given  in  the 
following  Articles. 

358.]  On  conical  suriaces. 

A  conical  surface  ia  generated  b;  a  straight  line  which  passes 
through  a  given  point,  and  through  n  given  director  curve. 

FSICE,  VOL.  1.  3  X 
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Let  a,b,e  he  the  coordinatea  to  the  giveri  point,  vhidi  ia 
the  vertex  of  the  cone;  then  the  equations  to  the  generating 
line  are  • 

£Zf   =   y=^   =   lr£;  (11) 

L  H  N 

in  which  a,  b,  e  are  conBtaDt ;  and  l,  m  n,  which  are  constant 
for  any  one  position  of  the  generator,  rary  as  the  genentor 
posses  firom  one  position  to  another. 
Let  the  equations  to  the  director  be 

Pi  (x',  t/,  ^)  =  0,         P,  (V,  y',  /)  =  0 ;  (12) 

and  therefore,  as  the  generator  has  to  pass  through  (j/,  y',  z'), 
its  equationa  become, 

x-a       y~b  _  z-e  ^ 

whence  x'—a  = (s'  — c), 

between  which  equations  and  (12),  eUminating  d,y\z\  we  have 
a  function  of  the  form, 

/g— o    y—b\ 


^z  —  c    z  —  c' 


which  is  the  general  functional  equation  of  conical  suriacea. 
Equation  (15)  may  also  be  written  in  the  explicit  form 

'-^^fi^-^):  (15) 

z  —  c       •'  ^Z  —  C'  ^     ' 

and  may  also  be  put  into  the  symmetrical  form, 

,  (it*,  1^,  fnf)  ^  0.  ,16) 

\z  —  c    x—a     y—b'  *     ' 

If  the  origin  is  taken  at  the  vertex  of  the  cone,  a  =  b  =  €  =  &, 
and  the  laat  three  equationa  severally  become 

wliich  are  homogeneous  functions  of  0  dimensions;  snch  fiuic- 
tiona  therefore  represent  conical  sui&ces. 
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Two  pardcolu-  formi  which  the  director  talcea  require  notice, 
firstly,  if  the  director  ia  a  corre  in  the  plane  of  «y,  let  ua 
anppose  its  equation  to  be 

F  (*«,  Jfo)  =  0 ; 

_  Ax  —  es. 


BO  that  the  equation  to  the  conical  inrface  ia 

»  z  —  c  '     z  —  e   ' 
Again,  suppose  the  cone  to  be  circumscribed  about  a  ^ren 
suriace;  then  each  geoersting  line  touches  the  surface;  and  if 
the  equation  to  the  surfiice  is  r  (_x',  y,  /)  =  0,  we  have 


<^-«)(S)  +  <y'-*)(0)-^(^-«^)  (£)  =  «• 


(17) 

and  this  and  the  equation  to  the  surface  are  the  equations  to 
the  director  curve  of  the  conical  surface. 

Equation  (17)  is  that  of  the  first  polar  of  the  surface  witb 
reference  to  {a,  b,  e)  the  pole,  and  gives  the  line  of  contact  of  all 
the  generating  lines  of  the  cone  with  the  sur&ce.  So  if  an  eye 
is  placed  at  the  point  (a,  b,  c),  the  visible  part  of  the  surface  ia 
separated  from  the  unseen  part  by  this  line  of  contact.  In 
aurfocea  of  the  second  order  the  line  of  contact  ia  a  plane  curve, 

854.]  Equations  (15)  and  (16)  are  the  general  equations  to  all 
conical  surfaces.  They  contain  an  undetermined  functional 
symbol  because  the  director  curve  is  undetermined;  and  the 
variables  enter  under  the  functional  symbol  in  a  particular 
combination.  Xow  that  fanction  may  be  continuona  or  discon- 
tinuous. If  it  is  continnonB,  partial  derived  functions  may  be 
found,  and  by  means  of  them,  as  in  Article  68,  the  functional 
symbol  may  be  eliminated,  and  a  differential  expression  will 
arise,  which  gives  a  general  property  of  all  conical  surfiices. 
Thus,  from  (15)  we  have,  see  Art.  58,  Ex.  3, 

(.-«)(g)+(,-J)(|)  =.-<:;  (18) 

and  firom  (16),  see  Art.  58, 

(-.)0-K,-*)0+(-»)(S)  =  o,    (i«) 

3  X  a 


,,  Google 


524  CONICAL  SUEPACB8.  C335- 

which  is  indeed  identical  with  the  prec«diog,  aa  the  theory  of 
Art.  50  shews.  Now  the  geometrictLl  proper^  which  this  «qiis- 
tioD  expresses  is  this :  all  tangent  pluia  of  a  coaicaJ  aurfaoe 
pass  through  the  vertex  of  the  cone,  and  also  contain  a  gene- 
rating line  of  the  cone.  Sometimes  this  geometrical  property  U 
assumed  to  be  (see  Monge,  Application  de  I'Aoalfse  &c.)  the 
defining  property  of  conical  surfaces ;  in  which  case  the  matbe- 
matica]  translation  istheprecedingdi&erentialequatiooC  19),  and 
from  it  by  integration  the  integral  equation  of  the  surface  is 
found.     This  question  is  considered  iuVol.  II  of  our  treatise. 

355.3  Examples  of  conical  surfaces. 

Ex.  1 .  To  find  the  equation  to  a  cone  whose  director  is  a 
circle  in  the  plane  of  xy. 

Let  the  equations  to  the  circle  aud  to  the  generator  be 

iPo*  +  yo*  =  **■  (20) 

and  = =  ;  (21i 

therefore,  wheu  z  =  0,      x^  =■  a c,  ya  =  b c; 

squaring  and  Adding  wbic-h,  by  means  of  (20),  and  replacing  the 
variable  parameters  by  their  values  from  (31),  we  have 

{cx  —  azf-\-(ey  —  bz)*  =  k*(s  —  c)*i 
which  is  the  general  equation  to  a  cone  of  which  the  director  is 
a  circle  in  the  plane  of  .ry. 

If  the  line  joining  the  centre  of  the  circular  director  and  the 
vertex  is  at  right  angles  to  the  circle,  the  cone  is  called  right; 
in  which  case  a  =  &  =  0,  and  the  equation  is 

k 
where  -  is  the  tangent  of  the  semi-v^tiail-angle. 

Ex.  2.   To  find  the  equatiou  to  a  cone  circumscnbiug  a  given 

ellipsoid. 

Let  the  vertex  of  the  cone  be  {x^,  yo,  Zq),  and  the  equation  to 

the  ellipsoid  be  «         1         > 

*  X*       y'       z* 

7:5  +  TI  +  -5  =  1-  (22) 

o'       b'       c^  ^    ' 

Let  the  equations  to  the  generator  be 

D,g,t7cdb/GOOgIC 
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f — j^o  _  'i-yo  _  f— gii . 
L  u  y     ' 

and  as  the  generators  are  to  touch  the  ellipsoid,  their  equations 
take  the  form,        ,  .,  »•    _ 

IZ^^IZL^^IZl;  (28) 

«K— «     so—y     *o-* 

and  as  the  points  (I,  rj,  0>  ('Oi  So*  ^o)  "^  ™  '■^^  tangent  plane  to 
theeliiptoid,  .  . 

|f+^  +  g=l,  (24, 


jgQg  ■  ypy  , 


(25) 


whence,  operating  on  the  equality  (23),  and  reducing  hj  means 
of  (22),  (24)  and  (26),  we  have 

£—^  __    "IS   _  Oz 


(26) 


fl« 

fa 

«• 

4> 

C' 

+ 

b' 

+ 

-1 

f 

rf 

f" 

o" 

i' 

"3" 

\^  +  6»  +  c»         /  \a»  +  i*  ^  c»        ' 


f«o       iVo        fco 


;   (27) 


which  is  the  equation  to  the  circumscribing  cone. 

As  (x,  y,  z)  is  the  point  on  the  ellipsoid  common  to  it  and  to 
the  cone,  (25)  is  the  equation  to  the  plane  of  contact;  and  it, 
and  equation  (22),  are  those  to  the  director- cnrre. 

Ex.  3.  As  another  example  let  us  investigate  the  relations 
between  the  coefficients  of  the  equation  of  the  second  degree 
when  it  represents  a  cone.  The  equations  to  all  conical  sur- 
faces are  subject  to  the  condition  (19).  Let  the  general  equa- 
tion of  the  second  degree  be 
A.r*  +  By»  +  cz*  +  2Aiyr  +  2Bi5*+2c,jry 

+  2Aj«  +  2Bay  +  2c,i  +  K  =  0; 
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So  that  (19)  becomes,  after  redaction, 

(BA  +  iCi  +  CBj  +  Aj)*  +  (aC|  +  4B  +  eA|  +  B,)y 

+  (OBi-fiAi  +  CC  +  C^»  +  fl^  +  ftB,  +  CCa  +  K    =   0; 

Bad  a§  tbii  relation  is  true  independently  of  x,  y,  x,  the  co^- 
denta  of  the  several  terms  most  be  eqtud  to  xero :  whence  ve 
*™  AO  +  Cji+B|C  +  A,  =  0, 

CiS  +  Bi  +  AiC  +  Bi  =  0, 

BjO  +  AiA  +  CC  +  C,  =  0, 

Aia  +  B]i-f-Cif +  K  =  0. 
Of  these  four  conditiottt  the  first  three  shev  that  the  snr&ce 
has  a  centre,  and  that  the  vertex  of  the  cone,  viz.  the  p<HDt 
(a,  h,  c),  is  at  the  centre ;  and  from  them  the  coordinates  of  the 
centre  may  be  determined.  Aad  the  last  shews  that  in  the 
transformation  of  the  equation  to  the  centre  as  origin  the  con- 
stant term  disappears.  Thus  the  equation  to  the  snrfkce  be- 
comes after  transformation  a  homogeneous  equation  of  two 
dimensions  in  terms  of  x,  y,  z. 

S66.3  To  find  the  equatdon  to  cylindrical  snrfiices. 

A  (^lindrical  snrface  is  generated  by  a  straight  liae  which 
moves  parallel  to  itself,  and  always  passes  through  a  givei 
director  cnrve. 

Let  :r,  y,  2  be  the  current  coordinates  to  the  surface ;  af^  y',  d 
the  coordinates  to  a  point  on  the  director ;  i.,  if ,  n  proportional 
to  the  direction  cosines  of  the  generating  line ;  then  the  eqoa- 
Uons  to  the  generating  line  are 

L  M  N  ^      ' 

Let  the  equations  to  the  director  be 

»!(*',  y'.a')  =  0,         tt{3f,^,s')  =  0;  (29) 

from  (28)  we  have 

y  =  *  -  i-  (Z-S),  J,'  =  y  _  ^  (,_«•)  ;  (30) 

from  which  four  equations  eliminating  x',  y',  /,  we  have  a  reaolt 
oftheform  ,(Na;-L2,  Ny-Mz)  =  0.  (81) 

which  is  the  general  equation  to  cylindrical  surfaces. 
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Equation  (31)  may  also  be  put  in  the  fonn 

x-lz=f(y~mz),  (32) 

which  ia  the  explicit  form  of  the  general  equation  to  cylindrical 
sorfiu^s. 

Also  (31)  may  be  written  in  the  following  form, 

r(Ny— M2,  L«— N#,  ux—i.y)  =  0.  (33) 

Two  particular  cases  require  notice.  Firsdy,  let  the  director 
be  a  plane  curve  in  the  pluie  xy,  and  let  its  equation  be 

*o=/(yo);  (34) 

then,  from  (28), 

a?o=» z=x—lz,  yo  =  y x  =  y—mzi     (35) 

and  if  these  are  Bubstitnted  in  (34),  we  have 
x  —  lz  =/(jf  —  mz). 

Again,  let  us  suppose  the  cylinder  to  drcnmicribe  a  surface 
whose  equation  is  ri  (x*,  y',  «*)  =  0 ;  then,  as  the  generator  is  to 
be  perpendicular  to  the  normal  at  the  point  of  contact, 

from  which,  the  equation  to  the  surface,  and  the  equations  to 
the  generators,  x",  y',  /  are  to  be  eliminated ;  and  the  resulting 
equation  in  terms  of  ^,  y,  2  is  that  to  the  cylindrical  surface. 

357.]  Now  (82)  and  (83)  are  the  general  equations  to  all 
cylindrical  surfaces.  They  contain  an  undetermined  functional 
symbol,  under  which  the  coordinates  enter  as  subject-variables 
in  a  particular  combination,  and  which  is  itself  determined  when 
the  law  of  the  director  curve  is  given :  but  whatever  that  law 
is,  the  general  form  of  the  function  in  reference  to  the  subject- 
Tariables  is  the  same.  These  forms  also  hold  good,  whether  the 
function  is  continuous  or  discontinuous.  If  the  function  is  con- 
tinuous, two  partial  derived  functions,  say  the  z  and  j-,  and  the 
z  and  y,  may  be  formed  &om  (32),  and  the  undetermined  func- 
tion may  be  eliminated ;  whereby  we  shall  have 

'(£)+»(g)='-  (»') 

Or  we  may  operate  on  (83)  as  in  Article  58,  and  we  shall  have 
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which  is  in  fact  identical  with  (S7) ;  see  Art.  50.  Now  theae 
equations  express  properties  which  are  true  of  all  cylindrieil 
sorfacea  whose  directors  are  cootinuous  curres;  and  ivliat  is  the 
geometrical  iDterpretation  of  them  ?  Let  us  take  (38) ;  i.,  ii,  \ 
are  proportional  to  the  direction-cosines  of  the  generating  line, 
and  the  partial  derived  fanctious  are  proportional  to  the  direc- 
tion-cosines of  the  normal  at  (x,  y,  z) :  and  (38)  shews  that  these 
lines  are  perpendicular  to  each  other:  or,  in  other  words,  the 
tangent  plane  at  ever;  point  contains  the  generating-  line  of  the 
cylinder  which  passes  through  that  point. 

858.}  Examples  of  cylindrical  surfaces. 
Ex.  1.  To  And  the  equation  to  the  cylinder  whose  director  is 
the  ellipse,  „ ,        ., . 

^  +  #  =  '-  (3^) 

If  we  substitute  for  «<,  and  yo  from  (35),  we  have 
(aie  —  h  z)*      (sy  — Mg)* 


4>N» 


1;  (40i 

which  is  the  general  equation  to  an  oblique  elliptical  cylinder. 
If  the  generator  is  perpendicular  to  the  plane  of  xy,  the  cylinder 
is  called  right ;  and  aa  in  that  case  l  =  0,  m  =  0,  the  eqaation  is 


Hence  the  equation  to  an  oblique  circular  cylinder  ia 

(na?  — Lr)*+ (Ni/  — Mj)*  =  n'o*.  (41) 

Ex.  2.    To  find  the  equation  to  a  cylinder  circurascribiug  a 
given  elhpsoid. 
Let  the  equations  to  the  generator  and  to  the  eJKpRoid  he 


(43) 


and  rf  +  ■£»  +  "7  =  1-  (^) 


Now  as  (43)  is  to  touch  (4S),  the  point  ((,  ij,  C)  is  in  the  tan- 
gent plane  of  (43) ;  and  therefore  we.  have 

a»  +  6»  ^  c»  ' 

whence,  operating  on  the  members  of  the  equality  (43), 
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f  ^  '■  ^  f        T 

L                 M 

-Y 

'  •  ^a»  ^  A»  +  c»/  -  V(,i  +  ii  +  c»'  Va»  ^  6»  '  c«  ^ 
From  this  equation  it  appears  that  if  (f,  i),  0  is  a  point  on 
the  cylindrical  surface  which  ia  also  on  the  ellipsoid,  then 

^  +  |!  +  ^  _1  =  0,    and    therefore   !if  +  "-^  +  ^  =  0; 

vhich  is  the  equation  to  a  central  plane  section  of  the  ellipsoid ; 
and  is  the  polar  plane  of  a  pole  on  the  line  (42)  at  an  infinite 
distance. 

Ex.  3.   To  determine  the  conditions  that  the  general  equation 
of  the  second  degree  of  three  variables  may  represent  a  cylinder. 

Let  the  general  equation  be 
t{x,y,z)  =  A**+By*  +  C£*  +  2Aiy7+2Bi^af  +  2c,j?y 

+  2Aj«  +  2B»y  +  2c,«  +  it  =  0;  (44) 

(£)  =  2(*^+*='y+»'^+**''   (^)= '  (£)  = ' 

and  therefore  equation  (38)  becomes 

I-(Aar  +  Ciy  +  Bi^  +  A|)  +  M(Ci*  +  By  +  Ai^  +  B,) 

+  M(B,af  +  Aiy  +  c^  +  c,)  =  0; 
and  as  this  condition  is  to  be  satisfied  for  all  values  of  x,  y,  s, 
"''»™  Al  +  C,H  +  .,»  =  0, 

CiL  +  BH  +  AiN  =  0, 
BiL  + AiM  +  CK  3=  0, 
All -I-  BiM  +  CiN  =  0; 

therefore  from  the  first  three, 

ABC  — AAi'  — BBi*  — CCi'+2aiBiC,  =  0;  (45) 

and  from  the  first  three  combined  with  the  fourth 

(BC-A,»)A,+  (CA-Bi»)Bj  +  (aB-Ci»)C,  =   0; 
FBICE,  VOL.  I.  .S  ^ 
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and  taking  the  first  three  two  and  two  together,  we  have 


Ai* 

L 

C 

CCi 

—  A 
L 

B| 

BBi 

—  A 

C] 

CC 

-A,B, 

U 

Bi 

—  CA 

M 

AAi 

-BiCj 

H 

BB, 

-CiA,' 

N 

AAi 

-CiB, 

N 

Ci* 

-AB    ' 

N 

(A,*  — BC)i  (Bi*-CA)1  (Ci*  — AB)* 

and  substituting  these  values  in  the  last,  we  have 

(Ai»-BC)4At  +  (Di»-CA)*Bi+  CCi»-AB)*C  =  0.  (46) 

Kow  (45)  is  tlio  well-knowD  condition  that  the  first  six  terms 
of  (44)  are  resoluble  into  two  linear  homogeneous  factors ;  and 
(46)  is  the  additional  condition  requisite  that  (44)  should  he 
of  the  form 

{Bw-i-by  +  cz  +  d)(aix+biy  +  ciz  +  di)-k  =  0;  (47) 
and  therefore  (47)  ia  the  equation  to  a  cylindrictd  surface  of  the 
second  degree.  Now  (47)  may  he  resolved  into  two  factors  of 
the  form 

ax  +  bt/  +  cz  +  d =  0, 

Oix  +  bitf  +  c^2  +  dl  H-m**  =  0, 
where  m  is  an  undetermined  constant :  because  if  m  is  dimj- 
nated,  we  obtain  the  equation  (47).  Each  of  these  equatiooa  is 
that  of  a  plane,  and  the  generating  line  is  the  line  of  intersec- 
tion of  them ;  and  the  surface  is  generated  hj  the  Hue  whose 
varying  position  is  due  to  the  variation  of  m.  From  these  two 
equations  it  is  evident  that  the  direction  cosines  of  the  gene- 
rating lino  are  proportional  to  biC  —  Cib,  Cia  —  aic,  Oib  —  bxai 
and  these  are  proportional  to  l,  h,  n.  Although  at  first  sight 
it  may  appear  that  (47)  is  uot  of  the  forms  (31)  or  (33),  yet  it 
will  be  found  that  with  these  values  of  l,  m  and  n  it  satisfies 
(38),  and  is  therefore  the  equation  of  a  cylindrical  surface. 

The  surface  in  its  most  general  form  represents  an  elliptical 
or  a  hyperbolic  cylinder.  If  however  (46)  is  satisfied  identi- 
cally, so  that  Ai*  =  BC,  Bi^  =  CA,  Ci*=  AB,  then  (47)  is  the  equa- 
tion to  a  parabolic  cylinder. 
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859.^  On  the  equation  of  developable  surfaces. 

As  any  aud  every  two  consecutive  geuerators  of  a  developable 
surface  intersect,  and  as  these  two,  as  shewn  in  Art.  852,  He  is 
one  plane,  it  ia  convenient  to  consider  such  a  surface  as  formed 
by  the  continual  intersection  of  planes  drawn  according  to  a 
given  law.  Now  the  general  equation  to  a  plane  involves  only 
three  independent  constants,  and  may  be  put  in  the  form, 

AX  +  By  +  CZ  =  1. 
Suppose  each  of  these  constants  to  be  a  function  of  a  variable 
parameter  a,  viz.  let  a  =/(a),  b  =  ^(a),  c  =  ^(a);  then,  as  a 
continuously  varies,  the  plane  will  have  different  positions,  any 
two  consecutive  ones  of  which  will  intersect  in  a  straight  line; 
and  will,  as  its  position  varies,  generate  a  developable  surface, 
of  which  the  straight  line  of  intersection  of  two  consecutive 
planes  will  be  the  generator;  thus  the  equation  to  one  of  the 
planes  will  be 

xf{a)  +  y<|,{<l)-\.z^^{a)  =  1.  (4«> 

And  if  we  differentiate  it  in  reference  to  a,  we  have 

^/(o)  +  y  <^'(")  +  ^  f  («)  =  0.  (49) 

which  is  the  equation  to  another  plane ;  and  the  tine  of  inter* 
section  of  the  two  is  the  generator  of  the  developable  surface. 
From  these  two  eliminating  a,  we  shall  obtain  an  equation  in 
terms  of  x,  y,  z  which  will  be  that  to  the  required  surface : 
but  this  cannot  be  determined  in  the  general  case,  that  is, 
so  long  as  the  functions  involved  in  (48)  and  (49)  are  unde- 
termined. If  however  we  eliminate  the  functions  by  differen- 
tiation, we  shall  get  a  differential  equation  which  will  give  a 
property  common  to  all  developable  surfaces. 

360.3  '^'^  ^°^  ^^  differential  equation  to  developable  sur- 
faces. 

In  (48)  and  (49),  a  is  a  fiinctioD  of  x,  y,  z.  Taking  then  the 
partial  differentials  of  (48),  we  have 

{x/Ca)  +  y*'(«)  +  zfia))  (g)  +/(a)  -(■  +  (a)  (g)  =  0, 

{Xf{a)  +  yf  (o)  -t-  z  f  (a)}  (^)  +  .^(a)  +  ^{a)  (^)  =  0 ; 
whence,  by  means  of  (49),  we  have 

/(a)  +  V-  («)  (§)  =  0,  ^  (a)  +  ^  (fl)  (g)  =  0.      (50) 

3  va 
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From  these  last  equations,  eliminatiog  a,  we  have  a  relatioo  <^ 

whence,  eliminating  f,  there  results 

and  this  is  the  general  diSereatial  equation  to    developable 
surfaces. 

Another  differentia]  equation  equivalent  to  (51)  may  be  found 
as  follows : 

Suppose  the  equation  to  the  surface  to  be 
r  (*,  y,z)  =  0; 
and  u,  V,  w  to  be  ita  partial  derived-functions ;    then,   as  in 
^*-^^^'  vdx+vdy  +  wdx  =  0;  (52) 

and  suppose  the  equation  to  the  plane  by  the  consecutive  in- 
tersection of  which  the  sarfiLce  is  formed  to  be 

AX  +  By+cz  =  l;  (53) 

and  as  this  is  a  tangent  plane,  see  Art.  352, 

Adx+vdy  +  cdz  =  0;  (54) 

therefore  by  comparing  (52)  and  (54), 

'!  =  ':  =  '^=».  (55) 

ABC 

Differentiating  again  (52)  and  (54),  since  the  tangent  plane 
touches  the  surface  along  the  generating  line, 

V  d*x  -^  V  d*y  -I-  w  d*z  +  dv  dx  +  dv  dy  +  dv/  dz  =  0,     (56) 
Ad»*  +  flrf*y  +  crf'j  =  0;  (57) 

whence  replacing  v,  v,  w  from  (55)  in  terms  of  a,  b,  c, 

A  [jkd'x  +  Bd^  +  cd'z]  +dvd3!  +  dvdy  +  dvrdz  =  0; 

.'.     dvdx  +  dvdjf-\-dwdz  =  0,  (58) 

which  is  in  fact  identical  with  equation  (49). 
Comparing  this  with  (53),  we  have 

A='=»=l.  (59, 

dv       dv      dw       I* 

Let  n,  V,  w,  u',  v',  w'  represent  the  several  second  partial 
derived -functions  of  f  (x,  y,  z),  viz. 
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-  =  (S).    '-(p.  -(&)■!    ^ 

a-  =  i-^\         v'  =  (—)        w  =  (-^1  if       *     * 
^dydz'  ^dzdx^'  ^dxdy' '  j 

BO  that  itv  =  dv  =  udx-\-w'dy-i  v'dz,  1 

fiT  =  rfv  =  w'dx-k-vdy  -itidx,    >  (61) 

;iw  =  rfw  =  r'(/af  +  u'rfy  +  wdx ;  J 
from  which,  and  from  (52),  elimmatiog  fx,  dx,  dy,  dz,  we  have 
u'  (pw— «'*)  +  v'  (kiu— r'')  +  w'  (ttp— ttj'*) 

+  2vw(t)V— «u')  +  2wu(wV— t'tt')  +  2uv(uV— WJw')  =0;  (62) 
which  result  may  easily  he  shewn  to  be  identical  with  (51)  by 
writing  the  equations  in  the  form 

'  (*,  y,z)  =  z  ~f{3!,  y)  =  0. 
and   (51)  takes  the  form  (62).  when  (g),  (^).  (0) 

are  replaced  by  their  values  given  in  Art.  83.  These  equations 
are  of  course  satisfied  by  the  equations  to  the  cylinder  and  to 
the  cone. 

861.]  Since  every  two  consecutive  generatiug  lines  of  a  de- 
velopable surface  intersect,  a  curve  is  formed,  after  the  manner 
of  an  envelope,  see  Chapter  XIII,  Section  2,  by  the  continual 
intersection  of  all  these ;  and  this  must  be  a  curve  of  double 
curvature,  otherwise  all  the  lines  would  be  in  one  plane,  and 
the  developable  surface  would  be  only  a  plane.  This  curve 
bears  the  name  of  Edge  of  Begressioa  {ArSte  de  Rebrout»em«nt), 
and  the  generator  of  the  surface  is  plainly  always  a  tangent  to 
it.     Its  equations  may  be  found  as  follows : 

Equations  (48)  and  (49),  if  a  is  considered  constant,  are, 
taken  together  the  equations  to  a  generating  line  of  the  de- 
velopable surface,  and  therefore,  from  what  has  just  been  said, 
to  the  line  whose  envelope  has  to  be  determined :  and  the  equa- 
tions to  which  may  therefore  be  found  by  making  a  to  vary. 
Differentiating  therefore  (49)  with  respect  to  a,  we  have 

a^/"(«»)+y*»  +  ^f'(«)  =  0:  (68) 

and  eliminating  (a)  between  this  (48)  and  (49),  we  shall  get 
two  equations  in  terms  of  x,  y,  and  z  which  are  those  to  the 
edge  of  regression.     This  line,  as  is  plain  &om  its  mode  of 
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generation,  bounds  the  developable  surface  towards  one  side  of 
space ;  and  on  the  other  side  the  surface  is  continue. 

862.]  Hence  also  we  nrrire  at  a  new  conception  of  a  de- 
velopable surface;  it  is  generated  by  a  tangent  of  a  carve  of 
double  curvature  which  moves  contiuuously  aloug  the  curve. 
Also  since  the  osculating  plane  is  that  which  contains  two  con- 
secutive tangents,  it  may  be  conceived  of  as  formed  by  the  con- 
tinuous intersection  of  such  osculating  planes.  Suppose  then 
that  the  equations  to  a  curve  of  double  curvature  are  given  in 
the  forms,  see  ^x.  2,  Art.  347, 

«=/(a),         y  =  *(=),        ^  =  V("),  (6*) 

a  being  a  variable  parameter;  and  so  that 

dx  =f(a)da,         dy  =  ^\a.)da,  dz  =  ^\a)dai     (K) 

then,  by  equations  (2),  Art.  341,  the  equations  to  the  generaUng 
line  are  ^_^  _  ,-.f.(a)  ^  f-Vr(a).  .„. 

fia)  *'(o)  f  (a)    '  ^     ' 

from  which  the  equation  to  the  surface  will  be  found  by  the 
elimination  of  a. 

Similarly  also  will  developable  surfaces  he  formed  by  the 
intersection  of  normal  planes  of  a  curve  of  double  curvature ; 
for  suppose  the  equations  to  the  curve  to  be  of  the  form  (64], 
then  the  equation  to  the  normal  plane  is, 

{f-/(a)}/'(a)  +  {,-«{a)}0'M  +  {f-^(«)lV''(«)  =0;  (67) 
an  equation  of  the  form  (48),  and  therefore  manifestly  that  of 
a  developable  surface.  Fig.  129  indicates  the  mode  of  gene- 
ratiou  of  such  surfaces  and  edges  of  regression. 

363.]  £s.  I.  To  find  the  equation  to  the  surface  generated 
by  tangents  to  the  heliv;  or,  which  is  the  same  thing,  formed 
by  the  continuous  intersection  of  osculating  pladbs. 

By  Ex.  2,  Art.  347,  the  equation  to  the  osculating  plane  is 

iTCOsifi— f  sin^  =  -j—a^;  (68) 

therefore  taking  the  ^differential, 

Tfsin^  +  fcoBi^  =  a;  (69) 

whence,  squaring  aad  adding, 

^^C-HeW^a-)*.^  (70, 
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whereby  (69)  becomes 

,.i„t^«'±i=^*  +  fco,t*je+J^"'>*  =  ,,   ,71, 
ka  '  ka  >   \     / 

wbich  is  the  equation  to  the  developnble  helicoici,  or  screw- 
surftice ;  the  edge  of  regression  of  which  ia  the  helix  itself. 

Similarly  will  the  equation  to  the  surface  formed  bv  the 
intersection  of  consecutive  normal  planes  to  the  belix  be  found 
to  be 

,i,  *f-tf-^f-«'°V  +  (^^l^^P±^  +  »=.  =  0.  (72) 
Ex.  2.   If  the  equations  to  a  curve  of  double  curvature  are 

^.       y.        ^.  _  L  (73) 

the  etndeot  will  without  difficulty  find  the  followiug  equation 
to  the  surface  formed  by  the  intersection  of  normal  planes ; 

which  is  manifestly  the  equation  to  a  cone ;  the  ambiguity  of 
sign  in  the  second  term  depending  on  k*  being  greater  or  less 
than  b\ 

A  further  inquiry  into  tbe  properties  of  developable  surfaces 
is  beyond  the  scope  of  the  present  treatise ,  but  I  cannot  refrain 
from  recommending  the  reader  to  study  the  works  of  Monge 
and  Dnpin  on  these  subjects :  works  as  they  are  of  such  intrinsic 
merit  that  I  cannot  venture  to  characterise  them,  for  it  may  be 
that  my  praise  would  be  below  their  due,  and  thus  only  tend 
towards  disparagement. 

864.]  On  skew  surfaces. 

Skew  surl^ces,  see  Art.  351,  are  those  ruled  surfaces,  any  two 
consecutive  generating  lines  of  which  do  not  intersect;  in  the 
complete  equations  of  such  generators,  (9)  and  (10)  Art.  351, 
three  conditions  are  left  undetermined,  and  these  may  be,  that 
the  generator  shall  meet  three  directors.  It  is  also  manifest 
geometrically  that  such  conditions  fix  the  generator ;  for  take  a 
point  chosen  arbitrarily  on  any  one  to  be  the  vertex  of  a  cone, 
from  which  conceive  two  conical  surfaces  to  be  described  with 
the  other  two  generators  as  their  directors ;  then  these  cones 
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wilt  intersect  in  oite  or  more  strttight  lines,  which  will  be  the 
generators  of  the  skew  aurface. 

Now  in  developable  surfaces  we  shewed  that  a  tnngent  plane 
at  any  point  of  the  surface  not  00I7  contained  a  generator,  but 
touched  the  surface  through  the  whole  length  of  the  genemtor. 
In  skew  surfncea  however  it  is  not  so ;  the  tangent  plane  con- 
tains the  gcuenttor,  but  cuts  the  surface  at  every  other  point 
along  it  save  at  that  of  contact  For  suppose  p  and  p'  to  be 
any  two  points  at  a  finite  distance  apart  on  the  generator  of  a 
skew  surface,  and  Q  and  q'  to  be  two  other  points  respectively 
near  to  them ;  then  the  tangent  plane  at  p  contains  the  line  pq. 
and  that  at  p'  contains  p'q';  but  these  tangent  planes  cannot 
be  identical  in  position,  for  were  they  so,  the  line  joining  q  and 
q'  would  be  in  the  same  plane  with  that  joining  p  and  p',  and 
two  consecutive  straight  lines  would  intersect ;  and  this  is  in- 
consistent with  the  fact  of  the  surface  being  skew.  Hence  the 
tangent  plane  of  a  skew  surface  cuts  that  surface  along  the 
length  of  the  generator,  save  at  the  point  of  contact. 

The  equations  therefore  to  the  generator  of  a  skew  surface 
are  the  following : 

Let  a  be  a  variable  parameter,  and  let  the  arbitrary  functions 
introduced  into  the  equations  be  so  determined  that  the  gene- 
rator may  pass  through  three  directors ;  accordingly  we  have 

866.]  The  differential  equation  to  skew  aarfaces  may  be  found 
u  follows : 

Let  f(x,y,z)  be  the  equation  to  the  surface;  and  letc,  v,w 
be  its  partial  derived-functions ;  so  that 

vdx+vdy  +  wds  =  0.  (76) 

Now  take  three  consecutive  points  along  the  generating  line 
of  such  a  surface ;  then  by  the  last  Article,  the  tangent  plane 
changes  its  position  at  those  three  points ;  u,  v,  w  therefore, 
which  are  proportional  to  the  direction-cosines  of  the  normal, 
change  as  we  pass  along  the  line,  but  the  ratios  dx  :  dy  :  dz 
remain  constant,  because  they  are  the  same  for  all  points  of  the 
line.     Hence  we  have 

vdar+  \dy   +    v  dz  =  0,  (77) 

dvdv  +  dvdy  +  dw  dz  =  0,  (78) 

d'^xjdx+d'vdy  +  d'vidz  =  0;  (79) 
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and  repladDg  dc,  dv,  dv  by  their  values  given  in  (61),  and 
d*v,  d*v,  d*yr  by  their  Bimilar  raluesj  (78)  and  (79)  become  re- 
Bpectively  a  quadratic  and  a  cubic  in  terms  of  dx,  dy,  dz ;  and 
from  them  and  (77),  dx,  dy,  dz  are  to  be  eliminated ;  and  the 
resulting  equation,  in  terms  of  partial  differential  coefficients, 
will  be  that  to  the  skew  surface. 

Of  this  class  of  surfaces  two  kinds  require  special  mention ; 
viz.  conoidal  surfaces,  and  those  sarfaces  which  are  generated 
by  a  straight  line  moving  on  two  directors,  and  always  parallel 
to  a  given  plane. 

866.]  Oonoidal  surfaces  are  those  skew  ones,  the  generating 
line  of  which  always  passes  through  and  is  perpendicular  to 
some  straight  line,  say  to  tbe  axis  of  z,  and  meets  some 
director. 

Let  w,  y,  e,  **,  /,  ^  be  severally  the  coordinates  of  the  gene- 
rator and  of  the  director ;  and  let  the  equations  to  tbe  director 

^^  »!(«'.»',»')  =  0.  ri(fl/,y',^)  =  0;  (80) 

then  the  equations  to  the  generator  being 

(80)  become 

F,  (y,  ^  *•,  z)  =  0,        F,  {a;;  y^a^.x)  =  0;  (82) 

and  if  we  eliminate  3^,  we  have  a  result  of  the  form, 

.(|.»)  =  0;  (88) 

which  is  the  general  equation  to  conoidal  surfaces. 
(88)  may  also  be  put  into  tbe  explicit  form, 

»=/(f)-  (84) 

S67.3  The  differential  eqoation  to  such  snrfoces  may  be  thus 
found ;  taking  tbe  partial  differentialB  of  (84),  as  in  Art.  108, 

Or  taking  tbe  implicit  form,  via.  equation  (88),  and  writing  Fi 
and  «i  for  the  derived  functions  of  r,  according  aa  the  first  or 
second  subject-variable  varies,  we  have 
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0  =  -^'..  0=^-..  ©  =  '- 

The  geometrical  meaning  of  which  is,  that  the  normal  to  the 
■iirface  is  perpendicular  to  the  line  drawn  from  the  point  of 
intersection  perpendicular  to  the  axia  of  z. 

Ex.  1 .  To  find  the  equation  to  the  conoid  whose  director  is 
the  helix. 

y=  acoB^,    ^=  ann^,    /=  katp;  (87) 

«  =  J.   .  =  /. 

,  '^       J        ■   ^         y     i.     -^ 

.-.     ^=00081—,     tf  =  asini— :         -=  tan  ^-j 
ka  ka  X  ka 

which  surface  is  called  the  Skew  Helicoid,  and  is  that  of  the 
under  surface  of  spiral  staircases. 

Ex.  i.  Let  the  director  be  a  circle  whose  plane  is  parallel  to 
that  of  XX  at  a  distance  e  from  it,  and  whose  centre  is  in  the 
axis  of  y ;  see  fig.  126. 

Let  the  radius  of  the  circle  =  a;  and  let  the  generator  pass 
through  and  be  perpendicolar  to  the  axis  of  « ;  ok  =  «,  HN  =  y, 
HP  =  z;  oh  =  y.  If L  =  y',  L<t  =  ;^. 

Let  OA  =  CB  =  CB  =  a;         oc  =  ab  =  c; 

c»»»  =  ^(a»-«»).  (89) 

which  sur&ce  is  known  hj  the  name  of  the  Cono-Cunens  of 
Wallis ;  the  figure  contains  but  one-fourth  of  it,  the  remainder 
being  in  three  other  octants. 

868.]  To  find  the  equation  to  a  sur&ce  generated  hj  a 
straight  line  moving  on  two  diiMtors  and  alwaya  paralld  to  a 
given  plane. 
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It  is  mani&tt  from  the  mode  of  generation,  that  >  lectioQ  of 
the  aur&ce  made  by  a,  plane  parallel  to  the  giren  plane  ia  a 
stai^ht  line. 

Let  jLV  +  My  +  cs  =  a  be  the  eqoation  to  the  plane  catting 
the  Borface  and  parallel  to  the  given  plane,  and  therefore  having 
A,  B,  c  constant,  and  a  a  variable  parameter;  and  let  the  equa- 
tion to  another  plane  passing  through  the  generating  straight 
line  ot  the  surfiuie  be 

Aix  +  Aiy  +  Ciz  =  0;  (90) 

that  is,  let  ns  conceive  it  to  pau  through  the  origin ;  then  Ai,  Bi, 
and  ci  are  variable  and  may  be  considered  to  be  functions  of  a ; 

•°*''«*  M  =/(<.),    Bi  =  4>{a),    C,  =  +(a); 

and  therefore  the  general  eqnation  to  the  surface  is 
xf(AX  +  By  +  csl)  +  y<|>(,ia  +  »^/  +  cz)+z^j^(Aa!  +  B1/  +  cz)  =  0.  (91) 
To  find  its  differential   eqnation :   to  simplify  the  process, 
snppose  the  director  plane  to  be  parallel  to  that  of  xy :  then 
A  m  B  3=  0,  and  c  =  t ;   and  the  equation  becomes 

'/(«)  +  ?  *{»)  +  «^U)  =  0;  (02) 

wbidi  may  be  put  into  the  form 

2  =  xj(z)  +  y(z)i  (98) 

irhence 


Sxction2. — On  tw;face$  generated  by  the  motUm  qf  circle*. 

869-3    Surfaces  of  revolution. 

A  surface  of  revolution  is  generated  by  a  carve  which  revolvet 
about  a  straight  line  called  the  axia,  and  every  point  of  which 
describes  a  circle  about  the  axis. 

Hence,  if  such  a  surface  is  cut  by  a  plane  perpendicular  to 
the  axis  of  revolution,  the  section  ia  the  circumference  of  a 
circle  whose  centre  is  on  the  axis,  and  all  points  of  which  are 
consequently  at  equal  distances  &om  the  axis. 

Let  the  eqaatioos  to  the  axis  be 

tr?  =  ^=fz£,  (95) 

3  z  a 
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(a,  b,  c)  being  a  given  point  throngfa  which  it  passes,  viz.  the 
point  A  in  fig.  127,  and  I,  m,  h  being  its  direction-coaines. 

Let  x,if,zhe  the  current  coordinates  of  the  sarface ;  thai  the 
equation  to  the  plane  passing  throogh  (x,  y,  z),  and  perpen- 
diculu  to  (95),  i.        ,^  +  „,  ^.  „,  ^  ,.  (96) 

Let  BAQ  be  the  axis  of  revolution,  ob  the  perpendicular  from 
the  origin  on  it,  rp  the  generating  curre;  and  suppose  the 
equation  of  it  to  be  given  in  the  form 

AP»  =  /(BQ).  (97) 

then        (iT— a)«  +  {y-i)'  +  {»-c)»  =  filx+my+nz);         (98) 
and  this  is  the  general  equation  to  sorfoces  of  revolution. 

If  the  axis  of  revolution  is  that  of  2,  then  a  =  A  =  c  =  0, 
1=  m  =  0,  n  =s  1,  and 

j!»  +  y*  +  ii»  =  f{z) ; 
or,  which  is  equivalent,    ^  _  f^^^^)_  (99j 

870.3  '^°  ^'^^  ^'^^  differential  equation  to  sur&ces  of  revo- 
lution. 

Eliminating/ from  (98)  according  to  the  method  of  Art.  104, 
we  have 
nnji-a)-l(y-b)  +  {n(x~a)^l(s-c))  {^) 

+  (m(«-c)-»(y-ft)}(J)  =  0.  (100) 
Or  putting  (98)  in  the  form 
F(a;,y,jB)  =  p{(«-o)»  +  (ff-«)»+(^-c)*,iF+TOy+»^}=0,(101) 
let  us  suppose,  as  in  Art.  63,  P]  and  Pi  to  be  the  derived-Func- 
tions of  p,  according  as  the  first  or  second  subject-variable  varies, 
then  J 

Q  =  a(.-.)^  +  ;„T 

{m{,-c)-n(,-b)\  (g)  +  {.(i-rt-fC.-c))  (^) 

+  {i(j-4)-i»(»-o))(g)  =  0.    (lOS) 
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Tbe  geometrical  meaning  of  this  condition  is,  that  the  normal 
to  the  surface  always  meets  the  axis  of  revolution  whose  equa- 
tions are  (95). 

A  plane  which  passes  through  the  axis  of  revolation  is  called 
a  Meridian  plane ;  and  its  line  of  intersection  with  the  sor&ce 
of  revolution  is  called  a  Meridian  curve. 

S71.]]  Ex.  1.  To  find  the  equation  to  a  surface  described  by 
a  straight  line  revolving  about  the  axis  of  z,  which  it  does  not 
meet. 

Let  the  equations  to  the  revolving  line  in  a  i^ven  position  of 
it  be  I  y     „        / 

L  II  N       ' 

then,  if  X  and  y  are  the  current  coordinates  of  the  required  sur- 
face, when  iT**  +  y'*  =  af*  +  y*,  a'=«;  but 

«'  =  «  +  ^  i'-i),        y'  =  3  +  J  (^-y) ; 

.-.     Ia+^(r-y)}i  +  0  +  J{^-y)}»  =  ar»  +  y».     (104) 

which  is  the  equation  to  a  hyperboloid  of  revolution  of  one 
sheet,  the  centre  of  which  is  on  the  axis  of  x. 

Ex.  %.  To  determine  the  conditions  that  the  general  equation 
of  the  second  d^ree, 
A«*  +  »  y*  +  c  «*  +  2  Ai  y  «  +  2  Bi «« + 2  Ci  a?  y 

+  2j^a:  +  2B,y  +  2cj2  +  K  =  0,  (105) 
should  express  a  surface  of  revolution. 

The  most  general  form  that  (98)  admits  of,  so  aa  to  be  an 
expression  of  the  second  degree  is 

(a'-o)»  +  (y-A)*  +  (2-c)*  =  k*{lx->^my->rm)*;  (106) 
expanding  which  and  equating  coefficients  of  the  same  powers 
of  the  variables  with  those  of  (105),  we  have 

B  =  l-*»m»,  I  B,  =  -**«/,    I; 

c  =  l-*»»»,  J  c,  =  -*»/!»  J 

...     _^^l^^hS}-,        -*»„!=  £i^,         _*.„.  =  :^^, 

Ai  Bi  Ci 

.       .  _  1l£L  _  »  _  £L*L t^L  nms 
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372.]   Oa  tubular  aur&ces. 

TubulBT  sur&oea  are  the  envelopes  of  apheres  of  ooDrtant 
radii,  whose  ceatres  are  situated  in  a  given  curre,  i^iich  ii 
called  the  axis  of  the  tuhe  or  canal. 

The  general  theory  of  eovelopea  having  been  explained  in 
Chapter  XIII,  it  is  unnecessary  to  enter  on  the  inbject  at  any 
great  length,  but  one  or  two  points  require  further  elucidation. 

Let  p  (x,  ifz,a)  =  0  be  the  equation  to  the  surface,  inv<dT> 
ing  X,  y,  X  its  carrent  coordinates  and  a  a  variable  parametOT; 
and  therefore  representing  a  family  of  surfaces  as  a  varies,  and 
8  particular  individual  of  it  for  a  particular  valne  of  a.  Then 
the  equation  to  the  envelope  is  found  by  eliminating  a  between 

r  =  0,     and     ~  =  0,  (108) 

whence  will  generally  arise  an  equation  in  terms  of  x,  y,  z. 

Now  although  (108)  thus  give  the  equation  to  a  surhce,  yet, 
if  a  i>  considered  a  constant  in  them,  each  when  taken  aepa- 
nitely  represents  a  surface,  and  when  taken  together  they  re- 
present the  line  of  intersection  of  two  surfaces,  and  which  is  in 
general  a  curve  of  double  curvature.  To  this  line  Monge  haa 
given  the  name  of  the  charactenttic.  Thus  if  we  conceive  de- 
velopable sutfaces  as  formed  by  the  intersection  of  consecutiTe 
planes,  since  two  planes  intersect  in  a  straight  line,  a  stnught 
line  is  the  characteristic,  and  is  the  generator  of  the  developidile 
sur&ce. 

Further,  let  ns  suppose,  after  the  characteristic  has  been 
found,  the  variable  a  to  vary  again ;  hereby  another  diarao- 
teristic  will  he  formed,  and  will  be  detorained  by  those  two 
different  equations,  which  will  in  general  be  diflbrent  in  fimn 
and  position,  and  will  cut  the  former  one;  thus  an  envelope 
will  be  formed  of  such  characteristics,  which  will  be  an  edge 
of  regression,  see  Art.  861,  and  of  course  generally  a  curve  of 
double  curvature.     Thus  we  shall  have  three  equations, 

from  which  eliminating  a,  we  shall  have  two  equations  in  terms 
of  K,  y,  z,  which  will  by  their  intersection  give  the  edge  of  re- 
gression, and  such  as  we  have  before  met  with  in  the  case  <d 
developable  surfaces.  Fig.  129  will  perhaps  give  a  better  notion 
of  the  formation  of  such  a  curve;  but  we  shall  retnm  to  the 
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subject  in  Chapter  XVIII,  and  discuss  it  in  a  particular  case  at 
a  length  which  will  remove  many  difficulties. 

The  complete  investigation  of  tubular  surfaces  requires  three 
equations  to  be  fouud:  (1)  that  of  the  envelope  of  all  the 
spheres :  (2)  that  of  the  characteristic :  (3)  that  of  the  edge 
of  r^ression. 

Let  a  =  the  constant  radius  of  the  sphere.  And  let  the 
equations  to  the  axis  be  expressed  in  terms  of  a  single  variable 
parameter  a,  so  that  the  equation  to  a  sphere  may  be 

{*-/(a)}»+  {y-*(a)}»+  {^-+(a)}'  =  «'.         (110) 
The  d-diiferential  of  this  is 

{a'-/(a)}/'(a)  +  {?-*(")}  *'W  +  {^-*(«)}  -(-'(a)  =  0;  (111) 
ivhich,  taken  in  combination  with  (110)  when  a  is  constant, 
represents  the  characteristic;  and  as  (111)  represents  a  plane, 
the  characteristic  is  manifestly  a  great  circle  of  the  sphere. 

Differentiating  (111)  again,  we  have 
{cs-f{a))f"(a)  +  {y-*{«)}  «"(«)  +  {z-^{a)}  ^'{a) 

-{(/'(«»*+(*'(«))'+(+'(«))'}  =0.  (112) 
By  means  of  which  and  (110)  and  (111)  if  a  is  eliminated, 
there  will  be  two  equations  in  terms  of  jr,  y,  z,  which,  taken  in 
combination,  are  those  to  the  edge  of  regression  formed  by  the 
cbanteteristics. 

873.]  Now  all  tubular  surfaces  have  a  common  proper^, 
which  may  he  expressed  as  a  differential  equation.  This  we 
proceed  to  find. 

Let  the  equation  to  the  surface  be  t  [x,  y,  e)  =  0,  of  which 
TT,  T,  w  are  the  partial  derived-functions ;  and  let  the  equation 
to  the  generating  sphere  be 

(af~a)«  +  (ff-/S)»+(«-y)»=  a'.  (118) 

Now  (a,  ^,  y)  being  the  centre  of  the  sphere,  and  the  coitre 
being  on  a  given  curve,  these  quantities  are  connected  by  two 
equations  of  the  form 

Fj(a,Ay)  =  0.         Ji(a,ftr)  =  0;  (114) 

and  for  the  envelope  <^  the  spheres 

(x-a)da  +  (j/-p)d^  +  (t-Y)dy  =  0.  (116) 

da,  dp,  dy  having  two  other  relations  given  by  (114),  into 
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which  however  it  ii  of  no  use  generally  to  inquire  fhrther. 
Now  differentiating  (113)  we  have 

(*-a) (dx-da)  +  (y-j3) (rfy-d;9)4 (^-y) (dz-dy)  =  0;  (116) 
and  therefore  hy  (115), 

(X~a)da  +  (y-fi)dy  +  (z-y)dz  =  0;  (117) 

which  shews  that  a  tangent  to  the  sphere  at  the  points  of  it 
which  are  common  to  the  sphere  and  the  envelope  is  perpen- 
dicular to  the  line  drawn  from  that  point  to  the  centre  of  the 
sphere.  This  latter  line  therefore  is  the  normal  to  the  tubular 
surface ;  and  as  the  direction-cosines  o(  the  normal  of  a  surface 
are  proportional  to  v,  v,  and  w,  we  have 

^_-a^,j-l^z-y^i  (118) 

U  V  W  Q  ^  ' 

Now  as  the  envelope  touches  each  of  the  enveloped  spheres, 
and  as  the  envelope  and  eoveloped  sphere  have  one  and  the 
same  tangent  plane,  so  for  a  point  common  to  the  two  surfaces 
te,  y,  z,  u,  T,  w,  are  the  same,  whether  we  consider  the  point  aa 
belonging  to  the  sphere  or  to  the  envelope.  And  therefore  we 
may  differentiate  the  equations  (118)  under  this  condition; 
whence  we  have 

Qt/ic  =  adv  - 


-a  —  da 

V 


Qdy  =  adv— o  — dQ  >■;  (119) 

<xdz  =  adw  —  a  —  d*t  | 
Q        J 

and  using  the  notation  of  Art.361,  equations  (61), 

dv  =  udv  +  v/dy  +  v'dz  "i 

dY  =  v}'dx+  vdy  +  vldx  V  ; 

tfw  =  xfdx  +  ^dy  +  wdx  J 
therefore  the  gronp  (119)  becomes 

(fl»— Q)<te+     aw'dy     +      av'dz      =  a—dn  I 

au/dx  +  («r— Q)dy  +      au'dx      =  a  —  dQ>  ;     (1201 
ai/dx  +      aiidy      +{<ao—fit)dz  =  a—  <fci  I 
Whence,  by  cross-multiplication,  i 
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dx  {(a«  —  q)  (av  —  q)  (ow  —  q) 

—  a*i/'(aii  — q)— «»t)"{att  — Q>— (i»w'*{aMi— Q)  +2fl:*ii'»V} 

=  a  —  {ii{ot)  — Q)(a»  — q)— aitf'T(flw  — q) 

-<M>'w(ai>-Q)  +  a»tt'(«'p  +  f^T  +  «^w)-2fl»ii'»o};     (121) 

and  nmilarly  may  the  values  of  dy  and  dx  be  found.  Malti- 
plying  through  therefore  hy  u,  v,  w,  adding,  nnd  by  means 
of  (17),  Art.  882, 

Ti' (av  —  Q)  {aw  —  q)  +t'(ow  —  q)  (au  —  q)  -(-  w* {au  —  q)  (a»  —  q) 

— 2o  {tt'vir(a«  — Q>+t/^wu(ai)  — »j)  +  «)'rv(oMi  — Q)} 

+  e»{(u'n+»'v  +  w'w)»— 2(ii'»u»+r'»v»+«/*w*)}  =  0.  (122) 

If  a  =  so ,  this  condition  becomes  identical  with  that  givea 
in  equation  (62)  for  developable  suriaces. 

If  the  director  curve  of  the  centre  of  the  sphere  is  a  plane 
curve  in  the  plane  of  xy ;  then  the  equation  to  the  sphere  is 

(*-f)*  +  Cy~»()*+«'  =  a\  (128) 

As  the  tubular  sur&ce  is  an  envelope  ve  may  take  partial 
differentifds  of  this  equation  on  the  supposition  that  the  terms 
involving  the  differentials  c^  f  and  7  vwiish ;  so  that 

which  is  the  differential  equation  of  such  tubular  surfaces :  and 
if  it  is  expressed  in  terms  of  u,  v,  w,  q,  it  becomes 

qa  =  aw.  (125) 

The  geometrical  meaning  of  (124)  and  (126)  is,  the  part  of  the 
normal  between  the  surface  and  the  plane  of  xy  is  equal  to  the 
radius  of  the  generating  sphere. 
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874.3  Bxamplea  of  tabular  ■iirfiu»a. 

Ex.  1.    Let  the  axis  of  the  tube  be  a  atrmii^t   line   vhoK 
eqaations  are  , 


then  the  equation  to  the  apfaere  ia 

(«-f)»+(y-i)'+(«-0»  =  o""; 

aad  therefore  j,        .  , . 

L    ~   u   ~~    N  ' 

(«-f)rff  +  (y-n)<*'j  +  («-Odf  =  Oj 
■••    («-f>i-+(y-'j)"  +  («— f>»  =  0; 

.      -L  =  JL  =  ^  =  L£  +  uit  +  vC  _  Lg  +  My +  H^. 

whence  £,  ij,  C  k>^7  be  fonnd  in  terms  of  x,y,z;   and  themce, 
•nbatituting  in  the  equation  to  the  sphere, 

{L{Ujf  +  M«)  — «(«•  +  »!»)}»+  {»i(N«  +  I.*)— y{N'  +  L*)}» 

+  {m(lif  +  My)— r(i^  +  «•)}'  =  <^(l»  +  m'  +  m")'. 

Ex,  2.  To  find  the  equation  to  the  suzfiwe  of  a  drcnlar  ring. 

Let   the   director   curve    of  the   centre   of  the  generating 
sphere  be  f«  +  ij«  =  c'j 

BO  that  the  equation  of  the  sphere  is 

(,_f)>+(y_,)>  +  «»   =   ««. 

{di  +  t,(tv  =  0,  (a._f)rff +  (j,_,)d,  =  0; 

f     _     t)     „         c        . 

,-.    f  {e  +  (a*-«»)*}  =  c^,  .?{c  +  (a»-«n*}  -  ey: 

which  is  the  equation  to  the  required  surface. 
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CHAPTER  XVII. 

OS  CXTBTATOBB  OP  CUBVE3  IN  SPACE,  AND  ON 
CBBTAIK  KINBBED  ArPBCTIOMS. 

876.]*  Cbrtain  priDciples,  namea,  and  modes  of  estimation  ' 
which  irere  discussed  in  Chapter  XII,  as  to  the  cuirature  of 
cnires,  are  stated  with  breadth  snfBcient  to  indode  kindred 
properties  of  cnrres  in  space ;  a  difference  however  of  great 
importance  exists  between  the  two  cUsses,  and  which  it  is  ne- 
cessary at  once  to  bring  out  into  greater  prominence.  In  the 
former  case  the  whole  of  the  carve  lies  in  one  plane,  and  the 
cnrve  is  therefore  called  a  plane  cnrre ;  in  the  present,  although 
ereiy  two  consecntiTe  elements,  or  every  three  consecutive 
points,  most  be  in  one  plane,  viz.  the  osculating  plane,  yet  the 
third  element,  or  the  fourth  pmnt,  may  be,  and  generally  will 
be,  in  a  different  plane.  For  this  reason  such  curves  are  called 
non-plane  curves,  and  from  this  general  property  arise  other 
affections  of  a  more  complex  character,  and  which  we  proceed 
to  inqnire  into. 

Consider  a  portion  of  a  carve  in  apace,  at  no  point  of  the  part 
of  which  under  investigation  is  there  a  point  of  abrupt  termi- 
nation,  or  of  discontinuity,  and  at  which  the  derived-functions 
of  the  equations  to  the  curve  are  not  indet^minate.  Now  as 
every  three  consecutive  points  must  be  in  one  plane,  and  as  the 
mode  of  estimating  curvature  as  explained  in  Art.  390  requires 
only  three  points  in  the  curve's  plane,  the  principles  therein 
investigated  are  immediately  applicable,  and  we  propose  to 
apply  them  by  a  similar  process,  viz.  by  drawing  in  the  oscn- 
lating  plane,  which  is  the  plane  containing  three  consecutive 
points,  two  coDsecative  normals,  which  will  generally  meet  at 
a  finite  distance  ^m  the  curve ;  the  ratio  of  the  infinitesimal 

*  For  a  moat  iiiaita4;r  ezposhioD  of  Ae  properties  conaidered  in  this 
Chapter,  and  fw  geometncal  proofs  of  tbem  by  the  inBtHlCMmal  motbod, 
the  leader  is  requested  to  conanlt  a  Memoir  by  M.  de  Saint  Venant  in 
"  Trenti&ne  Cahier  ^  JoDmBl  de  L'^cole  Rojral  PolytechDique." — Bochelier, 
Paris,  1S4S. 
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augle  coatained  between  which  to  the  element  of  the  dure  is 
curvature,  as  we  heretofore  defined  it ;  we  Art.  280 ;  but  whidi, 
for  the  sake  of  greater  diatinctneUj  we  ihall  now  call  abniuie 
curvature ;  and  in  accordance  with  the  expression  we  shall  oae 
the  following  terms :  the  radiut  of  abtolute  curvature  is  the  dis- 
tance from  the  curve  of  the  intersection  of  two  consecntive 
normals  drawn  in  the  osculating  plane;  the  centre  of  abniute 
ofrvatwe  is  the  point  of  intersection  of  two  such  normals ;  the 
angie  of  atrvatvre  is  the  angle  contained  between  them ;  and 
since  two  such  normals  are  perpendicular  to  two  consecntive 
tangents,  it  is  equal  to  the  angle  between  them,  and  is  accord* 
ingly  called  the  oN^fe  (j/*  confin^ence  J  seeArt.284.      .'^ 

Suppose  ix,y,x),  (,x-\-dx,  y-i-dy,  z  +  dz)  to  be  two  cmiseoa- 
tive  points  on  a  curve,  and  d»  to  be  the  distance  between  thran, 
or  to  be  the  length-element  of  the  curve  ;  and  suppose  two  ctm- 
secutive  normals  to  be  drawn  in  the  osculating  plane,  and  to 
contain  between  them  the  angle  dr ;  then,  i£p  =  the  radius  of 
absolute  curvature,  and  dr  =  the  angle  of  curvatnre, 

rf»  =  +  pdr,  (1) 

,=  ±i;.  « 

The  radius  of  absolute  curvature,  which  is  matbematicall;  de- 
fined by  equation  (2),  is  therefore  the  distance  from  the  carve 
at  which  two  consecutive  normals  drawn  in  the  osculating  plane 
intersect,  or  is  the  ratio  of  the  length-element  of  the  curve  to 
the  angle  of  curvatnre. 

876.]  In  a  curve  however  of  the  most  general  nature,  as  we 
pass  continuously  along  it,  the  third  element  will  be  in  a  plane 
different  to  that  of  the  two  preceding  ones  ;  that  is,  two  con- 
secutive osculating  planes  will  be  inclined  to  each  other;  or, 
what  ia  the  same  thing,  two  consecutive  binormals  are  not 
parallel.  This  then  is  an  affection  different  to  any  of  those  of 
plane  curves,  and  which  has  been  called  by  various  names*, 
"second  curvature,"  "torsion,"  "flexure,"  "cambrure;"  we 
shall  call  it  toraion,  and  curves  which  are  affected  with  it  we 
shall  call  non-plane  curves.  In  plane  curves  it  vanishes,  and 
is  of  greater  or  less  amount  according  to  the  deviation  of  the 

*  On  the  OM  of  these  termi,  coniult  Note  I.  of  M.  de  Sunt  Venant^ 
Memoir  in  the  Jounul  de  I'^cole  Polytechniqiie. 
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dure  from  a  plane  curve ;  we  propote  to  meHnre  it  according 

to  the  principles  of  Art  281.    If  therefore  dti»&  leDgth-element 

of  the  corre,  and  dv  is  the  angle  contained  between  two  con- 

secutiTe  biaormali,  the  torsion  will  vary  directly  aa  dm,  tod 

iuTerself  aa  dt.    Let  as  therefore  define  as  follows : 

dm 
torsion  =-,-■  (8) 

Let  us  imagine  a  circle  whose  radius  is  r,  of  which  let  two  radii 
be  drawn  parallel  to  two  consecutiTe  binomials,  so  that  dm  u 
the  angle  between  them,  and  da  is  the  intercepted  arc ;  then 

-  =  £'  <-> 

and  the  torsion  =  - ;  calling  then  n  the  radius  of  torsion,  and 
dm  the  angle  of  torsion,  we  have  the  following  definition  of  a : 

The  radios  of  torsion  is  the  ratio  of  the  length-element  of  a 
cnrre  to  the  an^^e  of  inclination  of  two  consecutiTe  binormala. 

It  is  of  course  manifest  that  two  consecutive  binormols  do 
not  of  necessity  intersect ;  but  this  will  appear  more  distinctly 
hereafter. 

It  is  also  to  be  observed,  that  the  torsion  vanishes  in  the  case 
of  plane  curves,  but  that  the  absolute  curvature  vanishes  only 
in  the  case  of  straight  lines ;  hence  we  shall  derive  analytical 
oonditiona  of  lines  in  space  being  plane  and  being  straight. 

On  account  of  these  two  affections,  curves  in  space  have  bcfm 
called  curves  of  double  curvature. 

877.]  On  the  radius  of  absolute  curvature. 

Let  {X,  y,  2)  be  the  point  on  the  curve  at  which  the  radius  of 
absolute  curvature  is  drawn j  p  its  length;  da  a  length-element 
of  the  curve;  (i,  i),  C)  the  centre  of  curvature  which  lies  in  the 
osculating  plane ;  then 

P*  =  (f-*)'+(i-y)'+«'-«)*j  (5) 

To  abbreviate  the  notation,  let 

dgd'z  —  dzd'y  =  3^  "l 

dxd'x—dafdH  =  t,  I  (6) 

dxd}y—dyd^K  =  a,  J 
x«  +  Y»-fz»  =  p';  (7) 

so  that  we  have  by  reason  of  equation  (14),  Art.  843, 
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(f-r)  X  +  (n- jr)  r  +  (C-z)  «  =  0.  (8) 

And  as  the  centre  of  absolute  curvature  ie  at  the  pcrint  of  inter- 
section of  two  consecutive  normals  which  are  in  the  oscalatii^ 
plane,  it  is  on  the  line  of  intersection  of  two  coosecutiTe  aonnal 
planes ;  whence  we  have 

{(-x)dx  +  (ij-y)dy  +  lC-e)dz  =  0,  (9) 

(£-x)d*»+(^-l,)dh,  +  {(-z)d*z  =  ds*;  (10) 

and  therefore  by  cross-multiplication  from  (8),  (9)  and  (10), 


dfi{idy-~Ydx) , 


difl 
p=  ±  ~  {(rdii-tdy)*  +  (tdx-xdz)*  +  {xdt/-Yd3ty}*.  (12) 

Which  expressions  may  be  simplified  as  follows : 

Ydz^zd]/  =  dz(_dz  d*x  —  dx  d*z)  —  djf  {dxd'y—dy  d^x), 

=  idx'  +  dif*  +  d:^)  d*x—dx(d*d*x  +  djfd^+dzdH), 

=  d»*d*x-dxd»dU,  (IS) 

dx 
'  (14) 

(15) 
(16) 

an 

(18) 

P*  =  X*  +  T*  +  «', 

=  A»{(rf»ar)«  +  (dV)*  +  (rfV-(rf>*)»).   (19) 

Therefore  from  (13),  (16),  (17)  and  (19), 

da* 

^^  =  ±  {{d*xy*+(d^)*  +  (dh)>-{d'ty^}ii     20) 

and  from  (19),  P*=^:  (21) 


= 

iWd 

■T,- 

Simikrlj, 

zdi:- 

■idz 

=  di'd's-ifydtd'a, 

i.dy- 

idx 

=  dt'd'z-didtdU, 
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and  therefore  from  (14),  16),  (18),  and  (21), 
,  dx 


•    ^-'  =  £^«' 

-  =  £4r. 

^ 

'—i-r.-'_ 

whence,  ■qnaring  and  adding,  and  by  means  of  (5), 

1.1  ii.'^\' .  i.M 

.  /.,  dn'l* 

(20)  and  (28)  being  the  same  valnes  of  - ,  thongh  in  different 
forms. 

If  s  is  equicrescent,  (23)  may  be  put  in  the  form 

^  =  ©■-©  +  ©*•  <^) 


878.]  Let  A,  /*,  v  be  the  direction^ingles  of  the  radius  of 

-  =  '-=-'=  £-S- 

"-^'"-^-h^t- 

■1                       (25) 

"•'=^  =  i-S. 

and  if  «  is  equicrescent, 

'*"*'=''rf?'         *»"**  =  ''5^'         <» 

..  =  pg;    (26) 

on  comparing  irhich  results  with  Art.  846,  it  appears  that  the 
ladins  of  abaolate  curvature  coincides  in  direction  with  the 
prindpal  normal. 

879.]  To  determme  the  angle  of  curvature. 
Since  by  eqnatitm  (2),  Art.  876,  dT=  +  — ;  therefore  from 
equation  (28),  '* 
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it  I  n  eqnicreBcent 
Now  equation  (27)  is  remarkable  and  deaerrea  atteatioD; 

-^1  -r-i  -r-  are  the  directum-connes  of  the  taufrent,  and  dr 
da     da     da  ^^ 

it  the  iDfiniteaimal  angle  between  it  and  the  conaecutiTe  tan- 
gent. Thia  reanlt  therefore  may  be  generalized.  Let  coa  a, 
COtjS,  coay,  coa  a  +  (f. coa  a,  Oomfi  +  d.OM^,  coay +  (f.oaay  be 
the  direction-coaines  of  two  lines  inclined  to  each  other  at  an 
infinitesimal  angle ;  then  that  infinitesimal  an|^e  ia  eqoal  to 

{(rf.coa  a)»  +  (d.coa^)*  +  (rf.coay)'}**.  (29) 

880.]  We  may  also,  aa  followa,  immediately  obtain  the  ralne 
of  p,  and  as  the  process  «xhibita  the  power  of  the  infiniteaimal 
method  in  its  greatest  simplicity,  we  recommend  the  reader  to 
study  it  attentively. 

Let  r,  Q,  B,  fig.  128,  be  three  conaecntive  points  in  the  corre, 
all  three  lying  in  the  plane  of  the  p^wr  which  is  the  osculating 
plane.  Then  p<)=  da,  qh  =  da  +  d*t;  produce  pq  to  b,  making 
qs  =  pq;  complete  the  parallelograms  pqav,  tqsb,  so  that 
<ta  =  TB  =  PQ  =  da,  then  the  angle  kqb  =  dr ;  and  from  q  as  a 
centre,  and  with  qs  as  a  radias,  describe  a  anudl  arc  st,  which 
is  therefore  perpendienlar  to  qe;  h«ice  qt  =  qb  =  (if ;  and 
therefore  kt  =  d*a,  and  bt  =  da  x  dr. 

Now  the  projections  on  the  coordinate  axes  of  pq  are  dr,  dg, 
dx;  and  of  qn,  or  of  pt,  dx+d*x,  df/  +  d*y,  dz  +  dH;  therefore 
the  prcgectiona  of  tq  are  d*»,  d*y,  d'z;  and  therefore 

VQ»  =  id'x)'  +  {dh,)*  +  (dh:)'; 
bat  VQ^  =  sr', 

=  st'  +  tb*, 

=  dl*  rfr*  +  (d*t)* ; 

*  Or  thill :  mppoBecoaoi&c.  e(na  + rf. rata,  &c.  tube  dwdinetMKHCOMDC* 
of  twoIiiM«  Duking  ui  infiniteaiiDBltnglflifr  with  each  other;  take  aloDg  the 
linea  two  diatancM  Mch  equal  to  onitp,  and  aonuBaDctng  from  tbo  point  of 
intenectioii  of  the  linaa.    "nieii  the  prqeotiotu  of  thear  diitaocM  on  the  ea- 

MdioateueaarereapectireljcxHa.  ....  ooaa-t-d.coia ;   lod  thenfon 

the  pHJectioni  of  tlie  line  joining  their  eitremitiea  an  d.oata,  rf.MsA 
d.eoty,  but  this  line  nuararei  rfr,  aiDce  it  snbtenda  dr,  at  a  distance  nntlj ; 


and  therefore 


di^  -  Cd.co»a)S  +  (i.«w/S)*  +  [d.eoty)'. 
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equating  wUch  valuea  of  tq>,  we  have 

d»»  rfr>  =  (d>a?)»  +  {d*y)*  +  (rf»a)»  -  (d'i)\  (80) 

And  therefore  by  (2), 

i  =  ±-^{(d>:t)*  +  (d'^)*  +  (dH)'-(d*,)'}i.        (81) 

Hence  also  ve  bare  the  folloiring  valae  of  the  angle  of  coa- 
tingeDce, 

dr  =  ^{{rf»a,)«  +  (rf»y)»+(rf*s)-(rfV}*.  (82) 

881.]  Again  consider  fig.  128,  and  project  the  parallelograia 
FQKv  on  the  plane  of  xy ;  the  projections  on  the  axes  of  x  and 
y  of  the  sides  fq  and  qb  are  severally  da,  dy,  and  dx  +  d^x^ 
dy  4-  d*y ;  so  that,  as  was  shewn  in  Art.  295,  the  area  of  the 
projected  parallelc^ram  is  equal  to  dxd*y—dyd*x,  that  is,  to 
the  quantity  represented  by  z  in  Art.  877.  Similarly  the  pro- 
jections of  the  parallelogram  fqbt  on  the  planes  of  yz  and  zx 
are  x  and  t;  also,  as  in  Art.  295, 

area  of  fqbv  =  pq  x  qb  x  sin  bqs, 
=  (it  ((fo  +  d*»)  sin  dr, 
=  ds'  X  dr, 
dt' 

=  T-  ™ 

Hence  by  a  property  of  projected  areas, 

the  same  as  equation  (21).     Hence  also  we  hare  the  following 
ralnes  of  the  direction-cosines  of  the  binormal,  which  is  perpen- 
dicular to  the  plane  in  which  the  parallelc^ram  ?qb8  lies,  riz. 
pX         pT         pz 

d*»'    d*»'    d*»* 


(84) 


882.]  On  torsion  and  the  radius  of  torsion. 
Since  in  Art.  S76  dm  is  the  angle  between  two  consecutive 
binormals,  and  since  the  direction-cosines  of  the  first  binormal 


„  in  tern,  of  (34),     ^.   ^.  ^■, 
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d^2—dzdh/,  T 
d*x—dxd*2,  L 
d^y—dyd»x;\ 
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it  followa  from  equation  (29),  Art  879,  that 

..=  |(..i)'+(..l)V(..5)-}'.  ,35, 

...     rf„.=  ("'■'-"")'+  (l£l^)%  (■■'''-"'■•)■.    (36) 
_  H  (rfi'  +  rfv'  +  rfz')  -  F*  rfp* 

~  p* 

_   (X*  +  Y'  +  Z*)(rfl'  +  dY'  +  rfg')-(lrfl  +  TrfY  +  Erf«)» 
~  (X»  +  Y»  +  Z»)» 

(Yrfl— zdY)*  +  (zrfx  — xrfz)*  +  {xrfY  — Yrfx)*  „ 

=   (Z-  +  Y-  +  Z')' •         <"> 

But  differeatiating  the  several  tenoB  of  (6),  we  have 
dx  =  dyd^z—dzdhf,  -\ 
d\  =  dzd'x— 
dx  =  dxd^y  — 
.•.   Ydt—zdy  =  TC{dxdh/~dy€px)  —  %{dzd:^x~dxd*z), 

=  dx{xd^x  +  Ydhf  +  td^z) — iPx  (z(£c  +  Ydtf +sdz): 
but  xdx  +  rdy  +  xdz  =  0; 

.-.     Yrfa-zdY  =  dxi^d'x  +  Yd'y  +  zd'z);  (89) 

and  as  similar  values  are  true  for  the  other  terms  of  the  nume- 
rator of  (87), 

J,  _  ^  _  rf«*  (X  rf'jp  +  Y  d'y  +  z  d»j»)* , 


(40) 


and  do,  =  -^{zd'x  +  Ydhf  +  xdH).  (43) 

Also  substituting  the  second  set  of  the  raluee  of  the  directiou- 
cosines,  given  in  (31), 
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R* 

- 

(J'  +  Y'  + 

«■)■ 

1 
R 

_  I 

[d»«  +  vrf»S  +  : 

■  (j's 

I>  +  Y>  +  Z> 

X' 

'  +  Y' 

+  1' 
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388.]  In  reference  to  singnlar  forms  of  the  values  of  dr  and 
du  which  have  been  determined  hj  equations  (27)  and  (42),  it 
is  to  be  observed  that 

(a)  If  at  any  point  of  a  carve  dr  =  0,  or,  which  is  the  same 

""^'  ..^  =  0,        .*=:0,        ..^  =  0,  («, 

dt        '         ds  dB  ' 

then  there  is  no  change  of  direction  of  the  tangent  as  we  pass 
to  a  third  point  on  the  curve;  that  is,  the  curve  becomes  a 
straight  line,  or  the  curvature  is  suspended,  and  there  is  what 
is  called  a  point  of  suspended  curvature. 

03)  And  if  (fr  =  0,  and  changes  its  sign,  then  not  only  does 
the  curve  at  the  point  run  into  and  coincide  with  its  tangent, 
but  it  intersects  it;  and  we  have  what  comsponds  to  a  point 
of  inflexion  of  plane  curves,  and  is  called  a  point  of  Inflected 
Curvature. 

(y)  And  if  at  all  points  of  a  curve  in  space  dr  =  0,  then  the 
line  is  straight,  as  is  apparent  from  the  three  conditions  (44). 

(S)  If  at  any  point  dot  =  0,  or  what  is  equivalent, 

I  rf'a?  +  T  d'y  +  Kd'z  =  0,  (46) 

*  the  osculating  plane  does  not  change  position  as  we  pass  from 
a  third  to  a  fourth  consecutive  point,  and  the  torsion  at  that 
point  is  suspended,  or  the  curve  is  plane ;  such  a  point  is  con- 
veniently called  a  point  of  Suspended  Torsion. 

(<)  And  if  do>  =  0,  and  changes  its  sign,  then  the  direction 
in  which  the  torsion  takes  place  is  changed,  and  we  hare  what 
is  called  a  point  of  Inflected  Torsion, 

(0  And  if  at  all  points  of  a  curve  dm  =  0,  then  the  binormals 
are  all  parallel,  and  the  curve  is  plane.  This,  it  is  to  be  observed, 
is  the  same  condition  as  that  before  found  in  Art.  S48. 

884.]  We  proceed  now  to  consider  certmn  surfioces  which 
are  generated  by  planes  and  straight  lines,  the  positions  and 
directions  of  which  depend  on  properties  of  cnrves  of  double 
curvature ;  and  first  let  as  consider  the  effects  of  the  intersec- 
tiou  of  consecative  normal  plaaes. 

Two  consecutive  normal  planes  of  course  generally  intersect ; 
for  did  they  not,  the  elements  of  the  curve  to  which  they  are 
perpendicular  would  be  in  the  same  straight  line,  which  is  true 
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of  only  particular  parts  of  curreg;  and  they  interaect  ia  a 
straight  line,  which,  in  accordance  with  the  nomenclature  of 
M.  de  Saint  Veuant,  and  taken  from  Monge  and  Lancret,  we 
will  call  the  polar  Une :  the  polar  line  manifestly  passes  through 
the  centre  of  absolute  curvature,  and  is  perpendicular  to  the 
osculating  plane.  Consider  again  a  third  consecutive  normal 
plane;  this  will  intersect  the  second  one  in  a  straight  line, 
which  is  a  consecutive  polar  line;  and  so  on;  thus  a  developable 
Borfsce  will  be  formed  by  the  intersection  of  such  normal  planes ; 
and  as  it  is  also  generated  by  the  polar  lines  according  to  the 
properties  of  developable  suriaces  investigated  in  the  last  Chapter, 
it  is  called  the  Polar  Surface. 

Also  a  curve  is  formed  by  the  intersection  of  the  polar  lines ; 
for  the  lines  of  intersection  of  the  first  two  and  of  the  last  two 
of  three  consecutive  normal  planes  lie  in  the  second  pUme,  and, 
not  being  parallel,  necessarily  intersect,  and  must  by  their  in- 
tersection form  a  curve  of  double  curvature,  which  is  tfae  edge 
of  regression  of  the  polar  surface.  To  this  edge  of  regression 
therefore  the  polar  lines  are  tangents ;  and  as  two  consecutiTe 
polar  lines  are  perpendicular  to  two  consecutive  osculating 
planes  of  the  original  curve^  it  foltom  that  the  augle  of  curva- 
ture of  this  edge  of  regression  is  equal  to  the  corresponding 
angle  of  torsion  of  the  primitive  curve.  Also  it  is  manifest  firom 
the  mode  of  generation  that  the  normal  planes  of  the  primitive 
curve  are  osculating  planes  of  the  edge  of  regression ;  and  there- 
fore the  angle  of  torsion  of  the  edge  of  regression  is  equal  to 
the  angle  of  curvature  of  the  primitive  curve.  We  cannot  how- 
ever hence  conclude,  that  the  curvatures  and  torsions  of  the  two 
curves  are  reciprocally  equal,  because  the  lengths  of  the  cor- 
responding elements  of  the  two  curves  are  not  always  equal. 

885.]  Investigation  of  mathematical  expressions  connected 
with  polar  surfaces  and  polar  lines. 

Let  f  J  I),  C  he  the  current  coordinates  of  the  normal  plane ; 
(x,  y,  a)  the  point  on  the  curve  at  which  it  ii  drawn ;  then  the 
equation  to  the  normal  plane  is 

{£-x)dx+{n-y)di/  +  {C'Z)dz  =  0;  (46) 

and  the  equation  to  the  consecutive  normal  plane  is 

{(-x)dtx  +  (^-!f)d'i/  +  (i:~z)dH  =  d.»;  (47) 

by  means  of  which,  and  of  the  two  equations  to  the  curve,  «,  y,  z 
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may  be  eliminated,  and  the  resulting  equation  in  terms  of  f ,  ^,  ^ 
is  that  of  the  polar  sur&ce. 

386.^   Again,  to  find  the  equations  to  the  polar  line. 

L^'  f)  f)  f  ^B  ^^^  current  coordinates  of  the  line;  then,  as  it 
passes  through  the  centre  of  absolute  curvature,  and  ia  per- 
pendicular to  the  osculating  plane,  or  is  parallel  to  the  biaormal, 
its  equations  are,  by  means  of  (23), 

dt      da        '    '     da     da                  da     ds    ,.„, 
= =  ; .  (48) 

887.]  Also  to  find  the  coordinates  of  the  point  of  inter- 
section of  two  consecutive  polar  lines  :  that  is,  the  coordinatea 
to  a  pcnnt  on  the  edge  of  r^p^uion  of  the  polar  surface  :  we 
most  again  differentiate  (47),  whereby  we  hare 

(f-j:)d»«  +  (.I-y)d»y  +  (f-a)d'^  =  Zdad*a;         (49) 
and  by  cross-mnltiplication  between  (46),  (47),  and  (49), 

(f— «)(irf'aJ  +  Yrf"y  +  arf»z)  =  Sifed'jx— (fe>rfx,        (50) 

=  -'^'^-h'  (51) 

and  similar  values  are  true  for  the  symmetrical  expressions. 
Therefore  by  means  of  (41 ), 


f-»= . 


•■w 


.i!lw 


By  means  of  which  and  the  two  equations  to  the  curve,  x,  y,  z 
may  be  eliminsted,  and  the  two  resulting  equations  in  terms  of 
f ,  ?r,  (  will  be  those  to  the  edge  of  regression  of  the  polar  snriace. 

388.]  Let  UB  further  consider  these  properties  in  relation  to 
a  sphere  which  has  contact  with  the  primitive  curve. 

As  a  circle  is  definite  when  it  passes  through  three  consecu- 
tive points  on  a  curve,  and  cannot  in  general  pass  through  more, 
so  a  sphere  is  definite  when  it  passes  through  four  points,  pro- 
vided that  these  four  points  have  not  such  a  position  as  to  give 
a  singular  form  to  ihe  sphere,  as  for  instance  to  make  it  a 


,,  Google 


558  THE  OSCULATING  SPHERE.  [388. 

plane;  this  ia  manifest  geometrically,  iDasmucb  as  an  infinite 
number  of  spheres  may  be  made  to  pats  through  three  points, 
but  or  these  that  which  passes  through  the  fourth  point  has  a 
definite  radius;  and  also  algebraically,  because  the  eqaation  to 
a  sphere  involves  four  arbitrary  constants,  and  these  may  be 
expressed  in  terms  of  the  coordinates  of  four  given  points. 
Consider  then  a  sphere  to  be  so  placed  as  to  pass  through  a 
given  point  on  a  curve,  and  to  .touch  the  tangent  to  the  curve 
at  the  point ;  the  sphere  passes  through  two  consecutive  points 
on  the  curve,  and  its  centre  may  be  at  any  point  which  is  equi- 
distant irom  these  two ;  it  may  therefore  be  any  where  in  the 
normal  plane.  Suppose  also  that  the  sphere  passes  through  a  third 
consecutive  point  in  addition  to  the  former  two,  then  its  centre 
must  also  be  in  the  second  consecutive  normal  plane,  and  must 
therefore  be  in  the  intersection  of  these  two  normal  planes ; 
that  is,  it  must  be  in  the  polar  Une,  but  it  may  be  at  any  point 
in  that  line  ;  that  line  therefore  may  be  considered  as  the  locus 
of  the  centres  of  spheres  which  pass  through  the  same  three 
consecutive  points  on  a  curve.  Suppose  again  that  the  sphere 
also  passes  through  four  consecutive  points,  then  its  centre 
must  be  in  the  point  at  which  the  polar  line  is  intersected  by 
its  consecutive  polar  line,  and  is  therefore  at  a  definite  point, 
and  the  radius  of  the  sphere  is  of  definite  length.  The  point 
then  at  which  the  centre  of  such  a  sphere  must  be  placed  is 
a  definite  point  on  the  edge  of  regression  of  the  polar  surface ; 
such  edge  therefore  may  be  defined  to  be,  the  locus  of  the  cen- 
tres (^  spheres  which  pass  through  four  consecutive  points  on  a 
cnrve  of  double  curvature. 

Therefore  $,  >),  f  of  equations  (52)  are  the  cotn^inates  to  the 
centre  of  the  osculating  sphere,  and  {—x,  tj—y,  C—s  are  the 
projections  on  the  coordinate  axes  of  its  radius.  Now  alter 
some  long  but  not  difficult  reductions,  equations  (53)  a 
die  forma 

dx     ndp  (. 


i-'^i'-k"-^*-^ 


di     di' 


Rdp  pY 


(63) 


and  since  -j-'^-j"' "'''^  ^^^  direction -cosines  of  the  radius 
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of  curvature,  and  ~, are  the  directioQ-cosmes  of  the  polar 

line,  it  follows  that  the  projections  on  the  coordinate  axes  of 
the  radius  of  the  osculating  sphere  is  equal  to  the  sum  of  the 
projections  on  the  same  axes  of  the  radius  of  absolute  curva- 
ture, and  of  a  line  equal  in  length  to  —7-  aieasured  from  the 

centre  of  curvature  along  the  polar  line;  and  therefore  as  the 
polar  line  is  perpendicular  to  the  radius  of  absolute  curvature, 

the  radius  of  the  osculating  sphere  =  Jp*  +  {~7^)  i  '  (^^^ 
And  if  the  radius  of  absolute  curvature  of  a  curve  is  constant 
for  all  points  of  the  curve,  so  that  dp  =  0,  then  the  centres  of 
absolute  curvature  and  of  the  osculating  sphere  are  coincident ; 
and  if  at  a  point  on  a  curve  p  is  a  maximum  or  a  minimum,  the 
same  result  follows. 

And  hj  differentiating  (53)  or  (63)  we  may  find  d£,  dtj,  d{, 
and  thereby  the  length  of  an  element  of  the  edge  of  r^^ression 
of  the  polar  surface;  and  thence  the  curvature  and  torsion  of 
the  edge  of  regression  iu  terms  of  the  coordinates  of  the  corre- 
sponding point  of  the  primitive  curve. 

389.]  The  above  investigations  lead  as  immediately  to  an 
inquiry  respecting  those  properties  of  curves  of  double  curva- 
ture which  are  analogous  to  evolutes  of  plane  curves. 

Let  a  normal  line  be  drawn  at  any  point  of  a  curve  of  double 
curvature ;  it  will  be  in  the  normal  plane  at  the  point,  and  will 
therefore  touch  the  polar  surface. 

Now  conceive  a  second  and  consecutive  normal  plane  to  be 
drawn ;  it  will  meet  the  first  normal  line  on  the  polar  surface 
and  at  the  point  of  meeting  let  a  normal  line  be  drawn  to  the 
curve :  and  conceive  again  a  third  consecutive  normal  plane  to 
be  drawn,  and  to  meet  the  second  normal  line :  and  another 
normal  line  to  be  drawn  to  the  curve,  and  by  a  method  similar 
to  the  former  one :  and  so  on ;  then  will  a  curve  be  described 
on  the  polar  surface,  the  elements  of  which  are  elements  of 
these  BQCcessive  normal  lines,  and  which  curve  is  such  that  if 
a  perfectly  flexible  and  inextensible  string  is  fixed  at  any  point 
of  it,  and  of  such  a  length  as  when  stretched  will  reach  to  the 
curve ;  then,  if  it  be  wrapped  round  the  polar  surface  and  along, 
and  tangential  to,  the  curve  thereon  described,  the  extremity  of 
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the  string  will  df  scribe  the  origituil  curve  of  doable  cnrratare. 
On  this  Account  the  curve  described  on  the  polar  surface  is 
called  the  ETOlute,  and  the  original  curve  is  called  the  Involate 
with  respect  to  it. 

Thus,  let  (x,  y,  z)  be  the  point  on  the  original  curve  at  irhich 
the  normal  line  is  drawn,  and  let  the  point  on  the  polar  aur&ce 
at  which  the  normal  meets  it  be  (^,  >],  Oi  «o.^  let  </<t  be  a  length- 
element  of  the  evolute ;  and  let  r  be  the  distance  between  the 
two  points ;  then,  as  r  is  to  be  a  tangent  to  the  evolnte, 

da  r     '        da  r  da  r     ' 

Also  r'  =  {*-f)>  +  (j,-q)J  +  (^-0», 

-rdr  =  (*_f)df +  (j,_,,)rf,+  («_f)rff, 

,^r  =  'J^±^±^=^da., 

da  — 

.-.     dr  ±da  =  0; 

and  taking  the  negative  sign  r  — <7  =  a  constant;  so  much  of 
the  string  therefore  is  taken  off  from  its  length  hj  the  wrap- 
ping,  as  to  leave  the  remainder  equal  to  the  distance  of  the 
point  on  the  old  curve  from  the  point  on  the  evolute  where  the 
wrapping  ends. 

Hence  if  from  two  points  on  an  evolute  tangents  to  the  evo- 
lute are  drawn  to  the  involute,  the  difference  of  their  lengths 
is  equal  to  the  length  of  the  arc  of  the  evolute  between  the 
points  of  contact. 

As  the  basis  of  the  construction  of  the  evolnte  thus  &r  has  been 
an  arbitrarily  chosen  normal  line  at  a  given  point  of  the  original 
curve,  so  may  any  other  normal  line  be  taken ;  and  thus  there 
may  be  any  number  of  evolutes,  all  of  which  will  be  on  the  polar 
surface,  and  which  may  therefore  be  oonudered  as  the  locos 
surface  of  such  evolates. 

The  locus  of  the  centres  of  absolute  cnrvature  is  not  an  evo- 
lute, although  it  is  a  curve  described  on  the  polar  surface  j  and 

for  this  reason;  suppose  f,  o,  a to  he  consecutive  points  on 

the  curve,  and  p,  q,  r to  be  the  centres  of  curvature  oor- 

responding  to  the  points;   then,  if  the  line  pqr were  aa 

evolute  of  pqr ,  the  arc  jig  should  lie  in  the  line  rp  pro- 
duced, the  arc  qr  should  lie  in  <xq  produced,  and  ao  on :  and 
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auch  can  be  the  cmse  only  when  vp,  ag,  nr Kre  two  and 

two  in  the  same  plane ;  bat  all  these  lie  severally  in  different 

planes,  viz.  in  the  osculating  planes  at  p,  q,  a The  radii 

of  absolute  curvature  therefore  cannot  meet  and  by  their  in- 
tersections form  an  erolute,  unless  all  are  in  the  same  plane, 
or,  in  other  words,  unless  the  curve  is  plane.  A  surface  how- 
ever is  generated  by  such  radii  of  curvature,  which  is  ruled,  bnt 
of  the  class  termed  Skew. 

There  is  also  another  remarkable  property  of  evolutea  of 
corves  of  double  curvature,  viz.  when  the  polar  surface  is  de- 
veloped into  a  plane,  they  become  straight  lines  all  diverging 
firom  the  saitae  point.  For  consider  two  consecutive  normal 
planes  rp  and  49  drawn  at  f  and  q,  and  imagine  the  second 
one  to  tnm  about  the  polar  line  in  vp,  nntil  the  two  planes 
coincide ;  then,  as  is  manifest  from  the  construction,  q  fklls  on 
and  coincides  with  f,  and  the  line  rp  coincides  with  Q?,  so  that 
pg,  the  element  of  the  evolute,  coincides  in  direction  with  yp; 
and  as  a  similar  result  would  follow  from  a  similar  operation 
being  performed  on  the  other  normal  planes,  it  follows  that  the 
evolute  of  which  pg  is  an  element  becomes  a  straight  line  ema- 
nating &om  V,  the  point  into  which  the  whole  original  curve 
becomes  absorbed ;  and  as  a  similar  result  is  true  of  all  the 
other  evolntes,  it  follows  that  when  the  polar  surface  is  de- 
veloped, the  evolntes  become  a  pencil  of  straight  lines  diverging 
from  the  point  into  which  the  curve  falls. 

And  as  the  length  of  an  element  of  an  evolute  is  not  altered 
by  the  development,  it  follows  that  the  element  of  an  evolute  is 
the  shortest  distahce  between  the  two  e&tremities  of  the  ele- 
ment. The  evolute  therefore  is  the  geodesic  between  any  two 
points  on  the  polar  surface. 

390.3  '^'^  enable  the  reader  to  obtain  an  adequate  concep- 
tion of  the  results  of  the  last  few  Articles,  the  geometrical 
figure  129*  is  given. 

Let   Pi,  Ft,  ^3,  P* be   successive  points  in   a   curve   of 

double  curvature;   and  through  the  middle  points  u^,  Hj,  Mj, 

...  of  successive  elements  let  the  normal  planes  Li,  Lt,Ls, be 

drawn,  intersecting  each  other  consecutively  in  the  straight  lines 

■  The  Rgare  is  the  same  a*  that  given  by  Mongc  m  hia  "Application 
d'AnatyM,"  and  thence  faaa  been  copied  into  most  ot  the  ordinary  text  hooka. 
PRICE,  VOL.  I.  4  c 
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A]Bi,  AjB], which  are  therefore  the  polar  lines;   uid  the 

surface  formed  hj  the  iatersectioD  of  the  normal  planes  is  the 
developable  polar  surface ;  then,  as  all  the  elements  of  the  cture 
are  not  in  the  same  plane,  the  polar  lines  are  not  parallel,  and 
therefore  intersect  consecutively,  and  thereby  form  an  envelope, 
viz.  the  non-plane  curve  ftiQtOa •  which  is  the  edge  of  re- 
gression of  the  polar  surface. 

Also  let  the  normal  planes  li,  14  be  cnt  by  the  osculating 
plane  containing  the  elements  PiFj  and  PiPg,  and  which  is 
therefore  perpendicular  to  li  and  t^,  and  let  the  lines  of  inter- 
section be  MiCi,  HgCi;  then  Ci  is  the  centre  of  absolute  cur- 
vatnre  of  the  curve  at  Pi,  and  Pi  Ci  is  the  radius  of  absolate 
curvature. 

Again,  let  the  consecutive  osculating  plane  be  drawn  con- 
taining the  elements  Fj  fj  and  Pg  P4,  and  let  its  lines  of  inter- 
section with  Li  and  Lg  be  hiCi  and  it»c%;  then  Ci  is  the  centre 
of  absolute  curvature  of  the  curve  at  Pg,  and  rt  Ct  is  the  radius 
of  absolute  curvature.  It  is  manifest  now  that  the  line  ii|C] 
does  not  coincide  with  HjCi,  because  they  are  the  Unea  of 
intersection  of  the  same  plane  l%  by  different  planes;  HiCi 
therefore  does  not  cut  A]  Bi  in  the  point  Ci ;  and  therefore  the 
consecutive  radii  WiCi  and  HiCi  do  not  meet.  The  soccessive 
centres  of  curvature  therefore  do  not  arise  from  the  intersection 
of  consecutive  radii  of  curvature,  and  consequently  these  radii 
are  not  tangents  to  the  locus  of  the  centres ;  and  therefore  it 

follows  that  the  curve  CiC| cannot  he  regarded  as  an  evo- 

late  of  the  original  curve.  It  is  manifest  however  firom  the 
construction  that  such  will  be  the  case,  if  t&e  original  curve  is 
plane. 

The  diagram  gives  us  also  a  clear  notion  of  the  formation  of 
evolutes.  From  Mi  let  any  line  MiOi  be  drawn  in  the  normal 
plane,  meeting  at  Di  the  polar  surface,  to  which  it  is  tangential ; 
and  from  oi  let  the  line  Di  h,  be  drawn  to  Hj,  the  middle  point 
of  the  nest  element;  then  this  line  lies  in  the  consecutive 
normal  plane,  and  is  tangential  to  the  polar  surface,  and  has  an 
element  Di  Dj  in  contact  with  it ;  and  let  a  similar  process  be 
continued  on  other  consecutive  normal  planes ;  then  there  will 

be  described  on  the  polar  surface  a  curve  Di  Dj ,  such  that 

each  successive  element  on  it  being  produced  will  pass  through 
and  be  normal  to  the  original  curve,  and  such  that  the  differ- 
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ence  between  two  successive  lines  drawn  from  the  new  to  the 
old  cnrre  is  equal  to  an  element  of  the  new  curve,  as  is  mani- 
fest from  the  construction;    therefore  the  curve  DiDj is 

an  evolute  to  the  origiuat  curve,  which  is  called  an  involute 
relatively  to  it.    Hereby  also  a  developable  surface  will  be 

formed  of  which  the  curve  Di  di  is  the  edge  of  regression, 

the  osculating  planes  to  which  are  those  containing  the  suc- 
cessive elements  of  the  ori^nal  curve. 

And  att  the  first  normal  Pi  Di  was  drawn  to  a  point  Di,  chosen 
arbitrarily,  so  might  any  other  point  have  been  taken  ou  the 
polar  line  Bi  Ai  Qi  ;  and  thus  there  may  be  any  number  of  evo- 
lutes  on  the  polar  surface,  and  the  polar  surface  may  be  con- 
sidered as  the  loGus-sur&ce  of  such  curves. 

It  is  manifest  from  the  geometry  that  if  the  polar  sur&ce  is 

developed  into  a  plane,  Di  Dj would  become  a  straight  line ; 

therefore  Di  D| is  a  geodesic  line  on  the  polar  surface. 

391.]  From  the  figure  also  may  be  deduced  results,  some  of 
which  are  identical  with  those  above  investigated  by  algebraical 
methods. 

Through  the  points  u^,  Mj, ,  the  middle  points  of  sncces- 

sive  elements,  let  there  be  drawn  the  binormals  HiLi,  HsLi, 

which  are  parallel   to   the   polar   lines  AiBi,  AjB) ; 

then  the  angle  Ai  Qi  Aj,  being  that  between  two  successive  polar 

tines,  is  equal  to  the  angle  of  torsion.     Also  let  the  line  u%Ct 

cut  the  polar  line  Ai  bi  in  i ;  then  we  have  the  following  values : 

Ml  Ci  =  p  =  the  radius  of  absolute  curvature. 

Hi  I  =  dp  =  the  differential  of  ditto, 

MiQi  =  the  radius  of  the  osculatiug  sphere, 

AiQiAj  =  the  angle  of  torsion  =  dm  =  —  ■ 

Since  then  Cji  may  be  considered  as  an  arc  of  a  circle,  sub- 
tending an  angle  aiQiAi  at  Qi,  we  have 

cji  =  Qicj  X  angle  aiQiA,; 
rfp  =  Qi  c»  X  rfu), 

■••  *"•  =  £  =  '§■  '^^) 

and  since  MiCiQi  is  a  right  au^e, 

MlQi'   =    MiCiHCidA 

4  0  3 
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{the  radius  of  the  osculating  sphere}*  =  p*  +  (»-^)  J    (56) 

tanQiMiCi  =  -i— i  =  —^.  (57) 

Also  as  H;jCi,  MgCg  are  the  lines  of  iatersection  of  the  normal 

plane  at  Pj,  b;  two  consecutive  osculating  planes  irhich  are 

both  perpendicular  to  it,  the  angle  ci  K%Ct  is  that  between  the 

osculating  planes,  and  is  therefore  equal  to  the  angle  of  torsion  : 

that  is,  . 

'  Cj  Ug  Ct  =  dai; 

and  as  M|Ui  is  perpendicular  to  AiBi,  Cii  may  be  considered 
the  arc  of  a  circle  subtending  at  Mg  an  angle  d<» ;  therefore 
C|  I  =  HgCi  X  angle  CiMfCg, 

=  prfuj  (58) 

and  therefore  if  CiCi  is  joined,  C]Cg  is  an  element  of  the  curve- 
locus  of  the  centres  of  curratnre  ; 

.-.       C,Ci*  =   CiI*  +  ICj', 

=  p*rf«»  +  rfp».  (59) 

If  the  curve  is  plane  dm  =  0,  and  CiC]  =  dp,  in  which  case 
CiCg  is  an  element  of  the  evolute  of  the  original  curve ;    but  if 

the  original  curve  is  non-plane,  the  curve  CiCi, is  not  an 

evolute. 

As  C|  Ci  is  an  element  of  the  curve-locus  of  the  centres  of 
absolute  curvature,  it  is  equal  to  {d£*  +  dij*  +  d(*}i  of  the 
expressions  given  in  equatirau  (11)  or  (22)  of  the  present 
Chapter ;   that  is, 

rfp*  +  p»d«»  =   |d^  +  rf.{^rf.g)|'+ +  ...  ;      (60) 

whence,  after  several  reductions, 

392.3  ^ow  this  last  equation  deserves  attention ;  for  on  re- 
ferring to  equations  (35)  it  appears,  that  the  direction-cosines  of 
the  radius  of  absolute  curvature  are 


,,  Google 


3930  COMPLEX  CUKVATURB.  566 

'J.^.     id*,      '  rf.^i  (62) 

ds     dt      ds     dt      d»      d* 

and  therefore  on  comparison  of  (61)  with  (29),  it  appears  that 
the  right>haiid  member  of  (61)  is  the  square  of  the  ioiiDitesimal 
angle  contained  between  two  consecutive  radii  of  absolute  cur< 
rature.  Therefore  if  da  is  the  an^e  between  these,  viz.  the 
angle  between  HiCi  and  MgCt  in  fig.129;  then 


and  assuming  K  to  be  such  that  d»  =  SI  da,  we  have 
111 


(65) 


and  calling  —  complex  flexure,  and  iK  the  radius  of  complex 
flexure,  we  have 

(complex  flexure)*  =:  (curvature)*  +  (torsion)^.  (66) 

Fig.  129  affords  an  easy  geometrical  proof  of  (64). 

393. 2  On  the  osculating  surface  of  a  non-plane  curve. 

The  osculating  planes  of  a  non-plane  curve  by  their  con- 
secutive intersections  form  a  developable  surface,  whose  edge 
of  regression  is  the  curve  itself;  or  the  surface  may  be  con- 
sidered to  be  generated  by  the  tangent  lines  in  their  successive 
positions.  The  tangent  line  therefore  is  the  characteristic  of 
the  snrfoce,  which  is  called  the  osculating  surface. 

Let  the  equation  to  an  oscukting  plane  be 

(f-«)x  +  (n-y)Y  +  (f-r)z  =  0;  (67) 

then  the  equation  to  the  consecutive  plane  is 

(f-«)  dx  +  (.,-y)  rfy  +  (f-a)  dz  =  0,  (68) 

*.•     idx+vdy  +  zd2  =  0.   . 
Eliminating  therefore  x,  y,  z  from  (67),  (68),  and  the  two  equa- 
tions to  the  curve,  there  will  result  an  equation  in  terms  of 
(, )},  i  which  will  be  that  to  the  osculating  surface. 
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From  the  mode  of  generatioa  of  the  surface,  it  is  manifest 
that  all  involutes  to  the  given  curve  lie  in  it;  and  that  each 
involute  cuts  all  the  generating  lines  of  the  sur&ce  at  right 
angles. 

An  example  of  a  problem  of  this  kind  has  been  solved  in 
Ex.  1,  Art.  863. 

S94.]  Agwn,  suppose  planes  to  be  drown  at  every  point  of 
a  non-plane  curve  and  perpendicular  to  the  radius  of  absolute 
curvature  at  the  point;  such  will  by  their  intcrsectiouH  gene- 
rate a  developable  surface,  the  equation  to  which  is  found  as 
follows. 

Let  I,  Tj,  C  be  the  current  coordinates  of  the  plane ;  then,  since 
it  is  perpendictdar  to  the  radius  of  absolute  curvature,  or  to 
the  principal  normal  whose  direction-cosines  are  given  by  equa- 
tions (S5),  its  equation  is 

(f-a.)  rf.  J  +  {f,-y)  d.^  +  (C-z)  rf-  ^  =  0 ;        (69) 

and  the  equation  to  the  consecutive  plane  is 

(£-»)i>.g  +  (,-rt<i'.g+(f-»)<i>.J  =  0.  (?0) 

The  eliminatiott  therefore  of  x,  y,  e  between  (69),  (70),  and 
the  two  equations  to  the  curve,  will  leave  an  equation  involving 
i,  J],  C  which  will  be  that  to  the  required  surface. 

The  planes,  by  the  consecutive  intersection  of  which  the  sur- 
face is  formed,  are  tangential  to  the  original  curve,  and  are  by 
their  position  perpendicular  to  both  the  osculating  and  normal 
planes  to  the  curve  at  the  common  point.  This  surface  there- 
fore always  cuts  at  right  angles  the  osculating  surface  of  the 
curve ;  and  since  to  the  osculating  surface  the  curve  is  the  edge 
of  regression,  this  surface  is  perpendicular  to  the  osculating 
surface,  through  the  whole  length  of  its  edge  of  regression. 
Now  when  the  osculating  surface  is  developed,  the  original 
curve  becomes  a  straight  line ;  but  what  effect  has  snoh  a  de- 
velopment of  the  osculating  surface,  or  such  a  rectification  of 
its  edge  of  regression,  on  thC'  surface  which  is  perpendicular  to 
it  through  its  edge  ?  it  developes  this  orthogonal  surface  into  a 
plane,  and  the  line  of  contact  of  the  original  curve  with  it  be- 
comes a  straight  line.  This  surfitce  is  accordingly  called  the 
rectifying  develcpable  turface,  as  being  that  which  touches  the 
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cnrre,  and  the  curve  of  contact  of  which,  with  the  given  curve, 
becomes  a  straight  line  when  the  surface  is  developed  into  a 
plane.  It  is  also  for  this  reason  that  the  plane  which  touches 
a  carve,  and  is  perpendicular  to  the  radius  of  absolute  curva- 
ture, is  called  the  rect^ying  plane  *. 

395.3  '^^^  ^^^  °^  intersection  of  two  successive  rectifying 
planes  is  called  the  rectifying  line;  hence  it  is  the  line  of  inter- 
section of  the  two  planes  whose  equations  are  (69)  and  (70) ; 
therefore  its  equations  are 

f-g  _  -n-y 

dy  ..  dz       .  dz  ..  iy         ,  dz  ..  dx     '    dx  ,.  dz 
da       d»         d»       dt  d»       ds  d»       da 


da      da  da       d» 

also  it  is  perpendicular  to  two  consecutive  principal  normals. 

Also  by  means  of  the  denominators  of  the  above  fractions 
the  infinitesimal  angle  between  two  consecutive  rectifying  lines 
may  be  determined. 

And  the  edge  of  regression  of  the  rectifying  surface  may  be 
determined  by  differentiating  (70),  and  then  determining  two 
equations  in  terms  of  f,  17,  C  between  (69),  (70)  and  its  differ- 
ential, and  the  two  equations  to  the  curve. 

396.]  Let  us  apply  to  the  helix  the  results  which  have  been 
arrived  at  in  the  present  Chapter.  As  in  Ex.  3,  Art.  347,  let 
the  equations  to  the  curve  be 

X  =  acos^,-i  .-,     dx  =  —ann^d4>  =  —ydtfi,  1 

y  =  a  sin  0,  I  dy  =    a  coa  4>  di^    =      x  dif>,   l     (72) 

z  =  kaifii    J  dz  =       kad<p        =    kadip;} 

rf*>  =  (l  +  t«)a"rff»; 
and  taking  0  to  be  equicrescent, 

d'x  =  —xd<lfl,-\  d'x  =  yd^,     -1 

d^y  =  -yrf^,  I  rf>y  =  ^xd<t?,  I  (73) 

d*z  =0;  J  d»z  =0;        'J 

*  See  a  paper  hj  Lancret  in  "  M^moirei  des  SavaDS  Etraog^res,"  tome  I"*. 
ParU,  An.XIV(l805). 
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APPLICATION  OF  THE 


'■C!9^ 


> 


and  from  the  reanlts  of  Ex.  2,  Art.  347,  and  from  (6)  and  (7) 
of  Art.  877, 


<i'»        -I     -] 

I  =  kayd^. 

<&■       a'a  +  i')' 

d'y            -y 

. 

Y=  -kaxd.ff. 

dt'  ~  <i"(l  +  »=)' 

p"  =  <i'(l +  *■)!'♦•; 

therefore  by  (24)  and  (25),  p  = 

"(l  +  »'); 

C08  \  =  —  cos  .^        COB  f* 

=  —  sin  ^,       cos  w  = 

<<r 

^_ 

df. 

i  ■  CS) 

(l+*')» 

The  radius  of  absolute  curvature  therefore  coincides  in  direc- 
tion with  the  radius  of  the  base-cvlinder  of  the  helix ;  and  as  its 
value  is  constant,  its  extremity  describes  another  helix  of  the 
same  axis  and  the  same  thread,  and  which  is  traced  on  a  base- 
cylinder  whose  radius  is  it*  a. 

Again,  from  (40)  and  (42), 

l  +  t» 

a  =  «_^. 


-d^. 


■'] 


(76) 


(!  +  *■)* 
Also  for  the  directioQ-cosines  of  the  binormal,  ve  have 


cml  = 


(1 


sm4>i 


h*«)* 


cos  n  =  -  = 


The  equation  to  the  polar  surface  has  been  found  in  the  last 
Chapter,  see_Ex.  1,  equation  (72),  Art.  363,  and  therefore  it 
is  nnnecessary  to  apply  equations  (46)  and  (47)  to  the  same 
problem. 

By  means  of  (48)  the  equations  to  a  polar  line  are 
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-k^-  =  -r-k;r  =  -r-  "" 

Again,  to  find  the  equationi  to  the  edge  of  regreBsion  of  the 
polar  surface,  we  have  firom  equatioiui  (52), 

f  =  -*»ai,         rt  =  -k*y,        C=z;  (79) 

subatitntiDg  which  in  the  eqnatioiu  to  the  heUx,  viz. 

X  =  a  coa-^,  w  =  oain-z— ,  (80) 

we  hare 

f  =  -k*acoo4->  V  =  -i'asinX;         (81)  . 

Ka  ka 

which  repreaent  a  helix  deBcribed  on  a  cylinder,  whose  axis  is 

the  axis  of  the  original  hase-cyliader,  and  radin8=  k*a,  and 

the  inclination  of  whose  thread  to  the  plane  of  ^y  is  the  same 

as  that  of  the  original  helix. 

Also  irom  (64), 

the  radina  of  the  osculating  sphere  =  a(l+k*)\        (82) 

and  is  therefore  equal  to  the  radios  of  absolute  cmrature ;  and 

similarl;  the  coordinates  to  the  centre  of  the  osculating  sphere 

are  those  given  in  (79). 

From  (64),  do  =  d<f.,  (88) 

that  is,  two  consecutive  radii  of  absolute  curvature  are  inclined 
to  each  other  at  the  same  angle  as  the  corresponding  radii  of 
the  base-cylinder. 

Also  from  (66),  Jft  =  (1  +*»)*o.  (84) 

The  equation  to  the  osculatiDg  surface  has  been  investigated 
in  Ex.  1,  Art.  863. 
By  equation  (69)  the  equation  to  the  rectifying  plane  is 

{x  +  i}j/  =  a*;  (86) 

that  is,  the  plane  is  parallel  to  the  axis  of  z,  and  perpendicular 
to  the  radius  of  the  base-cylinder. 

And  by  (71)  the  equations  to  the  rectifying  line  are. 


<-=H-  <8«> 
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CHAPTER  XVIII. 

ON  THE  CURVATURE  OP  SECTIONS  OP  CUKVED  SURFACES. 

897.]  Consider  on  a  caired  suriace  a  point  which  ia  not  one 
of  diBContinuity,  and  at  which  the  denTed-fimctions  of  the 
equation  to  the  surface  are  neither  singular  nor  indeterminate. 
Through  this  point  let  any  number  of  lines  be  drawn  on  the 
surface;  these  will  generally  he  curved,  and  the  cumtore  of 
them  will  vary  continuously  as  we  pass  from  one  to  another ;  to 
the  determination  of  their  curvature  we  propose  to  apply  the 
principles  already  esptained ;  and  by  means  of  them  to  form  a 
conception  of  the  actual  flexure  or  curvature  of  the  surfoce  at 
the  point  under  consideration. 

Now  our  principles  require  an  investigation  into  the  incli> 
nation  of  two  consecutive  elements,  or  into  the  relative  position 
of  three  consecutive  points,  see  Art.  281.  The  first  point  is 
that  under  consideration,  and  the  next  two  are  of  necesd^ 
in  the  same  plane  with  it ;  and  according  as  the  plane  of  the 
three  consecutive  points  does  or  does  not  contain  the  normal 
to  the  surface  at  the  first  point,  will  the  process  of  inqniry  be 
different. 

Firstly,  let  the  three  pointfl  be  such  that  their  plane  may 
eontain  the  normals  at  the  first  and  second  points ;  then  the 
two  consecutive  normals  lie  in  the  same  plane,  and  therefore 
intersect.  Accordingly  the  principles  on  which  we  have  esti- 
mated radius  of  curvature  are  directly  applicable ;  this  is  the 
case  oC  principal  normal  tectum. 

Secondly,  let  the  plane  of  the  three  points  contain  the  first 
normal,  but  not  the  second;  then  the  principles  of  estimating 
curvature  which  were  adopted  in  the  last  Chapter  are  applicable ; 
and  we  must  investigate  the  distance  from  the  surface  of  the 
point  at  which  the  normal  plane  of  the  second  element  meets  the 
normal  to  the  surface  at  the  given  point ;  for  such  a  point  will 
he  identical  with  the  point  of  intersection  on  the  oscolating 
pbne  of  two  consecutive  normal  planes  :  this  ia  the  case  of 
ordinary  normal  section. 

Thirdly,  the  three  points  may  be  such  that  their  plane  may 
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not  ccmtain  the  nonnal  line  at  the  iirat  point ;  in  which  case  ve 
most  then  apply  the  results  of  Art.  375  to  determine  the  radius 
of  absolute  curvature.  This  is  the  case  of  oblique  section,  the 
osculating  plane  of  the  two  elements  being  inclined  at  a  given 
angle  to  the  normal  of  the  surface. 

398.^   I  propose  first  to  investigate  the  curvature  of  principal 
normal  sections. 

Let  the  equation  to  the  surface  be 

y{x,y,z)  =  Oj  (1) 

and  for  the  sake  of  abbreviating  the  notation  let  as  employ  the 
following  symbols,  as  in  Art.  333,  and  in  Art.  360, 


(§)— 

0  =  >-. 

(S)=- 

(£)  =  ". 

o=- 

(S)=- 

^      (2) 

(|fc)  =  -'. 

o=< 

&-"'■•. 

o'+y'  +  w'  = 

=  «'. 

(3) 

Then  the  equations  to  the  normal  at  the  point  a?,  y,  z  are, 

u 

T               w 

=  £  =  0,     (By), 

(*) 

where  p  is  the  distance  between  (j 

,y,«)  and  (f,,,f 

.    Hence 

=  0.1 

=  0, 
rO;J 


f-ar  =  uo,  )j— y  =  vfl,  f-z  =  wQ.       (5) 

Now  when  two  consecutive  normals  intersect,  {5)  must  consist 
with  their  differentials,  when  x,  y,  z,  and  therefore  when  u,  v,  w, 
o  vary ;  accordingly,  differentiating,  ^ 

dx+vda  +  adu  = 

dy  +  vda  +  adv  =  0,  [.  (6) 

dz  +  vda  +  odw  : 
whence,  eliminating  Q  and  do,  we  liave 

(vdw  — wrfv)(ir+  (wdo  — udw)rfjr+  (xidv~-vdv)dx  =  0;  (7) 
and  as  this  is  independent  of  f,  ij,  f  it  is  true  for  any  point  on 
the  surface,  and  is  therefore  the  differential  equation  of  lines 
drawn  on  the  sur&ce,  which  are  sncli  that  the  consecutive  nor- 
mals to  the  surface  along  them  intersect.  These  lines  are  called 
402 
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the  %i«>  qf  atrvtUta-e,  to  the  cotisideratioii  of  'wiicb  we  shall 
hereafter  return.  The  geometrical  meamng  of  (7)  is,  that  the 
line  of  intersection  of  the  two  tangent  planes  drawn  at  the  ex- 
tremitieB  of  d»,  the  element  of  a  hne  on  the  snr&ce,  ii  at  ri^t 
angles  to  the  tangent  line  whose  direction-cosines  are  propor- 
tional to  dx,  dy,  dt. 

The  equation  to  the  lines  of  curvature  may  also  be  expressed 
as  follows :  sioce 
V  rfw  —  w  rfv  =  V  {v'dx  +  tidy  +  wdz)  —  yf{v/dx  -1-  vdy  -|-  fidz), 
—  (vt<—  ww')d3!  -f  (v»^— ww)(fy  -f  (vw— wii')<t; 
and  nnce,  similarly, 
wdr  — Tjrfw  =  (WW  — ct^)(ir+(w«''— CK')rfy +  {wi/— pii7)is, 
rrfv  — vrfo  =  (nw'— vt»)i£r  +  (cu  — T«>')rfy  -1-  (on'— vr')rfs, 
the  equation  to  the  lines  of  curvature  becomes 
(v»'  — ww')(te'-|-(ww'—  vii)dy*+  (cm'— vr')(fe' 

+  (wr*— ow  +  vv  —  yw')dydk  +  {vvf—  vu  -1-  vw  —  wt/)d!zi£r 
+  (vii'  — wD-i-wii  — tii)')(£r(^  =  0.     (8> 

And  as  this  is  of  two  dimensions  in  terms  of  dx,  dy,  dz,  there 
are  in  general  two  distinct  lines  of  CDrratore  passing  through 
every  point  on  a  surface;  these  we  shall  shew  to  be  perpen- 
dicular  to  each  other  at  the  point. 

899.J  Let  therefore,  as  in  (4),  p  be  the  length  of  the  radios  of 
curvature  of  a  principal  normal  section ;  and  let  $,ri,^  be  the 
coordinates  to  its  extremity,  so  that 

p»  =  (f-*)»-Ki,-y)»H-{f-a)«j 

then  ui£,ti,C>  P  ^^^  the  same  for  the  next  consecutiTe  normal, 
and  therefore  for  the  next  ^0  consecutive  points,  we  have 

(£-»)ds  +  iv-y)dy  +  (C-r)<fe  =  0,  (9) 

((-a!)d*x+{f,-y)d*y  +  (('-2)d'z  =  d#»;  (10) 

and  as  the  cen1a«  of  curvature  is  od  the  normal, 

f-«_i-y_  f--y 


I       vd*x  +  vd*y  +  vd'z' 


vd'x+vd*y+-wd*g' 

D,g,t7cdb/GOOgIC 


01) 
(12) 
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Nov  diSerentiatiQg  the  equation  to  the  wirface  twice,  we  have 
V  d*x  +  v  dh/  +v  d*z +udx'  -j-vdy'  +  wdz' 

+  i  {t^dydz+^dzdx+ti/dxdj/]  =  0,  (13) 
and  employing  t,  m,  n,  to  repreaent  the  direction-cosines  of  the 
element  of  the  curve  whose  currature  we  are  investigating,  ao 
*^  dx         ,  d,  d. 

we  have,  neglecting  the  ambiguity  of  sign. 


:  irf*  +  iwi*+M)ti*  +  2a'MMi+2«'n/-|-2tti'6n, 


(15) 


Suppose  that  at  the  point  on  the  anrface  neith^  v,  \,  nor  w 
vanishes,  then  this  expression  admits  of  the  following  modifica- 
tion:  since  j    .     j    . »        n  ita\ 

'  iT*r  +  v<fy  +  w<fe  =  0;  (16) 

C^+viB  +  WB  =  0;  (17) 


nt  +  wn 

=  -0 

; 

2inn 

_ir»/»- 

vw 

■JH^: 

■iniilul; 

2td 

V»ffl»- 

-w'n" 

-n'P 

WD 

%ha 

w*»»- 

-U'i>- 

-y"i»' 

ov 

•nd 

SUDStltUUUg 

aa  follows, 

H 

=  «  + 

^<"- 

-W- 

w./). 

S 

=  »  + 

^<'''- 

-w..'- 

-D.'), 

L 

=  w  + 

i^Vf-" 

-ctl- 

-yTl; 

(18) 


:   HP  +  S 


l*  +  L«'. 


(20) 


But  as  the  section  whose  curvature  we  are  considering  has 
an  element  coincident  with  that  of  a  line  of  curvature,  we  may 
introduce  this  condition,  and  modiiy  (20)  accordingly ;  return- 
ing to  (7)  and  (8), 

vrfw  — wrfv  =  {vv'  —  wu>')dx  +  (vu  —•Kv)dy-\-  (Yw  —  wu')d9; 
whence,  by  means  of  (16)  and  (19), 
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vdw  — wrfv  =  \Lde  —  yTE.dy.  (21) 

Similnrly        wdu  — orfw  =  wmLc  —  vidz,  (22) 

vdv  —  vdv  =  VKdy  —  vftdx;  (23) 

Thereby  the  differential  equatioD  to  the  lines  of  camiture 

becomes, 

u(k  — L)rfy(fa  +  T(L  — H)(fadr  +  w(H  — K)(ir(^  =  0,  (24) 

or               ti(k  — l)«m»  +  v(l  — h)»/  +  w(h  — K)fi)i  =  0.  (23) 
Al«,from(17).       „;+,„  +  „,  ^0, 

whence,  eliminating  u,  t,  w  in  order,  and  simplifying  the  result 
by  caeaaa  of  (20),  ve  have 

(26) 


,(,_?)       „(._5)       „(.-5) 

_::l.  +  _^  +  jl.  =  0;  (27) 


a  quadratic  equation,  which  gives  the  two  values  of  p  cor- 
responding to  the  two  radii  of  curratuTe  of  the  prindpal  normal 
sections. 

If  however  at  the  point  of  the  surface  under  inrestigstiou 
either  p,  v  or  w  vanishes,  the  process,  by  which  a,  k,  l  have  been 
formed,  must  be  modified  accordingly;  and  neither  can  the 
equation  of  the  principal  radii  of  curvature  be  expressed  in  the 
forms  (20)  and  (27),  nor  the  equation  of  the  lines  of  curvature 
in  the  form  (25).  In  this  case  then  we  are  obliged  to  recur 
to  the  original  forms,  which  are  also  most  general,  ns.  (8) 
and  (15). 

400.]  Equations  *  (26)  give  ua  also  values  for  /,  m,  n  which 
ue  the  direction-cosines  of  the  lines  of  curvature,  and  therefore 
of  the  principal  normal  sections ;  whereby  it  may  be  shewn,  that 
the  principal  normal  sections  are  at  right  angles  to  each  other. 

For  let  /if»ini,  ijmjnj  be  the  direction-cosines  of  the  nor- 
mal sections  corresponding  to  which  the  radii  of  curvature  are 

*  For  this  Article,  as  well  as  for  a  great  part  of  the  preoediog  one,  and  for 
Art.  403, 1  am  indebted  to  Gngory'e  SoUd  Geometry,  Cambrii^  1845. 
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Pi,  p, ;  then  we  have,  writing  in  (27)  each  vtdae  of  p,  and  8ui>- 
tractiog  one  from  the  other. 


^  Pi       Pi'  \ 


{e-i)(,_«) 


1'     ^  Pi'  ^  Pi'     \ 


Hence,  if  pi  and  pt  are  unequal,  as  they  will  asually  be,  the 
second  factor  mast  be  equal  to  0;   and  therefore  by  reason 

^"^  *^*'  lik  +  mm,  +  niTit  =  0}  (29) 

and  therefore  the  principal  normal  sections  intersect  each  other 
at  right  angles. 

Hence  also  the  lines  of  curvature  at  any  point  of  a  surface 
cut  each  other  at  right  angles. 

The  radii  of  curvature  of  the  principal  normal  sectious  are 
called  the  principal  radii  qf  curvature. 

401.3  '^'^  determine  the  radius  of  curvature  of  any  normal 
section. 

Observing  the  mode  of  determining  the  radius  of  curvature 
of  such  a  section  which  was  mentioned  in  Art.  397,  it  appeara 
that  we  have  to  find  the  point  of  intersection  of  the  norma) 
whose  equations  are 

tj  V  w    ' 

and  the  plane  which  is  perpendicnlar  to  the  second  element, 
and  whose  equation  is  given  in  (10) ;  whence,  using  the  same 
notation  and  the  same  method  of  investigation  as  that  oC 
Art.  399,  we  have 

-=  uP  +  vm*  +  v)«?  +  2u'mn  +  2v'nt-t-2u/tm;  (80) 

P 
and  if  neither  u,-T,  nor  w  vanishes,  then 

-  =   H /»  +  «»»»  + L»l»,  (81) 

P 

H,  X,  L  beiug  given  in  equations  (19),  and  I,  m,  n  being  the 
direction-corines  of  the  element  of  the  curve  at  the  point  on 
the  surface,  and  the  curvature  of  whidi  we  are  examining. 
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402.^  Of  fJl  radii  of  cmratnTs  of  normal  seetiont,  to  deter- 
mine whether  any,  and  what,  are  maxima  and  minima. 

For  all  normal  sections  passing  through  a  given  p(Hut 
Q)  V,  "f,  W]  H,  a,  L  being,  or  involving,  the  partial  derived- 
functions  of  the  equation  to  the  snr&ce  at  the  point,  are  con- 
stant, and  I,  m,  n  vary.  Hence  we  have  to  determine  the 
maiimnm  and  minimum  of  (31),  having  given  the  conditions 

vl  +  vm  +  vn  =  0,  (S3) 

I*  +  m*  +  n*  =  1;  (83) 

.-.     »(3)  =  2  [Bliti+Kntdm  +  indn]  =  0,  1 

vdl  +  vdm  +  wrfn    =  0,  >  (94) 

Idl   +  mdm  ■\-  ndn    =  0;  J 
and  using  indeterminate  multipliers  —X  and  —  fi,  according  to 
Art.] 

HI  — AU    —  fit     ^    "jT 

(85) 


fim  =  0,  I 

f*n  =  0;J 


whence  multiplying  severally  through  by  I,  m,  n,  and  adding. 


(96) 


(87) 


which  last  results  are  identical  with  (26)  and  (27) ;  whence  it 
follows,  that  of  all  normal  sections  the  jHincipal  onea  are  tfaow 
whose  curvature  is  respectively  a  maximum  and  a  miniinnni. 
Hence  the  nonnal  sections  of  greatest  and  least  curvature  are 
at  right  angles  to  each  other. 

4O8.3  The  radius  of  curvature  of  any  normal  section  may  be 
expressed  as  follows,  in  terms  of  the  radii  of  curvature  of  the 
principal  normal  sections. 

The  proposition  having  been  discovered  by  Euler,  is  known 
by  the  name  of  Euler's  Theorem  of  Normal  Sections. 

Let  pi  and  />]  be  the  principal  radii  of  curvature,  and  li  tiH  «i. 
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/i  mt  Ml  be  the  directioti-cosineB  of  the  elements  of  the  liaes  of 
cmTaturfl  passJDg  through  the  given  point  on  the  surface,  and 
therefore  of  the  directions  of  the  principal  normal  sectioDB  at 
the  point ;  let  p  be  the  radius  of  curvature  of  any  other  normid 
section,  and  Imn  the  direction-cosines  of  its  element;  and  let 
a  be  the  angle  between  its  plane  and  that  of  the  maximum 
principal  radius  of  curvature;  then  we  have 


of  +  vm  +  w«  =  0,  -1 
u/i  +  V»Ii  +  WMi  =  0,  I 
vlt+  v»n,  +  wwi  =  0;J 


111  +  mn*!  +  nwi  =  cos  a,  1  gn 

lis  +  mm,+  nni  =  sina;t 

/ii,+  f»i «,  +  «,%  =  0.  (40) 

Also  if  we  suppose  the  lines  of  curvature,  and  the  normal  of 

the  surface,  to  constitute  a  system  of  rectangular  axes  at  the 

point  under  consideration  as  the  origin,  we  have 


I  —    li  cos  a+  It  sin  a,  "t 
n  =  Oi  cos  a  +  Ml  sin  a;  J 


(41) 


the  last  term  of  the  general  formula  for  such  cosines  vanishing, 
because  the  element  of  the  normal  section  is  perpendicular  to 
the  normal  to  the  surface. 


Also  from  (86), 

(k--^)ii»,  =  J 
^        Pi' 


(42) 


\       Pt' 

(k-— )»,=:  AV, 

(l )  Ht  =  AW: 

\  pt' 

and  adding,  and  by 


(48) 


whence  multiplying  severally  by  I,  m, 
reason  of  (88), 

rUi  +  smini  -|-Lnni  =  -cos a, 
P 

h/^  +  Kmtnt-f  Lnn,  =  ~  sina; 


and  multiplying  the  first  of  (48)  by  cos  a,  and  the  second  by 
sin  a,  and  adding  and  reducing  by  means  of  (41),  we  have 

PRICE,  TOL.  I.  4  B 
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Bl*  +  sm*  +  i.n*  =  —  {coso)*+  — {Kna)»;  (44) 


and  therefore  by  (31), 

1  _  (00a  o)'      (8m  n)'  . 


(45) 


which  U  Euler's  Theorem ;  and  is  of  importance,  as  by  it  the 
radius  of  ciuratore  of  any  normal  section  is  expressed  in  terms 
of  the  principal  radii  of  curvature  at  the  point  in  question. 

404.3  ^^f^  ^^  have  the  following  proposition  as  to  tfae 
radii  of  corrature  of  any  two  normal  sections  which  are  per- 
pendicnlar  to  each  other. 

Let  p  and  p'  be  the  radii  of  curvature  of  two  normal  sectiona 
perpendicular  to  each  other ;  then 

1  _  (coaa)>      (sin  o)'  1  _  (sin  a)*      (cos  a)' 

P  ft  pi  P  Pi  ft 

.,     1+1=1  +  1,  (46) 

p      fi       n      pi 

that  is,  the  sum  of  the  curvatures  of  any  two  normal  sections 
perpendicular  to  each  other  is  constant. 

405.3  ^*  ^"^  example  of  the  preceding  formulie,  let  us  take 
the  ellipsoid  whose  equation  is 

'{*.y.*)  =  5  +  ^  +  f^=ij  (47) 

fix  2y  2z 


u*  =  0,  r'  =  0,  w'  =  0; 

if  p  is  the  perpendicular  &om  the  centre  on  the  tangent  plane ; 
see  equation  (81),  Art.  338.     Hence  equation  (27)  becomes 

the  roots  of  which  quadratic  equation  are  the  greatest  and  least 
principal  radii  of  curvature  at  any  point  on  the  ellipsoid. 
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And  aa  the  last  tesrm  of  the  quadratic  when  Tiitten  in  an 

iotegral  form  ia  — —^ — ,  it  follows  that  the  product  of  the  great- 

est  and  leaat  radii  of  enrrature  is  iuTariable  for  all  points  for 
which  p  is  constant. 
Again,  patting  (48)  in  the  form 


"     ..     +  1      =  0; 


a'(l-^)       ii(l-*!)"'c»(l-^) 
\        pp'  \        pp'  \        ppf 

and  sabtracting  it  from  the  equation  to  the  ellipsoid,  we  hare 

^'    I    y'    I    ''    =1. 

a*-pp      b*-pp      c*-pp 
which  is  the  equation  to  a  concentric  and  confocal  surface  of 
the  second  order. 

Also  by  means  of  (26),  the  directions  of  the  principal  normal 
sections  may  be  determined  at  any  point  of  the  ellipsoid. 

406.]  We  proceed  now  to  consider  certain  singular  values  of 
Pi  and  Pi,  and  the  nature  of  a  point  on  a  surface  whereat  the 
singular  values  exist. 

In  equations  (11)  and  (12)  an  ambiguity  of  sign  exists,  which 
is  introduced  in  extracting  the  root  of  ti'+t'+w*,  and  there- 
fore p  may  be  affected  with  a  +  or  a  —  sign ;  and  the  same 
ambigni^  of  sign  continues  in  (27). 

As  IT,  T,  w  are  the  same  for  different  normal  sections  at  the 
same  point,  and  as  p  is  an  absolute  length  of  line,  it  appears 
from  (11)  that  the  change  of  sign  arises  from  i—x,  ij—y,  C^is; 
and  therefore  the  change  of  sign  implies,  that  the  centres  of 
cuivature  are  for  different  normal  sections  situated  on  different 
sides  of  the  Buriace. 

With  respect  to  (45)  it  is  to  be  borne  in  mind,  that  pi  and  p, 
are  both  taken  with  the  positive  sign,  and  that  q  has  the  same 
sign,  viz.  + ,  in  both.  From  (45)  therefore  it  follows,  that  if 
pi  and  Pa  have  the  same  sign,  p  has  always  the  same  sign  as 
either  of  them ;  and  that  therefore  all  normal  sections  hare 
their  curvature  in  the  neighbourhood  of  the  point  turned  in  the 
same  direction.  The  analytical  condition  derived  from  equa- 
tion (27)  that  this  should  be  the  case,  is,  that 

o*KL  +  v'i.H  +  w*HK  must  be  positive.  (49) 

4E3 
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Also  it  is  manifeat  that,  u  pi  snd  pj  bib  a  maximom  and  a 
mimmam  value  of  the  radii  of  cnrvatore,  p  always  lies  between 
tbem. 
Again,  if  the  signs  of  pi  and  pt  are  different,  that  is,  if 

u*KL  + v'lk +w*HK  is  oegstiTe,  (50) 

the  radii  of  curvature  of  some  oormal  tections  are  turned  in  a 
direction  contrary  to  that  of  others,  and  (45)  becomes 

1   _  (COS  o)*  _  (sin  o)*  J 

P  Pi  Pt       ' 

let  a'  be  such  that         tan  a'  =  f-^)  ,  (52) 

then  for  all  values  of  a,  from  —  a'  to  +  a,  and  from  n  —a'  to 
V'l-a',  the  radii  of  curvature  of  normal  sections  are  turned  in 
the  Bame  direction  ;  and  when  a  =  +a\  and  =  7  +  a',  p  =  oo  ; 
then  the  normal  section  becomes  a  straight  line  in  its  consecu- 
tive elements  which  abut  at  the  point,  or  the  curvature  ia  sus- 
pended ;  see  Art.  383 ;  and  for  all  values  of  a  outside  those 
limits,  the  curvature  of  the  normal  sections  is  turned  in  a  con- 
trary direction. 

According  to  our  hypothesis  pi  is  the  maximom  and  pj  is 
the  minimum  radius  of  curvature. 

In  the  case  in  which  one  of  the  principal  radii  of  curvature 
is  infinite,  say  p,  =  00 ,  ^^  ^^ 

p  =  — -— ,  (53) 

ft 
the  analytical  condition  of  which  derived  from  (27)  is 

t'*KL  +  V»LH+w'HK  =  0,  (54) 

and  which,  when  expanded,  becomes  identical  with  that  de- 
termined in  Art.  360,  equation  (62),  as  the  differential  equation 
of  developable  surfaces.  Hence  we  have  the  geometrical  mean- 
ing of  this  equation.  One  of  the  principal  normal  sections  of 
the  surface  lies  along  the  straight  generating  line,  and  therefore 
the  curvature  of  this  section  vanishes. 

Again,  suppose  the  two  values  of  pi  and  pttohe  equal  and  of 
opposite  signs ;  then  the  coefficient  of  the  second  term  of  the 
quadratic  (27)  must  be  equal  to  zero,  whereby  we  have 

U*(K4L)-(-V*(L4  H)+W*(H  +  K)   =  0.  (55) 

In  this  case,   a  of  (52)  =  45° ;   and  therefore  of  the  surface 


,,  Google 


407-]      SINOULAB  VALtJBS  OP  RADII  OF  COBTATVBB.  581 

abmt  the  point,  the  cumtare  of  one-half  is  tamed  in  one 
direction,  «nd  that  of  the  other  half  in  the  opposite  direction, 
and  the  dividing  lines  of  these  districts  of  opposite  curvature 
are  two  straight  lines  passing  through  the  point,  and  perpen- 
dicular to  each  other. 

407.]  Lastly,  let  us  consider  the  case  when  the  principal 
radii  of  curvature  are  equal  and  have  the  same  sign.  Here 
Pi=  P»  and  equation  (45)  becomes 

p  =  ft  =  ft ;  (56) 

that  is,  the  radii  of  curvature  of  all  the  normal  sections  at  such 
a  point  are  equal.     The  point  is  called  an  umbUic. 

At  it  (27)  when  arranged  in  powers  of  p  is  a  complete  square ; 
whence  the  condition  might  be  found ;  but  the  following  process 
is  easier.  As  all  the  principal  radii  of  curvature  must  be  equal, 
the  direction-cosines  which  determine  their  directions  must  be 
indeterminate;  and  as  these  are  the  same  as  those  which  de- 
termine the  lines  of  curvature,  equations  (S5)  or  (26)  must  be 
satisfied  identically  and  independently  of  any  particular  values 
of  /,  m,  n ;  but  this  is  effected  if 

H  =  K  =  l;  (57) 

these  two  equation  therefore,  together  with  that  to  the  surface, 
determine  the  position  of  an  nmbilic.  In  these  however  the 
simultaneous  values  of  xy»  must  not  be  such  as  to  make  to 
vanish  either  v,  v  or  w,  for,  if  so,  the  process  according  to  which 
H,  K,  L  were  determined  in  Art.  399  fails.  And  if  the  two 
equations  (57)  are  equivalent  to  only  one,  then  this,  together 
with  the  equation  to  the  surface,  will  determine  a  line  on  the 
surface  which  is  the  locus  of  such  umbilical  points,  and  is  called 
the  Une  of  spherical  curvature. 

Also  if  H  =  a  =  L,  we  have  £rom  equation  (20) 


and  all  the  radii  of  curvature  are  equal.  And  as  in  this  case 
(49)  is  satisfied,  so  all  the  curvatures  of  the  normal  section  are 
in  the  same  direction. 

In  the  case  however  in  which  either  u,  v,  or  w  vanishes,  and 
thereby  h,  k  and  l  arc  rendered  indeterminate,  we  may  pro- 
ceed as  follows : 
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Suppose  V  to  vanish;  then  retaming  to  equation  (8)  ve  bare 

(vv'  —  •ww')dx'  +  -ww'd!/'—vt/dic*  +  (wv'  ~Yw')dydz 

+  (yw—vu—w^)dzdx  +  (vt^  +  Yiu—wv)dxefy  =  0.     <58) 

And  since  c  =  0,  equation  (16)  becomea 

xdy  +  wdz  =  0; 

.-.     ds  =  --cfy;  (59) 

substituting  which  in  (58)  ve  have 

(            v>  +  w'        i 
(vr'—  wic')  J  dx* j —  rfy*  f 

2vwt(' — w*t) — v'w  +  (v*  +  w*)  1 


dydx  =  0,      (60) 

which,  for  an  umhilic,  must  be  satisfied  independently  of  -^ ; 

hence  the  conditions  are 

when  u  =  0,  vt/— ww/s  0, 


■  yfuf  =  U,      -| 


(61) 


Similarly  the  conditions  are 
when  V  =  0,  wtc' 

w*tt  — 2w 


And  when  w  =0,  u«^  — vi/s:  0, 

U*t)  —  2uYtp'+  V 


-vu  =  v,      1 

}■ 


Hence  to  find  all  the  umbilics  on  a  surface,  we  must  first  seek 
the  number  of  points  which  satisfy  the  general  conditions  (57) ; 
and  also  inquire  when  any  and  what  points  satisfy  either  of 
the  three  systems  (61),  (62),  and  (63). 
4O8.3  Examples  of  umbilics. 
Ez.l.  The  ellipsoid. 

~i      1,1      2* 
F(^,y.^)  =  -^  +  1^  +  ^-1=0; 

2*  2«  2z 

whence  v  =  —^ ,       v  =  -r= ,      v  =  —ri 
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^—  v'=  w'=  0; 

~  1,        -  A        -  A 

It  ia  evident  therefore  that  h,  k,  l  can  never  be  equal.  Also 
of  conditions  (61),  (62)  and  (63),  the  first  and  last  lead  to  im- 
poasible  reanlts ;  and  as  to  (63),  let  v  =  0,  therefore  y  =  0,  and 

a*— c*  fl"— «■ 

The  ellipsoid  therefore  has  four  umbilics  situated  sy mmetri- 

cally  in  the  plane  of  the  greatest  and  least  principal  axes ;  and 

the  tangent  planes  at  these  points  are  parallel  to  the  circular 

plane  sections  of  the  surface.     The  radius  of  curvature  at  the 

umbilic  =  — 
ac 

It  a  =  b,  the  surface  becomes  an  oblate  spheroid ;   ^  =  0, 

z=  +  c,  and  the  ambilics  are  the  points  where  the  axia  of 

revolution  meets  the  surface. 

Every  point  of  a  sphere  is  an  ambilic;  and  a  sphere  is  the 

only  surface  possessing  this  property. 

Ex.  2.  Find  the  umbilic  of  the  surface  xys  =  k*. 

V  =  yz,        V  =  zx,        w  =  xy, 

(1  =  0,  tJ  =  0,  w  =  0, 

u'  =  X,  v'  =  y,  vb'  =  z; 

X  y  '  z 

,',     a^^  =  L,   i(x  =  y  =  z  =  k. 
uid  the  umbilic  is  at  the  point  (k,  k,  k). 

If  the  position  of  an  umbilic  is  determined  by  the  condition 
(57),  then  (24)  or  (25)  is  identically  satisfied  independently  of 
the  values  of  /,  m,  n ;  and  therefore  through  such  an  nmbilic 
the  number  of  lines  of  curvature  may  be  infinite.  But  if  it  is 
determined  by  either  of  the  conditions  (61),  (62),  or  (63),  one 
only,  or  at  all  events  only  a  determinate  number  of  liues  of 
curvature  will  pass  through  the  umbilical  point.  Thus  through 
the  umbilic  on  the  ellipsoid  found  in  Ex.  1,  only  one  line  of 
curvature  passes,  and  corresponding  to  it  we  have 
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dar  _       a  /b'—c'\^. 
di  ~  ~c  \^^^f  ' 
ind  therefore  the  line  of  curvature  ia  in  the  plane  of  the  a  and 
c  semi-aies. 

409]  To  return  to  the  coaaideratioa  of  lines  of  currature, 
and  of  the  locus  of  the  centres  of  principal  curvature  which  ia 
closely  allied  to  them. 

A  normal  at  a  point  of  a  curved  surface  is  always  intersected 
b;  two  other  adjacent  normals,  drawn  in  the  two  principal 
normal  planes  which  are  perpendicular  to  each  other.  Now 
imagine  a  point  to  pass  from  a  given  point  on  a  surface  to  the 
adjacent  point  in  one  of  its  principal  normal  sections ;  and  on 
again  in  the  same  direction  from  this  point  to  the  infiniteaimally 
adjacent  point  in  its  prinripal  normal  section ;  and  so  on ;  it  is 
evident  that  the  point  passes  along  a  curve  described  on  the 
surface ;  and  if  the  same  process  is  carried  on  for  all  the  points 
of  the  surface,  it  is  evident  that  the  surfiice  will  be  divid^  into 
a  series  of  zones  or  bands  of  varying  width. 

Imagine  again  the  moving  point  to  set  out  from  the  first 
point  on  the  surface  along  its  principal  normal  section  in  the 
direction  perpendicular  to  the  former  path ;  and  that  it  passes 
along  this  path  to  a  second  point ;  and  thence  to  a  third  and  so 
on ;  it  is  evident  that  it  traverses  a  path  which  cuts  each  of  the 
other  curves  at  right  angles ;  and  if  the  same  process  is  per- 
formed in  reference  to  other  points  on  the  surface,  the  snr&(» 
will  be  divided  into  a  series  of  bands  of  varying  width  the  lines 
of  which  are  perpendicular  to  those  by  which  the  bands  of  the 
former  aeries  were  formed :  and  thus  the  surface  will  be  divided 
into  a  series  of  small  curvilinear  rectangles,  all  the  angles  of 
which  are  right,  the  sides  of  them  being  portions  of  lines  of 
curvature  of  the  surface,  and  these  always  intersecting  at  right- 
aogles. 

liCt  us  illustrate  these  propositions  by  means  of  a  surface  of 
revolution ;  say,  to  (ix  the  ideas,  of  a  paraboloidal  form.  The 
lines  of  intersection  of  the  surface  by  its  meridianal  planes 
evidently  form  one  series  of  lines  of  curvature ;  because  aJl 
normals  along  any  of  these  meridianal  curves  pass  through  the 
axis  of  the  figure.  And  all  "parallels"  intersect  the  surface  in 
lines  of  curvature  of  the  other  series,  because  all  the  normals 
drawn  at  points  on  the  same  parallel  meet  in  the  axis.     The 


,,  Google 


409-]  THE  LINES  OP  CUEVATUBE.  585 

surfBce-elements  into  which  the  whole  surface  is  divided  bjr 
these  lines  of  curvature  are  rectaugidar.  If  these  linea  of 
curvature  are  projected  on  h  plane  perpendicular  to  the  axis 
of  revolution  of  the  surface,  the  parallels  give  concentric  circles, 
and  the  meridians  give  right  lines  radiating  from  the  common 
centre,  and  therefore  cut  all  the  concentric  circles  at  right- 
angles. 

Let  OS  for  an  instant  consider  the  lines  of  curvature  of  the 
ellipsoid,  whose  equation  is 

x^      y*       z* 

From  (7),  Art.  398,  we  have 

(»•-«•)£+«'-')  I +(«•-*■)  i  =  o-      (M) 

and  this  is  the  differential  equation  to  the  lines  of  curvature ; 
&om  which  however  we  have  at  present  no  means  of  deducing 
the  integral  equation :  and  therefore  we  must  defer  the  discus- 
sion to  the  succeeding  volume'". 

The  preceding  properties  of  the  lines  of  curvature,  and  of  the 
developable  surfaces  formed  bjr  the  consecutive  normal  planes,, 
are  of  great  importance  in  architecture.  If  an  area  is  to  ha 
covered  with  a  vaulted  dome  of  stone  or  similar  material,  the 
plane  joints  of  the  voussoirs  ought  to  be  at  right  angles  to  the 
exposed  surface  of  the  stone ;  and  therefore  the  lines  of  division 
of  the  atones  in  the  vault  ought  to  be  lines  of  curvature  of  the 
vaulted  dome ;  and  then  these  side-surfaces  of  the  voussoirs  will 
be  perpendicular  to  the  exposed  surfaces,  and  the  preaaures  will 
be  at  right-angles  to  the  surfaces  which  bear  them.  To  the  ob- 
servations made  by  Monge  as  to  the  lines  of  joints  of  the 
voussoirs  in  a  vault,  I  may  add,  that  not  only  in  vaulted  domes, 
but  in  all  kinds  of  curved  masonry  and  woodwork  the  hnes  of 
joint  ought  to  be  the  lines  of  curvature,  and  the  surface  joints 
of  the  voussoirs  ought  to  be  the  developable  surfaces  which 
correspond  to  these  lines.  It  is  important  therefore  that  we 
should  be  able  to  construct  these  lines  of  curvature ;  and  with 
this  object  M.  Ch.  Dupia  discovered  the  following  general 
theorem : 

*  For  a  graphic  dHcription  of  the  linea  of  ourratura  an  an  elliptoid  I  muat 
nfer  the  mder  to  "  Applicttion  de  rAnalfw  a  Gfotn^trie"  of  Monge. 
?aiC£,  VOL.  I.  4  F 
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410.|]  If  there  are  three  systemB  of  ■urfwKs  which  mutwUf 
interaect  each  other  at  right-angles,  every  two  of  tiiem  trace  on 
the  third  its  lines  of  oarratore. 

Let  the  three  syatems  of  surfaces  be  represented  bj  the 
eqitations 

'i  («,  y,  *)  =  A  (a).  Tt  (X.  y,  z)  =  /,  (a),  F3  (*,  y,  z)  =  /j  (a) ;  (65) 
where  a  is  a  variable  parameter  by  the  variation  of  which  each 
member  of  the  several  systems  is  formed ;  and  where /i,^^  are 
symbols  of  functions  and  are  such  that  the  several  systems 
intersect  at  right  angles. 

Ijet  U],  Vi,  Wi,  Ui,  V],  Wi,  U|',  Vj',  toi',  and  similar  symbols,  with 
the  subscripts  2  and  &,  represent  the  partial  derived  functions  of 
(65)  as  heretofore ;  then,  as  the  three  sor&ces  intersect  at  right 

FjUi  +  V3Vi+w,Wi  =  0  1.  (66) 

UiD,  + ViVi  +  W,Wg  =  oJ 

Let  dx,  dy,  dz  be  the  projections  on  the  axes  of  a  lengthrelement 
of  the  intersection  of  two  members  of  Fi  and  F|  ;  this  is  therefore 
perpeadicular  to  a  member  of  Pi ;  so  that 

^  =  ^  =  ^:  (67) 

Vi  Ti  Wi' 

and  the  x,  y,  z  are  subject  to  the  relation  given  in  the  third 

equation  of  (66) ;  so  that  differeatiatiug  we  have 

Dirfui+Birfu,  +  v,dTi  +  Virfvi+Wirfwi  +  Wirfwj  =  0;  (68) 

and  repladng  dv\, by  their  values,  which  are  given  in 

(61),  Art.S60,  we  have 

Oi  {OjWa  +  P»«»  +  V|Ws'  +  V8W|'+  w,»j'+  wjtf,'} 
+  v»  {w»"»'  +  vaw*  +  y»v%  +  v,»,  +  w,W  +  Wa%'} 
+  Wi{C|t>8'  +  u,i>i'+v,a,'+V8ii,'  +  w,tt^  +  W8t(^}  =  0;    (6&) 

and  this  is  in  terms  of  second  partial  derived  functions  the  con- 
dition  that  the  line  of  intersection  of  two  members  of  tt  and  rj 
should  at  the  common  point  of  intersection  with  the  member  of 
Fi  be  perpendicular  to  fi.  And  two  other  similar  expressions 
can  be  found,  becanse  the  lines  of  intersection  of  members  of  f, 
and  Fi,  and  of  F|  and  it  respectively,  are  perpendicular  to  the 
members  of  Fj  and  of  Fi.     If 
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+  CViW,  +  V8W,)Ml'  +  (W,C8  +  WiIJ,)Oj'  +  (O»T>  +  OsT,)tPi'=Ai;(70) 

and  if  flimilar  values  nre  formed  bythe  interchange  of  anbscripta 
for  A)  and  A3;  then  (69)  and  the  other  two  similar  expres- 
■ions  become 

A,  +  A<  =  0,  As  +  Ai  =  0,  Ai  +  A,  =  0;  (71) 

.-.     Ai  =  A,  =  Aj  =  0;  (72) 

BO  that  the  conditions  reqnisite  that  the  three  systems  of  sur- 
faces should  intersect  at  right  angles  are 

ClUsUi  +  VjVgWi  +  W,W,UIi 

+  (V|Ws  +  VsW,)«i'  +  (WsC8  +  Wic,)i)i'+(u,v,  +  UtV,)Wi'  =  0;  (73) 

P|BiW»  +  T,Vi«,  +  WjW,W, 

+  (v>Wi  +  v,Ws)tHi'+(W|C,  +  WiCs)»,'+(UjV,  +  u,Tj)i(>,'=0;  (74) 

UlTJi«s  +  ViTjUj  +  WiWjKIj 

+  (viw,  +  v,wi)tis'+  (w,r,+w,ci)t!s'+  (CiT,  +  c,Vi)iffa'=0;  (75) 
now  from  the  first  of  these  I  propose  to  shew  that  an  element 
of  the  ]ine  of  intersection  of  two  members  of  ti  and  it,  at  ths 
point  where  they  are  intersected  by  the  corresponding  member 
of  F|,  Is  an  element  of  a  line  of  curvature  of  the  member  of  ti. 
From  (66)  we  have 

-C,1T,  =   V|V,  +  W,Wfc 

. (TiVi  +  WiWg)  (vivg+wiwa) . 

"-"»=   ^, • 


(V,Ts  +  W,W,>TJl»+(TiV,  +  WiW,)(ViV|  +  WiW8)   =  Oj 


(76) 
dmilarly.     w,^,+w,c.  =  ^.'v.v,-w,^w,w,-t,.'p„„^      ^^^^ 

i>.v,  +  «,y.  =  w.V,w,-r,'r,r,-v,'v,v,. 
Mid  sabstitoting  these  in  (78),  we  have 
TriUsi»i  +  v,V|Wi+WjW,«>i  +  - 


=  0.  (79) 
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Let  dt  be  the  length-elemeot  on  Fi,  which  is  the  interaectitMi 
of  Fi  and  Vt,  and  is  perpendicular  to  ff,  then 

u, (ir  +  vj rfy 4  Wj rfir  =  0,  riOi+T,Vi  +  w,Wi  =  0; 

■  ^'  =  '^»  _  ?»  .        (soj 

Wirfy— v,(fe       Vidz—Widx       Vidx—Vidy' 

also  J»  =  JL  =  ^.  (81) 

dx        dy        dz 

Therefore  in  (79)  replacing  Vt,  Vi,  w^,  pj,  Vj,  Wj,  by  these  propor- 
tionals, we  have,  after  all  redactions, 


=  0;    (82) 

and  if  we  substitute  in  this  expression  the  values  of  h,  e,  l 
given  in  (19),  Art.  399,  we  have 

Ui{k,— Li)rfy(fe  + Vi(t,  — Hi)rfarrfr  +  w,(Hi— Ki)dicrfy  =  0,  (88) 
which  is  the  same  as  (24),  Art.  399,  and  is  the  differential 
equation  to  a  line  of  coFvature  on  F|.  It  is  also  evident  that 
we  should  have  obtained  tlie  same  equation  if  by  means  of 
(73)  we  had  investigated  the  condition  that  the  line  of  inter- 
section of  p,  and  pj  should  be  perpendicular  to  p|  at  the  common 
point  of  intersection :  and  as  (83)  is  a  qnadratic  equation,  in 
terms  of  the  proportions  of  tbe  length -element,  its  two  roots 
refer  to  the  two  lines  of  intersection  of  Fi  and  fj  with  p, ;  and 
therefore  we  conclude  that  the  lines  of  intersection  of  Fj  and  Fj 
with  F]  at  the  common  point  are  the  lines  of  curvature  of  Fj. 

If  processes  in  all  respects  similar  are  performed  on  (74)  and 
(75),  two  equations  with  the  subscripts  2  and  3,  and  similar  in 
form  to  (83),  will  result :  and  therefore  the  members  of  Pg  and 
Pj  will  intersect  all  the  members  of  Fj,  and  the  members  of  Fi 
and  Pj  will  intersect  all  the  members  of  Pj,  along  their  respective 
lines  of  curvature :  and  this  is  Dupin's  Theorem. 

If  therefore  a  system  of  surfaces  of  the  form  Fj  is  given,  and 
if  we  can  find  any  other  two  systems  such  as  P]  and  Pg,  the 
several  members  of  which  intersect  all  the  other  members  of  Pi 
and  of  each  other  at  right-angles,  then  the  lines  of  intersection 
are  lines  of  curvature, 

41]. J  Of  this  proposition  we  have  one  remarkable  example. 
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Let  UB  call  Burfitces  of  the  second  order  eonfocal,  when  their 
principal  sections  are  eonfocal.  Then  three  systems  of  eonfocal 
iur&ces  of  the  second  order,  which  are  severally  an  ellipsoid,  a 
hyperboloid  of  one  sheet,  and  a  hjperboloid  of  two  sheets,  in- 
tersect  at  right  angles ;  aa  we  may  thus  prove.  As  the  surfaces 
are  eonfocal  we  may  take  their  equations  to  be 


(84) 


„(»,,.r)  =  -J+^ 


where  A*>A*>c';  fi*>6'<c';  i'*<i*<c*;  so  that  the  three 
equations  represent  severally  an  ellipsoid,  a  hyperboloid  of  one 
sheet,  and  a  hyperboloid  of  two  sheets.     Now 

=  0; 
and  therefore  all  the  members  of  Pj  and  Fg  intersect  each  other 
at  right-angles.     Similarly  it  may  be  shewn  that'  all  the  mem- 
bers of  Pi  intersect  at  right-angles  all  the  members  of  p^  and  Pg. 

Hence  by  Dupin's  Theorem  we  infer  that  the  lines  of  curva- 
ture on  an  ellipsoid  are  the  lines  of  intersection  of  it  with  two 
eonfocal  hyperboloids,  which  are  respectively  of  one  and  two 
sheets ;  and  thus  the  construction  of  the  lines  of  curvature  is 
reduced  to  the  much  more  simple  problem  of  the  intersection 
of  surfaces. 

4123  On  the  locus-surface  of  the  centres  of  principal  car- 
vature. 

Imagine  at  a  given  point  on  a  surface  the  two  lines  of  curva- 
ture to  be  drawn ;  and  at  every  point  along  one  of  these  lines 
of  curvature  imagine  normal  planes  to  be  drawn  touching  it  ; 
these  will  by  their  intersection  generate  a  developable  surfoce, 
cutting  the  ^ven  surface  at  right  angles ;  the  normal  line  will 
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be  the  cbaracteriitic  of  this  developable  surface ;  and  the  eurre 
formed  b;  their  iatersection  will  be  ita  edge  of  regreinon,  which 
will  also  be  the  locus  curve  of  the  centres  of  principal  cnmtnre 
whose  section  touches  the  line  of  curvature. 

Similarly,  if  normal  planes  are  drawn  touching  the  other  line 
of  curvature  which  passes  through  the  given  point,  another 
developable  surface  will  be  generated  which  cuts  the  former  at 
right  angles;  and  there  will  also  be  another  edge  of  r^ressioD, 
which  is  the  locus-curve  of  these  second  centres  of  principal 
curvature. 

And  as  a  similar  process  will  hold  true  for  all  points  of  a 
surface,  so  will  the  series  of  developable  sorfaces  arising  from 
the  first  line  of  curvature  cut  at  right  angles  each  of  the  series 
arising  ftx)m  the  second  line  of  curvature,  and  thus  will  space 
be  filled  with  developable  surfaces  intersecting  each  other  at 
right  angles ;  and  as  the  edges  of  regression  belonging  to  the 
first  line  of  curvature  continuously  vary,  so  will  they  generate 
a  surface-locus  of  all  the  corresponding  centres  of  curratare. 
And  similarly  will  another  surface  be  generated  by  the  other 
centres  uf  curvature.  We  shall  hereby  obtain  a  surface  of  two 
sheets,  to  each  of  which  the  Dormal  of  the  surface  is  a  tangent ; 
and  any  two  planes  drawn  through  the  normal  and  touching 
the  two  sheets  are  at  right  angles  to  each  other. 

Hence  it  appears  that  the  surfaces  which  are  the  locos-aurfaces 
of  the  two  centres  of  principal  curvature  must  have  particular 
properties.  They  will  be  of  two  sheets;  their  algebraical  equa- 
tions therefore  must  be  of  even  dimensions ;  these  sheets  must 
intersect  at  right  angles.  A  surface  therefore  which  does  not 
fulfil  these  two  conditions  cannot  be  the  surfiice  of  the  centres 
of  curvature ;  it  may  be  the  locus-siiriace  of  the  centres  of  one 
principal  curvature,  but  it  will  require  another  sar&ce  to  be  its 
conjugate,  and  this  will  be  the  locos-snr&ce  of  the  other  centre 
of  principal  curvature. 

If  at  any  pmnt  the  two  sheets  of  the  locus-surface  of  the 
centres  of  principal  curvature  intersect  each  otlier,  so  that  their 
edges  of  regression  hare  a  common  point,  the  principal  radii  of 
curvature  of  the  original  surface  corresponding  to  that  point  are 
equal,  and  there  is  an  umbilic;  and  if  there  is  a  contiauona 
locus  of  such  points  of  intersection,  the  corresponding  line  on 
the  original  surface  is  a  line  qftpherieal  curvature.  See  Art.  407. 
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The  aaalytical  process  for  finding  the  equation  of  this  surface- 
locas  of  two  sheets  is  obvious  enough.  The  equations  to  the 
surface,  to  its  lines  of  curvature  through  a  given  point,  and  to 
the  points  of  intersection  of  consecutive  normals,  or  the  coordi- 
nates to  the  centre  of  curvature  given  by  equations  (II),  are 
sufficient  for  eliminating  xyz,  and  for  giving  an  equation  in 
terms  of  ^  i]  and  f. 

As  at  an  umbilic  the  equations  (8)  or  (24)  for  determining 
the  directions  of  the  lines  of  curvature  give  indeterminate  re- 
sults, we  must  evaluate  them  by  differentiation  according  to 
the  method  of  Art.  139.  On  examining  which  it  will  be  seen 
that  each  differentiation  increases  by  unity  the  power  of  dx, 
dy,  dx;  and  therefore  as  we  begin  with  a  quadratic,  after  one 
differentiation  we  shall  have  a  cubic ;  after  two  differentiations 
a  biquadratic ;  and  so  on.  Suppose  then  that  the  directions 
are  determinate  after  one  differentiation,  if  all  the  three  roots 
are  real  there  will  be  three  lines'of  curvature  passing  through 
the  point ;  if  two  roots  are  impossible,  there  will  be  but  one  line 
of  curvature ;  and  such  is  the  case  at  the  umbilics  on  the  ellip- 
soid. Similarly  may  there  be  four  or  more  lines  of  curvature 
at  an  nmbilic;  nay,  an  infinite  number,  as  is  the  case  at  the 
pole  of  a  surface  of  revolution. 

The  lines  of  curvature  are  generally  non-plane  curves,  and 
have  a  contact  of  only  the  first  order  with  the  principal  normal 
section,  which  they  touch  at  the  point  of  contact :  this  is  mani- 
fest from  the  fact  that  the  equation  of  the  lines  of  curvature 
involves  differentials  of  the  first  order  only. 

4I8.3  If  the  equation  to  the  surface  is  given  in  the  explicit 
'°™  »=/(»,»),  (85) 

we  must  replace  as  follows;  and  as  the  results  assume  forma 
from  which  most  of  the  properties  of  the  curvature  of  surfaces 
have  been  derived  in  former  text  books,  we  give  them  in  order 
to  exhibit  the  identity  of  the  conclusions : 

r  («,  y,  z)  =  fix,  y)  -  z  =  0.  (88) 

(£)=^.  {|)=«. 

's**'"'"'  \dsdy'~''         VS^)-^' 
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.     C  =;  ;>,  V  =  g,         W  =  —  1,-1 

u  =  r,        v  =  t,         w  =  0,      I  (87) 


w  =  — 1,-1 


also  since  dz  =  pdx  +  gdy,  (88) 

therefore  equation  (8)  of  the  lines  of  curvature  becomes 
dct'{$a  +  p')'Pqr]+dsdx{t(l+p')-ril  +  g')} 

-dy*{»a  +  9*)~Pgl}  =  0-  (89) 
This  is  a  quadratic  equation  in  terms  of  dy  :  dx,  and  is  the 
differential  equation  to  the  projections  of  the  lines  of  cumttore 
on  the  plane  of  xy.  Suppose  the  coordinate  planes  to  be  so 
chosen  that  the  tangent  plane  at  the  point  under  consideration 
is  parallel  to  the  plane  of  xy,  then  p  =  0,  ?  =  0,  and  equation 
(89)  become.  .    ,     ^_,  j 

(£>+—£-'  =  "■■  '«" 

Mid  as  the  product  of  the  two  roots  =  —  1,  it  follows  that  the 
lines  of  curvature  are  perpendicular  to  each  other. 

Hence  it  follows,  that  there  is  only  one  Hne  of  curvature 
through  an  umbilic  of  the  ellipsoid,  and  that  it  is  in  the  section 
of  the  greatest  and  least  axes. 

The  equation  (15)  of  the  principal  radii  of  curvature  becomes 

^_    q+y'+g')*  .  9, 

''-  rP  +  2slm-\.tm*'  *^^' 

the  conditions  (49),  (50),  (54)  become 

rt  —  t*  >,  <,  =  0.  (92) 

Hence  the  condition  of  a  developable  surface  is,  see  Art.  360, 

r/-*«  =  0.  (98) 

And  the  condition  (55),  that  the  two  principal  radii  of  curvature 
should  be  equal  and  affected  with  opposite  signs,  is 

(\  +  q')r~2pg»  +  a+p')t  =  0.  (94) 

Also  the  general  conditions  (57)  for  an  umbilic  become 

and  of  the  three  sets  of  special  conditions,  (61)  and  (62)  become 
p  =  0,        « =  0,        r{l  +  y»)  =  /,  (96) 

V-0,         «  =  0,         /(l+^)  =  r;  (9?) 

(63)  cannot  be  satisfied,  since  w  cannot  vanish. 
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Hence  alao  we  have  a  geometrical  interpretation  of  Lagrange's 
condition  that  a  fimctioD  of  two  variables,   say  z  =  f{_x,y), 
ahould  admit  of  a  maximum  or  of  a  minimum  value. 
The  condition  ia  that,  see  Art.  158  and  159, 
/rf'ar\  ld*z\       I  d*s  \* 
\dm*l\dy*l       \dxdy'' 
or  rt  —  M*,  should  be  positive;  whence  it  follows,  that  the  prin- 
apal  radii  of  curvature  must  be  measured  in  the  same  direction. 

Now  at  a  point  where  (^r-)  ~  \'T'}  =  ^>  ^^^  tangent  plane  is 
parallel  to  that  of  ;ry ;  if  then  all  the  radii  of  curvature  of  the 
normal  sections  at  that  point  are  measured  in  the  same  direc- 
tion, z  is  a  maximum  or  a  minimum :  but  if  some  are  turned  in 
one  direction  and  others  in  the  opposite  direction,  that  is,  if 
rt  —  i*  is  negative,  there  will  be  a  partial  maximum  and  a  par- 
tiat  minimum,  but  no  total  maximum  or  minimum ;  and  if 
rt~a*  =  0,  then  the  surface  is  developable,  and  the  generating 
line  will  give  a  series  of  partial  maxima  or  minima. 

414.]  Meuaier'a  Theorem  on  the  curvature  of  oblique  sections 
of  a  surface. 

The  two  cases  of  principal  and  of  ordinary  normal  sections 
having  thus  been  investigated,  it  remains  for  us  to  consider  the 
third  case  of  Art.  397;  that  in  which  a  curve  is  described  on  a 
auriace,  but  the  osculating  plane  to  which  at  the  given  point  is 
not  normal  to  the  surface. 

Let  p  be  the  radius  of  absolute  curvature  of  such  a  curve, 
and  let  A,  ^  f  be  the  direction-angles  of  its  direction ;  then, 
taking  «  to  be  eqnicrescent,  by  (26),  Art.  378, 

,  ^x  ,  d*y  ,  d*z      ,„„, 

cos  A  =  p  -r-:  ,  cos  w  =  p  -r4 )  COS  V  =  p  T-j  ;     (98) 

multiplying  these  severally  by  - ,  - ,  — ,  and  adding,  we  have 

,  V  d'x  +  V  dhf  +  W  d*Z  U  COsA  +  VCOSft  +  WCOBI'  -^ 

hut  the  right-hand  member  of  the  equation  is  the  cosine  of  the 
angle  between  the  radius  of  curvature  of  the  oblique  section 
and  the  normal  to  the  surface,  =  cos  ^,  say;  and  by  equation 
(12),  if  p  is  the  radius  of  curvature  of  the  normal  section  at 
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the  point,  and  vhich  has  the  taine  tangent,  the  latter  £utor 

of  the  left-band  member  =  - , 
P 
.-.     p'=pcoae.  (100) 

Hence  the  radius  of  cuarvature  of  an  oblique  section  is  eqnal 
to  the  projection  on  the  osculating  plane  at  the  point,  of  the 
TBdhiB  of  curvature  of  the  normal  section  of  the  surface  which 
has  the  same  tangent  line  with  the  oblique  secticm. 

Hence  if  a  sphere  is  described  having  for  centre  and  radius 
the  centre  and  radius  of  curvature  of  anj  normal  section,  all  the 
oblique  sections  which  touch  the  ncnrmal  section  at  the  point 
oti  the  surface  have,  for  osculating  circles  at  the  common  point, 
the  small  circles  of  the  sphere  made  by  their  respective  planes. 

415.]  As  whatever  tends  to  elucidate  the  difficulties  of  an  ob- 
scare  subject  deserves  attention,  I  do  not  hesitate  to  introduce 
the  following  process,  although  it  proves  theorems  which  have 
been  discussed  in  the  previoiu  Articles ;  and  it  exhibits  the  re- 
lations existing  between  the  curvatures  of  normal  sections  in  a 
remarkable  light,  and  hereby  indicates  the  nature  of  a  point  of 
a  surface  at  which  the  partial  derived-functions  are  not  inde- 
terminate. 

Let  the  point  of  the  surface  under  consideration  be  taken  as 
the  origin,  and  let  the  tangent  plane  be  that  of  xy ;  and  Uiere- 
fore  the  normal  ia  the  axis  of  7.  Let  the  equation  to  the 
.urf.ee  be  »=/(»,!,).  (101) 

At  an  infinitesimal  distance  dz  from  the  origin  let  a  plane  be 
drawn  parallel  to  that  of  xy,  and  cutting  the  sur&ce ;  the  cnrve 
of  section  we  will,  after  M.  Ch.  Dupin,*  call  the  rndtcatrix,  as 
the  form  of  it  indicates  the  nature  of  the  surface  at  the  origin ; 
let  ds,  dy,  dxhe  the  coordinates  to  a  point  on  this  curve;  and 
through  that  point  and  the  axis  of  z  let  a  normal  section  be 
drawn,   making   an   angle  a  with   the   plane   of  xz,  so  that 

tan  a  3  .J- :  and  let  ih  be  the  arc  of  the  normal  section  of  the 

ax 
surface  between  the  origin  and  tbe  point  (dx,  dy,  ds) ;  then 

d»»  s!  da^  +  dy^  +  di^i  (102) 

and  if  p  is  the  radius  of  curvature  at  the  origin  of  this  normal 

*  Djveloppemeiits  de  Gfomftrie ;  pnr  Ch.  Dninn,  Paris  1S13,  page  48. 
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section,  and  whicli  lies  along  the  axii  of  s,  from  the  geometry 


of  the  circle,  ve  hare 


dB* 


(108) 


that  is,  the  radius  of  curvature  of  a  normal  section  varies  as 
the  square  of  the  distance  between  the  point  and  the  intersec- 
tion of  the  normal  plane  with  the  indicatrix. 

TJsiog  the  notation  of  Art,  413,  and  expanding  according  to 
Art.  140,  we  have 
a  +  (fc  =  «+^(ir  +  y(^  + Y-2{rd(r*  +  2*(irrfy  +  (rfy*}  +  ...,  (104) 

and  neglecting  higher  powers  of  the  infinitesimals  dx  and  dy, 
and  observing  that  j)  =  ;  =  0,  because  the  normal  at  the  origin 
is  perpendicular  to  the  axes  of  jr  and  y,  we  have 

ds  =  ^{rd^+Z9dxdy-^t^)i  (105) 

and  therefore  .  , 

f*  ^  rda^+%»dxdy  +  tdy*'  *^*^* 

which  equation  is  equivalent  to  (15),  and  gives  the  value  of  the 
radius  of  curvature  of  the  normal  section. 

As  p  is  generally  finite,  it  appears  firom  equation  (108)  that  ds 
is  an  infinitenmsl  of  the  same  order  as  d^ ;  therefore  in  cqua- 
ticn  (102)  dz^  must  be  neglected,  and  we  have 

da^=d3i^  +  dg\  (lOT) 

^-"^  "-rda^XtX^tdy^^  <'^»> 

^  (109) 


r  (cos  a)* -f  2' sin  a  cos  a +  / (sin  a)' 
which  result  is  the  same  as  equation  (91),  and  &om  which  there- 
fiare  the  properties  of  maxima  and  minima  radii  of  cnrvatnrie 
might  be  deduced. 

Suppose  the  coordinate  axes  of  x  and  y  to  be  turned  about 
the  uis  of  z  through  an  angle  9,  auch  that 

tan2(J=j^;  (110) 

then  (lOS)  becomes 

2dz  =  rdx*  +  tdy*;  (111) 

which  equation,  if  we  consider  dx,  dy,  d!r  to  be  the  lioordinates 
to  a  pMBt  gu  die  «nr&ce  near  to  the  origin,  is  that  of  a  para- 
402 
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boloid ;  of  which  the  principal  sections  are  those  made  by  the 
planes  of  xz  and  yz ;  and  if  p^  and  p,  are  the  radii  of  cumtare 

of  these  sections  respectively,  p,  =  -,  p^  =  -.     If  the  axes  of 

X  and  y  are  turned  about  that  of  ^  as  above,  (109)  becomes 

-  =  r  (cos  o)*  +  i  (sin  a)' 

^(cosa)^^(«n^^ 

which  is  Enter's  Theorem ;  see  Art.  403. 

To  return  to  the  equation  of  the  indicatrix,  via.  (105) ;  dz, 
being  the  distance  between  the  parallel  planes  of  ^  and  of  that 
of  the  curve,  is  constant ;  and  dx  and  dy  are  the  rectangular 
coordinates  to  the  indicatrix,  the  origin  being  at  the  point  where 
the  axis  of  z  cuts  its  plane,  and  dt  is  the  radius  vector ;  hence, 

replacing  dx  and  dy  by  £  and  tj,  and  dz  hj  ^  ire  have 

rf»  +  2*f,  +  r^»=  c,  (113) 

which  is  an  equation  of  the  second  d^ree,  referred  to  its  centre 
as  origin,  and  represents  an  ellipse  or  hyperbola  according  as 
rt—s*  ia  positive  or  negative ;  and  represents  a  circle  if  r  =  *, 
and  «  =  0 ;  and  two  parallel  straight  lines  if  rt—»*  =  0.  Hence 
we  conclude,  that  if  a  surface  is  cut  by  a  plane  parallel  and 
infinitesimally  near  to  a  tangent  plane,  the  curve  of  section  is 
either  an  ellipse,  a  hyperbola,  or  two  parallel  straight  lines; 
the  ellipse  of  course  admitting  of  the  variety  of  a  cirde,  and 
the  hyperbola  in  certain  cases  being  rectangular,  and  in  other 
two  intersecting  straight  lines. 

If  the  iudicatrix  is  an  ellipse  the  surface  ia  wholly  concave 
towards  it,  such  as  is  the  case  at  all  points  of  an  ellipsoid ;  and, 
if  it  is  a.  hyperbola,  some  part  of  the  surface  about  the  point  has 
its  curvature  turned  in  one  direction  and  some  part  in  the 
opposite;  and  if  the  indicatrix  is  two  parallel  straight  lines, 
the  surface  is  concave  towards  them  in  a  direction  perpendicular 
to  them,  but  is  in  a  straight  line  in  a  direction  parallel  to  them. 

Also  since  da  is  the  central  radius  vector  of  the  indicatrix, 
and  since  the  radius  of  curvature  of  the  normal  section  varies 
as  d$',  the  latter  quantity  partakes  of  tingular  values  analogous 
to  those  which  the  former  admits  of. 

In  the  ellipse  all  the  radii  vectores  arc  real;  theref(n«  if  the 
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indicatrix  is  an  ellipse,  that  is,  if  rt—s^  is  positive,  all  the  radii 
of  cnrvatiire  of  normal  sections  are  turned  in  the  same  direction : 
the  radii  rectores  of  the  ellipse  have  two  maxima  and  two 
minima  values,  which  are  at  right  angles  to  each  other;  there* 
fore  the  radii  of  corratare  of  normal  sections  have  valaes  re- 
spectively a  maximum  and  a  minimum,  which  are  perpendicular 
to  each  other.  In  the  circle  all  the  radii  vectores  are  equal ; 
therefore,  if  r  =  /  and  3=0,  all  the  radii  of  curvature  of 
normal  sections  are  equal,  and  there  is  an  umbilic ;  thus  the 
tangent  plane  at  an  umbilic  of  an  ellipsoid  is  parallel  to  a  plane 
of  circular  sections. 

In  the  hyperhtJa  some  of  the  radii  vectores  are  real  and  some 
are  impossible ;  thereforeif  r/—«^  is  n^ative,  the  radii  of  curva- 
ture of  norma]  sections  are  turned  in  one  direction  for  all  real 
radii  vectores  of  the  hyperbola,  and  in  the  opposite  direction 
for  the  impossible  ones ;  the  asjrmptotes  being  the  lines  bound- 
ing the  parts  which  have  their  curvatures  turned  in  opposite 
directions;  and  if  the  hyperbola  is  rectangular,  equal  portions 
of  the  surface  at  the  point  have  their  curvatures  turned  in  oppo- 
site directions.  Hence  also,  as  the  principal  axes  of  the  hy- 
perbola are  at  right  aisles,  one  being  real  and  the  other  being 
impossible,  so  will  the  sections  of  greatest  and  least  curvature 
be  at  right  angles  to  each  other,  and  the  radii  will  he  turned  in 
opposite  directions. 

If  rt  =  «*,  that  is  if  the  indicatrix  is  two  parallel  straight 
lines,  the  origin  being  at  a  middle  point  between  them,  the  radii 
vectores  which  are  perpendicular  to  the  lines  are  the  least,  and 
the  normal  section  coincident  with  them  ia  that  of  greatest  cur- 
vature ;  but  as  the  line,  which  is  parallel  to  and  bisects  them, 
never  meets  them,  the  corresponding  radius  of  carvature  is 
infinite,  and  the  curvature  of  the  coincident  normal  section 
vanishes.   This  is  manifestly  the  case  with  developable  surfaces. 

4I6.3  Hence  also  it  is  plain,  that  if  the  condition  of  oacv- 
latum  of  two  surfaces  is  made  to  depend  on  the  second  derived 
functions  as  well  as  the  first  being  the  same  iu  both,  or  in  other 
words,  on  the  two  surfaces  having  the  same  indicatrix,  a  sur&ce 
of  the  second  order  can  always  be  found  to  osculate  to  a  ^ven 
surface  at  a  given  point ;  and  that,  in  the  case  of  an  umbilic, 
the  surface  may  be  a  sphere,  and  in  a  developable  suriace  it 
becomes  a  cylinder. 
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41 7.3  On  the  meaaure  of  curvature  of  a  surface  at  a  giren  pdmt. 

OauBa  in  hU  celebrated  memoir  "  IH*qmtitiome$  Gtmeratet 
circa  Superficies  Curvag,"  has  introduced  a  definitioti  of  carT&- 
tore  of  a  aorface  whidi  ia  derived  «nal<^oua1y  from  the  meana 
of  meaauriug  the  curvature  of  a  plaae  curve ;  and  from  hia  defi- 
DttioD  haa  deduced  a  mathematical  estimate  of  curvature. 

Suppose  A<  to  be  the  finite  arc  of  a  plane  curve  commencizig 
at  a  point  f  ;  and  at  the  extremities  of  a«  let  two  nonnala  to  the 
'  curve  be  drawn.  In  the  same  plane  take  a  circle  whose  radiiu 
is  unity,  and  through  its  centre  let  two  radii  be  drawn  parallel 
to  the  two  normals  at  the  extremities  of  a#,  and  let  the  ladii 

include  an  angle  or  arc  &^;  then  the  limit  -^  towards  which 

-^  converges,  when  the  arc  of  the  original  carve  is  infiuiten- 

mal,  is,  according  to  the  definition  of  Art.  281,  the  curvature  of 
the  curve  at  the  point  v. 

Imagine  now  upou  a  curved  surface  a  finite  area  enclosed  hj 
a  contour,  within  which  is  a  given  point  p ;  and  also  imagine  a 
^here  whose  radius  is  unity;  and  suppose  normals  to  the  snriace 
to  be  drawn  at  every  point  of  the  enclosing  contoor,  and  radii  of 
the  sphere  to  be  drawn  parallel  to  these  normals  i  by  this  process 
a  spherical  area  will  be  enclosed  on  the  surface  of  the  sphere. 

Let  AB  be  the  area  enclosed  by  the  contour,  and  as  the 
area  of  the  enclosed  figure  on  the  surface  of  the  sphere ;  then 

the  limit  -^  towards  which  —  converges,  when  the  oontonr 

becomes  infinitesimal  but  still  encloses  the  point  r,  is  the  cur- 
vature of  the  surface  at  the  point  f. 

Let  the  area  ax  on  the  given  surface  be  a  rectangle  con- 
tuned  by  four  lines  of  curvature;  and  let  a^,  &<f>t  be  the 
angles  subtended  at  the  centres  of  principal  cnrvature  by  two 
adjacent  sides  of  the  rectangle ; 

.-.      AB  =  ftp,A^A^;  (114) 

and  similarly,  ax  =  ai^ia^;  <116) 

,■.     the  curvature  =    ;-  =  :  (116) 

and  the  curvature  of  the  sorfitce  «t  any  point  ia  equal  to  the 
product  of  the  curvaturea  of  tlie  ^incipal  normal  eeetitma  at 
the  aame  point. 
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The  truth  of  the  result  is  mauifestly  iudependent  of  the  form 
of  the  small  area;  for  whatever  its  form  be,  it  can  always  be 
divided  into  a  number  of  infinitesimal  rectangles,  for  every  one 
of  which  the  result  of  equation  (116)  will  be  true ;  and  there- 
fore by  simple  addition  the  aggregate  of  all,  which  is  expressed 
by  equation  (116),  will  be  true  also.  The  curvature  then  will  be 
affected  with  a  positive  or  a  negative  sign,  according  as  the  radii 
of  the  principal  normal  sections  have  the  same  or  different  signs. 

In  the  case  of  developable  surfaces,  one  of  the  principal 
normal  sections  has  an  infinite  radius  of  curvature ;  it  would 
therefore  follow  from  (116),  that  the  curvature  of  a  developable 
surface  is  zero :  but  such  is  the  case  only  with  a  plane.  We 
must  therefore  retrace  our  steps  and  modify  the  process  in  the 
following  manner,  by  operating  on  a  right  circular  cylinder 
whose  radius  is  unity  instead  of  on  a  sphere : 

Let  the  two  containing  sides  of  the  rectangular  area  on  the 
given  surface,  and  which  are  coincident  with  the  lines  of  curva- 
ture, be  All  Kud  ASi;  of  which  let  aa^  lie  along  a  generating 
line  of  the  developable  surface,  and  a«]  be  at  right  angles  to  it; 
then  in  the  limit,  if  d(pi  be  the  angle  subtended  by  ^^i  at  the 
centre  of  principal  curvature,  dsi  =  pi  dtPi.  Let  the  axis  of 
the  cylinder  be  parallel  to  the  generating  line  of  the  develop- 
able  at  the  given  point,  and  from  a  point  in  the  axis  of  the 
cylinder  let  normals  be  drawn  to  the  cylinder  parallel  to  normals 
drawn  to  the  developable  surface  along  a«i,  and  let  avi  be  the 
intercepted  arc  of  the  circle  on  the  surface  of  the  cylinder ;  then 
AtTi  =  A^i;  also  let  a  line  equal  to  a<i  be  taken  on  the  surface 
of  the  cylinder  and  perpendicnlar  to  aiti  through  one  of  its 
extremities;  by  this  process  therefore 

ds  z=  pidipidtt,  ^_J_.  ni7) 

da  =  dtjn^h,  '  '     rfs        pi' 

and  therefore  the  curvature  of  a  developable  surface  at  a  given 
point  is  equal  to  the  curvature  of  the  principal  normal  section 
which  is  perpendicular  to  a  generating  line. 

I  must  in  conclusion  observe  that  a  different  definition  of 
curvature  of  h  surface  has  been  given  by  Madame  Sophie  Ger- 
main ;  for  which  I  must  refer  the  reader  to  her  own  memoir  on 
the  Curvature  of  Surfaces ;  see  Crelle,  VII.  1 ;  and  Becherches 
sur  la  Th^rie  dea  Surfaces  filastiques,  Paris,  1821  and  1826. 
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CHAPTER  XIX. 

THE  CALCULUS  OP  OPERaTIOHS. 

418.]  Many  theorems,  which  occur  ia  common  Algebra  imd 
elsewhere,  are  true,  uot  because  the  subjects  of  them  hare  any 
special  nature  aa  quantities,  but  because  they  conform  to  cer- 
tain laws  and  combine  in  certain  manners ;  and  these  theorems 
therefore  are  equally  true  of  all  symbols  which  are  subject  to 
these  laws.  For  the  sake  of  an  example  let  us  take  the  bino- 
mial theorem,  and  its  ordinary  proof:  n  ample  factors  of  the 
form  x—a,  x—by  ...  are  multiplied  together;  and  the  law  of 
their  combination  having  been  detected,  we  are  thence  led  to  a 
general  form ;  and  if  we  assume  a  =  &  =  c  =  ... ,  we  obtain  the 
general  expansion  of  {x—a)".  Now  this  theorem  is  true,  not 
because  x,  a,  b,  ...  are  symbols  of  quantity,  but  because  being 
symbols  of  quantity  they  satisfy  certain  laws,  in  conformity  with 
which  the  said  theorem  is.  All  other  symbols  therefore  which 
satisfy  these  laws  are  subject  to  the  same  theorem.  Similarly 
other  algebnucal  theorems  of  expansion,  and  espaQsions  such 
as  those  which  have  been  given  in  the  preceding  pages  for  e', 
sin  X,  tan~>  x,  and,  in  short,  Maclaurin's  and  Taylor's  Series, 
are  true  of  all  symbols  which  satisfy  certHin  laws. 

A  distinction,  and  a  division  consequent  upon  that  distinc- 
tion, has  been  made  of  symbols ;  some  are  called  symbols  of 
operation,  others  symbols  of  quantity :  those  which  indicate 
processes  to  be  performed  on  subjects,  such  as  symbols  of  dif- 
ferentiation ;  those  of  trigonometrical  operations,  as  sin,  tan, 
8ec~^;  tliose  of  logarithmic  affection,  as  logs,  e' ',  &c.  are  called 
symbols  of  operation:  whereas  the  subjects  on  which  these 
operations  are  performed  are  called  symbols  of  quantity.  Thus 
if  a,  &,  x,y  vee  symbols  of  the  ordinary  quantities  of  Algebra, 
they  are  called  symbols  of  quantities.  The  distinction  however 
is  scarcely  accurate ;  for  may  not  x  be  the  same  as  :r  x  1  ?  in 
which  case  x  symbolizes  a  process,  that  of  multiplication,  per* 
formed  on  nnity,  and  is  a  symbol  of  operation  ;  but  it  is  nsefal 
enough  for  our  purpose. 
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419.3  ^^  ™  investigate  and  define  two  or  three  Inws  to  which 
8yinbo)B  whether  of  operation  or  of  quantity  may  be  subject. 

Let  ^,  ^  be  lymbols  of  operation ;  and  let  u  and  v  be  symbols 
of  quantity,  and  of  subjects  on  which  ^  and  ^  are  performed. 
And  let  tu  suppose  ^,  ^,  m  to  be  sudi  that 

0i^(tt)  =  +*(«);  0) 

that  is,  if  the  two  operations  indicated  by  ^  and  ^  are  performed 
anccessiTely  on  h,  one  on  the  back  of  the  other,  let  ns  assume 
the  result  to  be  the  same  whatever  ia  the  order  in  which  they 
are  performed :  two  such  symbols  oi  operation  aze  said  to  be 
commutative,  and  to  satisfy  the  law  of  commntation. 
Similarly,  again,  if  0,  ^,  ^  fure  such  that 

**X(«)  =  +X*(«)  =  X*+(«).  (2) 

these  symbols  are  commutative.  Quantities  multiplied  into 
each  other,  satisfy  this  commutative  law :  thus  if  a,b,c  are 
constants 

ax.bxcxv  =  bxCxaxH=cxitxaxu.         (8) 

Symbols  of  differentiation  are  also  subject  to  the  same  law: 
thus,  if  11  ia  a  function  of  x  and  y, 

££u  =  —  ~u-  (4) 

dy  dx         dx  dy    ' 

and  a  similar  theorem  is  true  if  u  is  a  function  of  three  or  more 
variables.  The  form  in  which  the  law  of  oommutation  has  been 
heretofore  eipreued  as  to  differentiation  is,  "  the  order  of  differ- 
entiation is  indifferent."  See  Art.  79.  Trigonometrical  functions 
are  not  generally  subject  to  this  law ;  thus,  sin  2  « is  not  equi- 
valent to  2  sin  « ;  neither  is  sin  tan~'  x  equivalent  to  tan~i  un  x. 
Again,  let  ^  be  a  symbol  of  operation,  and  u  and  0  two 
symbols  of  quantity;  and  let  <^  be  such  that 

^(u  +  r)  =  ^(«)  +  0(r);  (5) 

then  the  operation  expressed  by  ^  is  said  to  be  distributive,  and 
0  is  said  to  satisfy  the  distributive  law.  Similarly  the  number 
vS  subjects  of  the  Amction  may  be  n ;  and  we  may  have 

0(«i  +  wi+ +«»)  =  *{ai) +  *(«»)+ +  *(«.).    (6) 

Let  us  at  present  take  only  two  subjects,  as  in  (6) ;  and  let  us 
operate  on  them  again  with  the  symbol  0 ;  then,  if  we  symbolize 
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two  such  operations,  performed  successively  oq  a  subject  by  ip*. 

and  if  the  operation  is  performed  n  times  saccessirely 

<f,-(u  +  v)  =  <!>'' iu)  +  4>'(v).  (7) 

Symbols  of  muhiplicatioo  are  in  coaformi^  with  this  law;  thiis. 
if  a  is  a  constant, 

a{u  +  v)  =  au  +  av,  a"  (m  +  «)  =  a"M  +  a''v. 

Symbols  of  differentiation  are  also  subject  to  it ;  thus,  if  h  and 
V  are  functions  of  x, 

£'"+»)=£+£^  <«) 

trigonometrical  operations  are  not  sabject  to  it ;  thus,  sin  (» -j-  r) 
is  not  equivalent  to  sin  u  -l-  dn  r. 

Constanta  and  other  symbols  of  multiplication  are  also  aab- 
ject  to  a  law  of  notation ;  or  rather  a  law  of  notation  has  been 
framed  with  respect  to  them  to  which  other  operative  symbols 
may  be  subject,  when  they  are  repeated  successively  on  the  back 
of  each  other.  The  origin  of  this  law  which  is  analogically  ex- 
tended is  the  following ;  let  a  be  a  constant  multiplied  into  it ; 

">•»  «-«■«  =  a— «; 

that  is,  if  u  is  multiplied  by  a  first  n  times,  and  then  m  timea, 
the  result  is  the  same  as  if  u  had  been  multipUed  m  +  n  times 
by  a.  So  if  ^1  is  a  symbol  of  operation  which  ia  performed  on 
u  first  n  times  and  then  m  times,  and  if  the  result  of  these  soe- 
cessive  operations  is  the  same  as  if  the  operation  of  which  ^  is 
the  symbol  had  been  performed  m  +  n  times,  then 

<(.-0"{«)  =  *"*"(«).  (10) 

this  law  of  notation  is  called  the  iterative  or  the  repetitive  law. 
Evidently  differentiation  is  a  process  subject  to  it ;  because  it 
has  been  shewn  in  the  preceding  pages  that 

Now  the  calculus  wherein  these  and  other  similar  lavs  of 
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operation,  as  distinct  from  symbols  of  quantity,  are  developed,  ia 
called  tbe  Calculus  of  Operations ;  and  also  is  sometimes  called 
the  method  of  separation  of  symbols  of  operation  from  those  of 
qoantity :  its  laws  and  results  I  proceed  to  develope,  so  far  aa 
they  are  applicable  to  differential  calculus.  Our  operations  thus 
&r  have  been  those  of  direct  diETerentiation,  that  is,  m  and  n  in 
(11)  are  taken  to  be  positive ;  for,  although  with  certain  limita- 
tions, the  results  will  be  true  when  the  operations  are  inverse, 
that  is,  when  m  and  »  are  negative,  yet  at  present  it  is  unneces- 
sary to  fix  their  limitations,  and  therefore  I  shall  confine  myself 
for  the  moat  part  to  direct  processes. 

^0.]  First  I  must  shew  that  any  algebraic  function  of  a  dis- 
tributive symbol  is  also  itself  distributive ;  and  therefore  that  an 
algebraic  function  of  the  symbol  of  difi'erentiation  is  also  itself 
distributive. 

Let  0  be  a  distributive  function  of  which  u  +  v  is  the  subject : 
and  let  it  satisfy  (5)  and  (7) ;  let 

oo  +  a,  *  +  a,  *»  + +0,0" 

be  an  algebraical  function  of  it ;  then,  from  (5)  and  (7),  it  is 
manifest  that 

{oo  +  ai^  +  Oj^-f  +o»<(i"}  («  +  »)  = 

{ih  +  ai<p  +  a%<tf  + +a,<^-}ii 

+  {aa  +  ai<f>  +  at4^+ +  <»™*"}  v;  (12) 

and  if  F  symbolizes  an  algebraic  function,  then,  also 

T<plu  +  v)  =  T<p(u)+r<t>(v);  (13) 

and  therefore  as  ^^-differentiation  is  a  distributive  operation, 

'i"^">  =  '©-(£)■        0^) 

Again,  ^i^differentiation  is  sul^ect  to  the  commutative  law : 
now  suppose 

y-P.^+i^S^- ±i'.-.s  +  ''-«  =  »W 

to  be  a  differential  expression;  then,  omitting  the  symbol  of 
quantity,  we  have 

,  d  . 

let  the  roots  of  this  equation  be  A],  oa, . . .  a„ ;  and  let  us  resolve 
(16)  into  its  fitctors;  so  that  it  is  equivaleot  to 

4  H  2 


»-i"5;nrT+ ±r-'yz+P->  =  0;       (16) 
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and  if  the  operations  indicated  by  these  factorial  symbols  are 
BDCcessively,  and  one  on  the  back  of  another,  applied  to  the 
subject  u,  the  result  will  be  by  the  commutative  lav  the  same 
as  if  «  had  been  operated  on  by  the  whole  symbol  (16). 

dx'        dx 

It  is  not  my  intention  to  enter  on  the  procesnca  of  general  differ- 
entiation, when  the  indices  are  Actional,  because  the  theory  is 
too  imperfect  for  an  elementary  treatise;  bnt  I  shall  extend 
some  of  the  theorems  to  a  few  cases  irhereiu  the  index  of  differ- 
entiation is  n^ative;  in  vhich  it  will  be  convenient  to  use  a 
distinctive  symbol  for  this  nc^tive  differentiatkm ;  and  I  ahmll 


</-■  =y;  (18) 

K  that  (s)  '~  ■'"''<'''  =  1^'  C) 

and  [^y'=  d-if  =  Tib-i  (20) 

421.3  ^^^'  '^  "*  investigate  certain  forms  which  are  taken 
by  resolts  proved  in  the  preceding  pages ;  by  Art.  47, 

»«  =  (£)  *'+0*' 

so  that  if  we  omit  the  subject  of  the  operating  sjrmbol, 

that  is,  the  operation  expressed  by  d  is  equivalent  to  the  two 

opOTatioDS  expressed  in  the  lightJtand  membw  of  the  equatioii. 

As  these  operati<His  are  commntative,  and  as  their  aymbob 
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aie  subject  to  the  index  law,  we  may  raise  both  ndea  of  (22)  to 
the  nth  power ;  whereby  we  hare 

= (ir^+ r(ir"(|)^-*+ -  *  (|)v  M 

and  adding  the  subject,  we  hare 

which  result  is  the  same  as  (101),  Art.  80. 
If  we  use  the  notation  of  Art.  47,  then 

Dit  =  dgU  +  dftt ; 
.•.    n  —  d„  +  df, 
and     n«  =  d.-  +  f.rf,"-'d,  +  ?^^J^<t"-»rf,»+... +V.    (26) 
And  if  ti  is  a  function  of  many  variables,  then  because 

D  =  d,  +  d,  +  d,+ (27) 

D"  =  (d,  +  d,  +  d.+ )";  (28) 

the  right-hand  member  of  which  must  be  expanded  by  the 
multinomi&l  theorem,  accordiug  to  the  proceM  of  Ex.  S,  Art.  96 ; 
whereby  the  equivalent  of  n"  will  be  obtained  in  terms  of  par- 
tial differentials  and  derived  functions. 

422.]  We  proceed  now  to  the  investigatioQ  of  the  results 
consequent  on  other  symbols  of  operation  beside  those  of  simple 
differmtiation.    Since 

J^'"' =  ■»«"••  ■■    ih'"  =  -•'••■■         (29) 

and  therefore  if  r  represents  an  algebraical  function 

F(^)e-*  =  «-'F(m):  (80) 

and  I  may  observe  that  this  result  is  true  when  n  is  negative. 
Next  let  ns  take  the  operating  symbol  3^  ^"*  '>  ^^''^  ^1  ^^^  "^ 
suppose  a  subject  u  to  be  a  function  of  0,  and  to  be  multiplied 
by  e"',  and  subsequently  to  be  operated  upon  by  the  <^)eration 
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To'"'  =  '"Te  +  '"'"'' 

-'■'\i^-\-. 

(31) 

BO  that  omitting  the  subject  «,  we  hare 

3V-"  =  -(r.-)^ 

(32) 

»d  therefore     (i)"e- =  «"  (^  +  »)" 

(83) 

...     (iL,„)-.  =  .-.(^)>,, 

(34) 

and  these  equalities  are  true  when  n  is  negative ; 

in  wliich  case. 

using  the  notation  of  Art.  480,  we  have 

fe-'ude"  =  e"{±  +  n.y\ 

(35) 

(^-r«=-'/>«-^"= 

(36) 

and  if  r  expresses  an  algebraical  function. 

'0«-  =  '-"(i+») 

(87) 

From  these  expressions  another  theorem  may  be  deduced. 
Since  irom  (32)  we  hare 

(^+m)»=e— iL,..„.  (88, 

in  it  let  us  substitate  for  m  snccessiyely  0,  —1,  —2, ...  — (n~l); 
and  let  all  these  processes  be  performed  successively  on  u ;  then 
we  hare 


(jS-""/V3s-"-f-; m-^'Te' 


-^i)a-»+») (; 


which  and  (30)  and  (37)  are  three  fundamental  theorems  of  this 
kind  of  operating  symbol. 

423.]  And  they  may  by  the  following  substitution  take  forms 
which  are  useful  in  the  solutiou  of  many  differential  eqaationa. 
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Lot          .•  =  ,;            tben          J^  =  »^i 

(40) 

and  from  (29)  and  (30)  we  haye 

i'^di)"'^  =  •""'" 

(41) 

AgaiD,  let  the  snbstitatioD  (40)  be  made  in  (34)  and  (37) ;  and 
we  hare  /     rf  \"  rf  \" 

(^  rf^  +  "»)  «  =  *'"  (*  S^)  *"«>  (48) 

and  F(a^-^)«-tt  =  a7-p(ar^  +  »i)u.  (44) 

Also  let  the  substitution  (40)  be  made  in  (39) ;  and  we  have 

=  «-(A)V     (46) 

424.]   By  this  hut  formula,  differential  equations,  of  which 

the  differential  terms  aro  of  the  form  {'^-j-)  «,  that  is,  where 

X  is  eqnicrescent,  and  the  power  of  x  in  the  coefficient  and  the 
order  of  the  derived-function  are  the  same,  ma;  be  transformed 
into  others  of  which  the  coefficients  shall  be  constant.  Because, 
if  a:=  e*. 

Of  this  transformation  some  examples  are  subjoined. 

_     ,        ,d*«        du  , 

Ex-l.     .■jji+.gj+.-log*. 

By  (40)  this  becomes,  if  jt  =  e', 
/  d      ,\  d         du 


,d^u      _    .d*tt         du 
dx*  dafl         dt 
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By  reason  of  (40),  itx=e*,  we  have 

426.]  Let  u  sad  v  be  two  fbnctioiu  of  x :  then 

d  du        do  ,.„ 

dx  d»        dx  ^     ' 

In  the  right-hand  member  of  this  equation,  let  fi  be  the  symbol 

of  difierentistion  refening  to  u  onfy  and  8'  that  refeniog  to  v 

only:  then  d  h  ^ 

d!«  (if  <te  ' 


Let  both  members  be  raind  to  the  nth  power ;  then 

and  adding  the  subject,  we  hare 

d'.uv  _  d'u         d"~^u  dv      ii(it  — 1)  d'-'v  d'v 

"3*="  ~  5?^**  "•■ "  rfr-»  di  +       1.2       ^^=»  ^  "''  "■ 


(49) 


(50) 


which  is  LeibttitB's  Theorem  given  in  Art.  66. 

Of  this  theorem  the  following  are  particular  examples. 

Let  V  =  e", 

which  is  the  same  as  (S4),  proved  above. 
Let  n  =  —1,  in  (52) ;  then 

■'*      ]5r"*"''[    «  =  *""■/««"<'*■  (58) 
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426.]  Also  since       ^^         ^  ^^ 

«  J-  =  3~  Mw  — r-i-; 
ax       ax  ax 

let  us  take  d,  t,  t'  to  be  symbols  of  x-differentiatioa ;  aod  let  us 
asBume  d  to  apply  to  both  u  and  v,  and  S  and  9'  to  u  and  to  v 
separately :  so  that  taking  sjrmbols  of  operation  only 

a'=  D-a.  (55) 

Let  both  members  of  this  equation  be  raised  to  the  nth  power; 
then 

8'"  =  D"-n»"-»B  +  ^^Y^i."-*S»+ (-)"»";     (56) 

and  appending  the  subject  uv, 

rf"p  _  d'.uv      n  rf"-'   /rfM\      »(»  — 1)   <f"~'  /    <f*a\  _ 
"  rf^  ~  ~i^  ~  T  ^=^  V^^  ■''      1.2       ^^-"*  V  rf^/       ■" 

In  a  paper  by  Mr.  Hargreave  in  the  Philosophical  Transac- 
tions for  1848,  (51)  and  (57)  are  extended  to  algebraical  func- 
tions of  -;-  ■ 
ax 

427.]  Taylor's  series  may  be  expressed  in  the  following  con- 
cise form,  if  the  symbol  of  quantity  is  separated  from  that  of 
operation. 

By  (76),  Art.  71,  if  we  replace  derived  functions  by  their  equi- 
valent ratios  of  differentials,  we  hare 

/<-*.=/('.-^'^^-^A- <es, 

and  therefore 

/(.-HA)  =  {1^+^  -  +  y  ^  -,  {^)  j^  -H ... ;/(,) 

=  e^Sifix) ;  (59) 

■o  that  if /(ar)  is  operated  upon  by  the  symbol  e  d^ ,  it  is  changed 
into  /(*  -I-  A). 

Similarly,  if/(y)  is  operated  upon  by  the  symbol  e*5?,  it  is 
changed  into  f(y  +  k).  And  therefore  if  t(x,y)  is  a  function 
of  two  independent  variables  x  and  y, 

e*^'"*F(a;,y)  =  T{x  +  h,y-[-k);  (60) 
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and  similarly 

428.]   Since  b;  Eater's  Tteorem,  Art.  82,  if  u  is 
neous  function  of  n  dimensions. 


'iihyiih 


+  0J 


and  therefore  the  effect  on  u  of  the  operation  symbolised  by  [ 
■c  -j-  +y-7-  -i-  ...izto  convert  it  into  «« :  and  therefore 

I'i  +  'Ty* i"«  =  »-«-  (68) 

But  on  these  subjects  I  must  say  no  more :  my  work  has  already 
well  nigh  exceeded  the  linuts  reqoired  in  a  didactic  treatise,  and 
many  theoiremB  and  processes  have  been  omitted,  not  becanse 
they  are  useless  or  inelegant,  but  because  I  could  not  afford 
the  space.  It  is  however  the  less  necessary  to  enlarge  on  this 
calculus  of  operations  because  Mr.  Carmichael,  Fellow  of  Trinity 
College,  Dublin,  has  lately  published  a  treatise  on  the  subject*, 
to  which  I  am  indebted  for  reference  to  some  subjects  in  the 
preceding  pages.  I  cannot  however  conclude  without  recom- 
mending the  student  to  consult  (1)  "  Essai  sur  un  nouveau  mode 
d'exposition  des  Frindpes  de  Calcul  Differentiel,"  by  M.  Servois, 
Nismes,  1814 ;  (2)  maay  papers  in  the  Cambridge  Mathematical 
Journal  by  Mr.  Gr^ory,  Professor  Donkin,  Professor  Boole, 
Mr.  Bronwin ;  (3)  the  memoir  of  Professor  Boole,  "  On  a 
genera]  method  of  Analysis,"  in  the  Philosophical  Transactions 
for  1844 ;  (4)  a  memoir  of  Mr.  Hargreave  in  the  Philosophical 
Transactions  for  1848 ;  and  (5)  the  papers  of  M.  Servois  in  the 
Annales  des  Mathematiques  de  M.  Gergonne,  Yol.V. 

*  A  Trotise  on  the  Calculus  of  Uperations,  by  the  Rev.  Robert  CsnaicIuKl, 
A.M.[  London,  Longman  and  Co.,  iS,^. 


END    OF  VOL.  L 


|i 


I 


D,g,t7cdb.GOOgIC 


,,  Google 


,,  Google 


B 


,,  Google 


D,g,t7cdb/GOOgIC 


o 


%y » 


% 


,,  Google 


D,g,t7cdb/GOOgIC 


D,g,t7cdb/GOOgIC 


D,g,t7cdb/GOOgIC 


,,  Google 


D,g,t7cdb/GOOgIC 


BOOKS 


i   UNIVBftSITT   B 


MACMILLAN  AND  CO.,  LONDON; 

ALSO   TO  BB    HAD  AT   THB 

CLARENDON  PRESS   DEPOSITORT,   OXFORD. 


I^EZICOZTB,  aBAMUABS,  &o. 

{Sf  alio  CJartadoH  Prm  StHet  pp.  ii,  14.) 

A  ar«ek-IhigllBli  Lexicon,  by  Henry  George  Liddell,  D.D., 

and  Robert  Scott,   D.D.     Sixa  EdidoK,  Rniud  and  Aagmmlid 

1870.  4to.  clod,  I/.  i6(. 
A  OreBk-Bngtlflh  Lexlaoii,  abridged  from  the  above,  chieSy 

for  the   me  of  Schooli.      StvtnlttiUk  EdilioK.      CartfiiUf  Rniud 

Ourmigluna.     1876.    Sqiure  I  imo.  ttort.  71.  M. 

A  soplous  Groefc-BngHiih  Tocabnlar;,  compiled  from  the 

bett  ■othoritici.    iSjo.  ]4ma.  botmd,  gf. 
GnteCEW  anmmatloae  Budimenta  in  usum  Scholanim.  Anctore 

C»roloWOTd»worth.D.C.L.  EiglHtHUh Edition,  i&j^.  limo.ioimrf.+i. 

A  Oreak  Primer,  In  English,  for  the  use  of  beginners.  By  the 
Right  Rei.  Chirlei  Wordiworth,  D.C.L,  Buhop  of  St,  Aodicw*. 
FotinX  Edition.    Eitia  fcap.  Sro,  eloA,  It.  6d. 


Dtynxologiooii  UagnTuii.    Ad  Codd.  MSS.  recensnit  et  notis 
Tirioram  iaitiaiit  Thomw  Qaiifbrd,  S.TJ".    1848.  fol.  elolh,  U.  IM. 

Snidne  Iiezloon.    Ad  Codd,  MSS.  recensoit  Thomas  Gaisford, 
S.T.P.    Tomi  ni.    1834.  fbl.  Uoib,  tl.u. 
[a]  B 


,,  Google 


Clarendon  Press,  Oxford. 


Sohflller'B  Iioxlooii  of  the  Latin  Tongue,  with  the  German  ex- 

pUaitiom  traniUtcd  into  English  b;  J.  E.  Riddle,  H.A.      1835.   foL 
dalb,  il.  i: 

BoriptoreH  Bel  UatrlcM.  Edidit  Thomas  Gaisford,  S.T.P. 
Tomi  III.    Sto.  cloth,  151. 

Stid  uparaMy: 
HaphiMtion,   Terentiinni  Minmi,  FtocIdi,  com  timotitioiiibtu,    etc 
Tocii  II.  io«.    ScriptoTM  Litini.  51. 

Th«  Book  of  Hebrew  Boots,  by  Abu  'L-Waltd  Marw£n  ibn 
Jinfth.  otherwite  called  Rabbi  YAnUi.  Now  first  edited,  with  an 
Appendix,  hj  Ad.  Neubkuer.    410. 1I0&,  il.  71.  6d. 

A  TnaOBO  on  tbe  ose  of  the  Tenses  in  Habr0W.  By  S.  R. 
DriTer,  M.A.    Extra  fcap.  Svo.  tlolk,  6s.  6d. 

TbesanruB  ByrlsQua :  collegenint  Quatremf  re,  Bemsteiu,  I.ors- 

bich.  Araoldi,  Field:  edidit  R.  Pijne  Smith,  S.T.PJI. 
Fare.  1-IV.     1868-77.  ""■  fo'-  -">>'  >'■  !»■ 

Xiexloon  Aegyptlaoo-Iiatlnnm  ex  Teteribus  Lingnae  Aegyp- 

tiacae  Moaumentii,  etc.,  cnm  Indice  Vocnm  LalinaiDm  ab  H.  Tattam, 
A.M.     1835.  Sto.  dolb,  15a. 
A  Fmotlaal  QraimnKr  of  the  Bonskrlt  Longoage,  arranged 

with  reference  to  the  Cl«iical  Language!  of  Eniope,  for  the  dm  of 
Eogliih  StudcDti,  b;  Moniet  WiLliami,  M.A.  Faa-A  Edition,  1877. 
8»o.  cloth,  151. 

A  Banakrlt-EnKUBb  Dictionary,  Etymologically  and  Philo- 

logically  aiTirged,  with  tpeciil  reference  to  Greet,  Latin,  German, 
Anglo-Saxon,  English,  and  other  cognate  Indo-Eatopean  Laaguagel. 
By  Moniei  Williami,  M.A.,  Bodea  Frofeuoi  of  Saatlult.  187].  4to. 
dolb,  4I.  141.611. 

NolopAikhyAnam.    Story  of  Nala,  an  Episode  of  the  Mahi- 

Bbfirata ;  the  Sanikrit  teat,  with  ■  copioui  Vocabulaij,  Grammatical 
Analyifi,  and  Introdnclion,  by  Moniei  Williami,  M.A.  The  Metncil 
TranslitioD  by  the  Very  ReT.  H.  H.Milman,  D.D.  i860.  Sto.  dotb,  151. 

Bakantal&.    A  Sanskrit  Drama,  In    seren    Acts.    Edited  by 

Monler  Williami,  MJl.,  D.C.L.,  Bodea  Profeuor  of  Sanikrit.  Sceoad 
Edition,  Sto.  doth,  lis. 

An  Anglo-aoxon  TOctfonary.  by  Joseph  Bosworth,  D.D.,  Pro- 
feuor of  Anglo-Saxon,  Oxford.    JVmd  ilitioH.    In  tbt  Pros. 

An  Icelandio-Engllali  Dlotlonaiy.  Based  on  the  MS.  col- 
lection! of  the  late  Richard  Qeasby.  Enlarged  and  completed  by 
G.  Vigfiijton.  Wilh  an  Introduction,  and  Life  of  Richard  CleaAy, 
by  O.  Webbe  DaKnt,  D.C.L.     410.  cbUh,  3I.  71. 

A  Idat  of  SngllalL  Worda  the  Etymology  of  which  la 
lllaitrat«d  by  oompariBon  with  lOBlandlo.  Prepared  in  the  form 
of  aa  AnENDli  to  the  above.    By  W.  W.  Skeat,  M.A.,  ttiltktd,  31. 


D,g,t7cdb/GOOgIC 


Clarendon  Press,  Oxford. 


A  Hojidbooh  of  ths  Ohlneae  liangiuge.    Parts  I  aod  II, 

Qnmmai  and  Chrettomithf.     B7  Jumm  Sunuaen,   1863.  StO.  ia(f 
bound,  ll.  St. 

Comish  Dnumi  (The  Ancient).  Edited  and  tran^ted  by  E. 
Noirii,  Eiq„  with  >  Sketch  of  Corniih  OmnmaT,  >a  ADCJenl  Cotnlib 
Vonbnlai;,  Mc    *  toIi.  1859.  Btd.  eloll,  it.  Ii, 

The  Sketch  of  Comiih  Orammu  lepantclj,  itiltbtd,  u.  6J, 


aBJWK  CIJUtBZCS,  &a. 


SopbocteB:  Tragoedlae  et  Fr^menta,  ex  recenslone  et  mm 
onDmaiUriii  OniL  DindorGi.  JVrd  £i£ti(m,  >  tdIi.  i860.  Tap.  Sto. 
Woii.  1;.  It. 

Eich  FI17  lepirately,  limp,  li.  6d. 

The  Text  alone,  printed    on    writing  paper,  with  large 

maigia,  lojal  iGmo.  ilolb,  81. 

The  Text  alone,  square  i6mo.  doth,  jj.Sd. 

Each  PUj  lepsriteljf,  /im^,  W,    (Se«  alw  p.  S3.) 
SopliooleB:  Tragoedlae  et  Fragmenta  cum  Annotatt.  G11U. 

DiDdorfii.     Tomi  II.     i84g.  Sm.  eloih,  lof. 

The  Text,  Vol.  1.  51.  6d.     The  Nota,  Vol.II.  4:  6d. 

Sophoolea ;  Scholia  Graeca ; 

Vol.  I.  ed.  P.  Elmilej,  A.M.      iBiJ.  8to.  elolb,  41.  6d. 
Vol.  II.  ed.  Gcil.  Diadocfiui.     1853.  Sro.  cIoOi,  ^  6i. 


Boripldas:   Annotationes   Gml.   Dlndorfii.    Partes  II,    1S40. 


Bnripldaa:  AloestiB,ex  recensiooe  Guil.Dindorfii.    1834.  Sto. 


,,  Google 


Clarendon  Press,  Oj^ord. 


ArintoplunM :  Comoodlaa  et  Fragmenta,  ex  recen^one  Goil. 

DindorfiL    Tomi  II.    1835.  Sto.  dolb,  IK. 
ArlstopbaneB :  Annotatlanes  Guil,  Dindorfii,    Partes  II.  1837. 

Sto.  (Adfr,  1 II. 
ArlstopbAnes :  Scholia  Gneca,  ex  Codicibufi  ancU  et  emendata 

>  Onil.  Dindoifio.    Partea  III.     18^9.  Sto.  tiolb,  il. 
AiiBtophanem,  Indei  id  :  J.  CaravelUe.    iSii.  8vo.  chtb,  jj. 
Ketm  Aeaohyll  Bophodlla  BmipldiB  et  Arlotopliaiila.    De- 

icripta  a  Gail.   Diodoifio.     Acccdit  Chi(»iok>gu  Scenici.   1842.  Std. 
elalb,  Jf. 

Aneodota  Qraaoa  Ozonlemda.    Edidit  J.  A.  Cramer,  S.TJ*. 

Tomi  IV.     1834-1837.    &ji>.  dolb,  U.  ti. 
Aneodota  Oraeca  e  Codd.  MSS.  Bibliothecae  Regiae  Fariden- 

■u.     Edidit  J.  A.  Cramet,  S.T  J*.    Tomi  IV.    1839-1841.  Sto.  cJoA, 

\l.M. 

ApsIniB  et  Longinl  Bhetorloa.    E  Codicibns  MSS.  recensnit 

Joh.  Bakioi.     1S49.  3to.  tlodi,  3*. 
AiiBtoteles;  ex  recensione  Imcnaiinelis  Bekkeri.    Accedunt  lo- 

dicei  Sylbocgiani.     Tomi  XI.     1B37.  Sto.  dolb,  2I.  lOfc 
Tfac  Tolnmei  (except  toI.  IX.)  may  be  bad  Kparatdy,  price  51. 6if.  each. 
Apistotelis  Sthioa  irioomAehea,  ex  recensione  Immanuelis 

Bekkeri.     Crown  Sto.  dolh,  51. 

ClioeroboBoI  Dictata  !□  Theodosi!  Canones,  necnon  Epimerismi 
in  Palmoi.  £  Codidbni  MSS.  edidit  Thomu  Oaitford.  S.TJ>.    Tomi 

III.  1S41.  Sto.  dolb.  151. 

DemoBthaiieH ;  ex  recensione  Gail.  Dindorfii.    Tomi  1.  II.  III. 

IV.  1846.  Svo.  eloOi,  il.  II. 

Demosthenes :  Tomi  V.  VI.  VII.    Annotationes  Interpretum. 

1849.  Sto.  dolb,  151. 

Demoethanes:  Tomi  VIII.  IX.  Scholia.    1B51.  Svo.t/o/^,  im. 


Tolumlnom  Partes  II.    Svo.  tt^i,  lot. 
Homeros:  Clas,  cum  brevi  Annotatione  C.  G,  Heynii.    Acce- 
dunt Scholia  minora.     Tomi  II.     1834.  Bt°-  ''■>('•  I5<- 

Bomarua :  mas,  ex  rec.  Gail.  Dindorfii,  1S56.  Svo.  elotb,  5/.  6d. 
Homarus :  Scholia  Graeca  in  Iliadem.    Edited  by  Prof.  W,  Din- 

dorf,  after  a  ntw  collation  of  the  Venetian  MSS.  by  D.  B.  Mooro, 
M.A.,  Fellow  of  Oriel  College. 

Volt.  1.  II.  Sto.  tloth,  341.     Vok  III.  IV.  Sto.  dotb,  »6t. 

:  OdTSsea,  ex  rec.  Guil.  Dindorfii.    Svo.  eieth,  5/.  6d. 


D,g,t7cdb/GOOgIC 


Clarendon  Press,  Oxford. 


Homdrom,  Index  in:  Seberi.     1780.  8vo.  elotb,  6t.6d. 
Oratorea  AtUol  ex  recensione  Bekkeri : 

L  Aniipfaoa,  Andocide),  el  LjiEu.     iSA.  8ro.  doA,  Jt. 
II.  ItoatXt*.     1831.  8to.  tloA,  7>. 

III.  lHeDi,AetcliiDei,L7CDrgii(,DIiuicbiu,etc.  1813.  Sro.  flMfr,  71. 
SolLoIia  Graeoa  in  Aeschinem  et  Isocratem.   Edidit  G.  Dindor* 

Sui.     1851.  Sto.  efwi,  4t. 
Faroamlographl  Oraeol,  quorum  pars  nunc  primum  ex  Codd. 
MSS.  Tulgitui.    £<lidit  T.  Oaiiford,  S.T.P.     1S36.  Svo.  cloli,^.6d. 
Flato :  The  Apology,  with  a  revised  Text  and  English  Notes, 

and  I  Digest  of  Platonic  IiUomi,  by  Jamci  Ridddl,  M^.     1867.  8v<j. 
tlolb.  Si.  6^. 


Fl&to  :  Tlieaatetus,  with  a  revised  Text  and  English  Notes,  by 

L.  Campbell.  M.A.     1S61.  8to.  elolb,  gi. 
Plato:  The  Dlaloguee,  translated  into  English,  with  Analyses 

■ad  Introduct[oDi,  bj  B.  Jowett,  M.A.,  Maitn  of  Balliol  College  and 
Regini  Piafeuor  of  Qnek,     A  mw  Edition  ia  5  volumtt,  uediiun 
8to.  doih,  3I.  lot. 
Plato:  Index  to.    Compiled  for  the  Second  Edition  of  Pro- 

ressor  Jowett'i  TrintUtion  of  the  Dialogaa.    By  Evelyn  Abbott,  M.A., 
Fellow  and  Tutoi  of  Balliol  Collrge.     Dtmy  Sro.  papa- coven,  »M.6d. 

Plato :  The  Bepubllo,  with  a  revised  Test  and  English  Notes, 

by  B.  Jowett,  M.A.,  Matter  of  Balliol  College  and  Kegini  Piofetior  of 
Greek.    Dem;  Svo.    FrtpariHg. 
PlotinuB.    Edidit  F.  Creuzer.     Tomi  III,     1835.  4to.  i/.  8/. 


Stoboei  Eologarum  Physicarum  et  Ethicarum  librl  duo.    Ac- 

cedit  Hicioelit  CoDunentaiiui  in  autei  cannini  Pythagoteomm.     Ad 
MBS.  Codd.  receniait  T.  Gaisford,  S.T.P.   Tomi  II.   Svo.  Wol^  lii. 


,,  Google 


Ciarendon  Press,  Oxford. 


Xanopluni :  Opuscula  Politica  Equestria  et  Venatica  cum  Arri- 
anj  LibcUo  de  Vautiooe,  ei  lec.  it  cam  umoutt.  L.  Diudoifii.  1866. 
8to.  tIcKfr,  101. 64. 


THB  BOIiT'  BCBIFTDBES,  fto. 
Vha  H0I7  Bible  in  the  earliest  English  Ver^oos,  made  from  tLe 

Latin  Vglgate  b^  John  Wjdiffc  xaA  bii  rollowen :  edited  bj  tbe  Rev. 
J.  FonhaU  and  Sir  F.  Madden.  4  toIi.  iSjo.  loj'ai  410.  Oalb,  3J.  3*. 


Vetiu  TfiBtamantam  Qraeoe  cum  Variis  Lectionibus.  Edi- 
tioaem  a  R.  Holmet,  S.T.P.  inchoalam  coatianavit  J.  ParKnu,  5.T.B. 
Tomi  V.  1798-1837.  folio,  7/. 


Codicil  AIcundiinL    Tomi   III.    Editia  AlUra.     iSmo.   tlolb,    lS(. 

Origanla  Hezaplomm  quae  supersunt;  sive,  Vcterum  Inter- 

pietum  Oiacconuo  in  totnm  Vetni  TotuneDtiuu  Fragmenta.  Edidit 
Fridericui  Field,  A.M.     a  voli.  1867-1874.  410.  clolk,  fl.  £1. 

Idbrt  Foalmorum  Versio  antiqua  Latina,  cum  ParapbrasI 
Anglo-Saiodca,    EdidJt  B.  Thorpe,  F.A.S.     1835.  8to.  cloA,  km.  6d. 

UbTl  Fsalmoniia  Versio  antiqua  Gallica  e  Cod.  MS.  in  BibU 

Bodldani  idierrato,  ana  cum  Venione  Metrica  aliitqoe  Mootimentii 
perrelntlii.  Nodc  ptimum  dacripiit  et  edidit  Piaadicni  Micbel,  Phil. 
Doct.     i860.  8fo.  Jb(i,  101.  6d. 

IdlDrl  Prophatarom  M^joram,  cum  Lamentationibus  Jere- 
inii«,  in  Dialecto  LiDguae  Aegyptiacae  Mempbitica  teu  Coptia.  Edidit 
ciunVeirioaeLatiniH.TatUm,S.TP.  Tomi  II.   1S51.  8to.  iJafi,  171. 


THoTxan.  Tavtamentom   OntAce.     Antiquissimorum  Codicum 

Textni  in  online  pirillelo  ditpotiti.     Accedit  colUtio  Codicil  Sioaitici. 
Edidit  E.  H.  Haoell,  S.T3.    Tomi  III.    1864.  8ro.  b<^  montto. 


,,  Google 


Clarendon  Press,  Oxford. 


Komm  Teotunentum  Gratee.  Accedunt  parallela  S.  Scrip- 
tone  loci,  dccnon  Telni  capitulomia  aoutio  el  canonn  Emebi!.  Edidil 
Carolni  Llojd,  S.T.P.R.,  a«auii  EpucDpra  Oioninuu.    1876.   iSnio. 

The  tamt  m  •writaig  faper,  viitb  large  margin,  elelb,  i(w,  bd, 
ZToviun   Testfunentuiii  OraAoe  juxta  Exemplar  MiUJanum. 

1876.  i8mo.  cloth,  ai.bd. 
The  same  en  writing  paptr,  •with  large  margin,  chib,  9J. 
BrangalU  Sacra  Graeoaa.    fcap.  8vo.  limp,  u.  6d. 
Thn  ZTew  Testament  In  Greek  and  Ungliah,  on  opposite 

piga,  anauKcd  and  edited  by  E.  Cudwell,  D.D.     a  rali.  1S37.  cromi 


BTan^Uoi 

clolb.l'zi 

Dlatesaaron ;  sive  Historic  Jesu  Christi  ex  ipsis  ETangelisUnun 

TRbiiaptedlipoiitiicoDrecU.   Ed.  J. White.  1856.  itmo.  ilo^.^t.^d. 

Canon  Muratorlanna.    Tha  earliest  Catalogue  of  the  Books  of 

the  New  Tutameiit.     Edited  with  Notes  and  a  Faaioiiie  of  the  MS.  in 

the  AmbrtHiiaLibrary  at  MUao,  by  S.P.TiegeUei,  LL.D.     1868.  410. 

clotb,  liH.  6(f. 
Tlie  Five  Boofea  of  Uoooabees,  in  English,  with  Notes  and 

Hiuittationi  by  Heoiy  Cotton,  D.C.L.     1S33.  Sto.  cJoO,  ioi,  6d. 
Tbe  Ormuliun,  now  first  edited  from  the  original  Manuscript 

in  the  Bodldxn  Library  (Angla-SaioD  and  EogLiih),  by  R.  M.  White, 
D.D.     1  Toll.     A  new  Edition  in  ike  Frest. 


FATEEBS  OF  THB  CSDBCH,  &o. 
Antient    Ijlturgies;    being  a   Reprint  of  the  Texts,  either 

□rigioal  or  traiulaled,  of  ihe  mait  repieientiiive  Liiuigiei  of  the 
Church,  fTom  vaHaui  iDuicei.  Edited,  with  Intioduction,  Notes,  and  ■ 
Lituigical  Gloswty,  by  C.  E.  Hammond,  M,A.,  inthor  of  TeMual 
Criticiun  applied  la  the  New  TeiUmEnt.     Crawn  8vo.  clolfi,  ios.6d. 

jmi  Pubiiihid. 
Athanaslus:  The  Orations  of  St.  Athanasius  against  the  Arians. 

With  an  Account  of  hi.  Life.  By  William  Bright,  D.D.,  Regiu.  Profewor 
of  Ecdeuastical  Hitloiy,  Oxlbid.    Crown  Svo.  elolh,  91. 

The  Canma  of  the  First  Four  General  Councils  of  Nicaea, 
Coattantinople,  Epheins,  and  Chalcedoii.     Crown  8ro.  iloth,  is.  M, 


,,  Google 


Clarendon  Press,  Oxford. 


Oatenaa  QTaeoDnmiPa&rtiiniiiMoTuiii  Testameatmn.  Edidit 
J.  A.  Cnuna,  S.T.P.    Tomi  VIU.    1838-1844.  8to.  clMk,  »l.  41. 

Ciemeutifl  AlezKndrlnl  Opera,  es  recenstone  Gail.  Dindoriil. 
Tomi  IV.     1869.  6to.  dodi,  jJ. 

OttUU  Archiepiscepl  Atesandriiii  in  XII  Prophetas.  Edidit 
P.  E.  Pntey,  A.M.   Tomi  IL     1868.  Sto.  doH,  it.  it. 

Cyrllll  Archieptscopi  Alesandrini  In  D.  Joannis  ETangelhini. 

Aixcdunt  FngmeotiVaiia  neciiDa  Tractatut  ad  Tibciium  Diaconnm  Dno. 
Edidit  poM  Aubcrtum  P.  E.  Vattj,  A.M.     Tomi  III.    8to.  ^oik.  it.  5*. 

CyvUli  Archiepiscopi  Alexandrinl  Commentarii  In  Lucae  Evan- 

geliom  qnaa  lupaiuat  Sjriace.     E  MSS.  ipad  Mm.  Britin.  cdidtt  R. 

PajQc  Smith,  A.M.    1B58.    4to.  elolb,  il.  at. 
Tbe  aame,  translated  by  R.  Payne  Smith,  M.A.    1  vols.  1859. 

8vo.  tlotb,  141. 
Bphraaml  Byrl,  Rabulae  Eplscopi  Edesscni,  Bakei,  alIorum<]ue. 

Opcii  Selecta.    E  Codd.  STnacii  MSS.  in  Mueo  Biitaauico  et  Bibbo- 

tb«o  Bodlciani  anerratii  primui  ediitit  J.  J.  Ovobcdc.     1S65.  8to. 

A  Iiatiii  tRuiBlatloti  of  the  abore,  by  the  same  Editor.    Prv 

paring. 

JhiaebU  Pamphlli  Evangelicae  Praeparatlonis  Libri  XV.  Ad 
Codd.  MSS.  tcceuniil  T.  Gajiford,  S.T.P.  Tomi  IV.  1843.  S*o. 
doib,  il.  icu. 

XhuKbU  Famphlli  Gvangelicae  Detnonstrationis  Libri  X.    Re- 

MOiuit  T.  G»iiford.  S.T.P.     Tomi  II.     1851.  8to.  dod,  15.. 

XSuoebll  PampbUl  contra  Hieroclem  et  Marcelluro  Libri.    Re- 

ceniait  T.  Oaiirocd,  S.T.P.      185a.  8t(>.  clolb,  71. 

BaB«bIiiB*  HcoloBiafltloal  History,  according  to  the  test  of 

Button.     With  an  Introduction  by  William  Bright,  DH.     Grown  8to. 

clotb,  St.  6d. 
ZIuMbii  Pamphlli  Hist.   Eccl. :    AimotaUoiMB  Tarlonun. 

Tomi  n.     184a.  8vo.  doA,  171. 
Svagrll  Historia  Ecclestastica,  ex  recen»one  H.Valesii.    1844. 

8to.  clolb,  41. 
Heraolltl  Xiplmli  Bellqtdae.     Recensnit  I.  Bywater,  Mj^. 

8to.  dolh.  price  61. 

Irenaetu :  The  Third  BooIl  of  St.  Irenaens,  Bishop  of  Lyons, 
againit  Herain.  With  ihort  Notti,  and  a  Oiooaty,  By  H.  Deane, 
B.D.,  Fellow  of  St.  John's  College,  Oxford.    Crown  Sto.  elolh,  s>-  6d. 

OrlgezdaHiilosopliamena;  sive  omnium  Haeresinm  Refutatio. 
E  Codice  Paritino  dudc  primmn  edidit  Emmanuel  Millei.     1851.  8*0. 

FotnuD  ApostoUooTQin,  S.  Clementis  Roman),  S.  Ignatii,  S. 
Polycarpi,  quae  tupenimt.  Edidit  Gnil.  Jacobton,  S,T.PJt.  Tomi  U. 
foKTlb  Edititm,  1863.  8to.  clMb,  ll.  it. 


,,  Google 


Clarendon  Press,  Oxford. 


BeUqulae  Saerae  secundi  tertiique  saeculi.    Recensuit  H.J. 

Ronth,  S.T.P.    TomiV.  ^Koiuf  £rfi(ia>i,  1S46-1848.  8to.  cItXfr,  iLff. 

Barlptomm  ISooletdastloorum  Opusonla.     Recensuit  M.  J. 

RODlb,S.T.P.     Tami  II.     Third  Edition,  1858.  Sto.  clolb,  IDt. 

Sooratis  Scholastici  Historia  Ecclesiastjca.    Gr.  et  Lat.    Edidlt 

R.  HoiKj,  S.T.B.     Tomilir.     1853.  8to.  rfo/i,  15.. 

BoBomeui  Historia  EcclesiasOca.     Edidit  R.  Hussey,  S.T.B. 

Tomi  HI.     1859.  Sto.  clolb,  151. 
^nieodoreti  Ecclesiasticae   Historiae  Libri  V.    Recensuit  T. 

Giiiford,  S.T.P.     1854.  8to.  dolb,  it.  6d. 
Thoodonetl  Graecarum  A'ffectionum  Curatio.   Ad  Codices  MSS. 

rcceainit  T.  Giiiford,  S.T.P.     1S39.  Sto.  clolb,  7*.  6d. 
DowUng  (J.  G.)  Notitia  Scriptorum  SS,  Patrum  aliorumque  vet. 

Ecclei.  Man.  qiue  in  CoUectionibiu  Anecdotomm  poit  annuni  Cbiitti 

KDCG.  in  lucem  editit  contiucntui.     1839.  8vo.  clolb,  41.  6d. 

XCGZ/EBIABTIGAl.  HISTOB7,  BIOQRAPHT,  fto. 
Bosdae  Historia  EooleslaBtiea.    Edited,  with  English  Notes 

bj  G.  H.  Mobdly,  tAA.  1869.  crovn  Sto.  clolb,  lot.  6d. 

Bingham's  Antiquities  of  the  Christian  Church,  and  other 

Worki.    lOTol..    1855.  Sto.  dod.  3/.  31. 

Bright  (W.,  P.D.).   Chapters  of  Early  English  Church  History. 

Sro.doli,  im. 
Bornet's  History  of  the  Ba&rmatlon  of  the  Church  of  Eng- 

Uod.    A   ntui  Edition.     CaiEfull;  reviud.  and  the  Recoidi  collated 

with  the  originals,  by  N,  Pocock,  M.A.    With  ■  Prebce  bj  the  Editor, 

7rol>.  1865.  S*o.  4/.41. 
Buxiwt'a  Life  of  Sir  M .  Hale,  and  Fell's  Life  of  Dr.  Hammond. 

1S56.  amaJl  8ro.  clolb,  at.  6d. 

Cardvroll's  Two  Books  of  Commcm  Fray«r,  set  forth  by 

imharitj'  in  the  Reign  or  King  Edward  VI,  compared  with  each  other. 
Third  EdilioH,  1851.  Svo.  clolb,  ■}: 

Cardwell's  Boooiaantai?  Annals  of  the  Reformed  Church  of 
Eoglaod ;  being  a  Collection  of  Injnnctirau,  Declaratioot,  Orderi,  Arti- 
cle) of  Inqniij,  &c.  from  1546  to  171^.  3  Toll.  1843.  Sto.  ela(£,  181. 

CardireU's  Eistory  of  Confbrances  on  the  Book  of  Common 

Prayer  Irom  15^  to  1690.     Third  Edition,  1849.  Sro.  cloth,  -jt.  6d. 

Ootmcils  and  EcdesIaBtioal  Doouments  relating  to  Great 

Britain  and  Ireland.     Edited,  after  Spelmaa  and  Wilkin),  by  A.  W. 
Baddiin,  B.D.,  and  WiUiim  Stnbbi,  M.A.,  Regini  Pioraior  oF  Modem 
Hirtory,  OiFord.    Voli.  1.  and  HI.  Mediam  Sto.  elolb,  each  l/.  11. 
VoL  II.  Part  I.  Medium  Sto.  clotb,  IM.  6d. 

VoL  II.  Fart  II.    Chnrcb  of  Jrelaod;  MemmiaU  of  St.Pitrick.    niff 
ramz,  y.6d, 

8  3 


,,  Google 


Clarendon  Press,  Oxford. 


Tormubtriea  of  Fftlth  Mt  forth  by  the  King's  Authority  during 

the  Reign  of  UauyVlU.     1856.  8to.  dixft,  7>. 
Tuner's  Charoh  HiBtory  of  Britain.    Edited  by  J.  8.  Brewer, 

M.A.    6  ToU.  1845.  8to.  doA,  \l.  igt. 
Gibson's  Bynodus  AncUoana.    Edited  by  E.  Cardwell,  D.D. 

1854.  Svo.  tlatb,  61. 
HoMSy'B  Blse  of  the  Papal  Power  traced  in  three  Lectures. 

Sttond  EdUioa,  1S63.  fcap.  Sro.  elo^.  41.M. 

Inett's  Origines  Anglicanae  (In  Continuatian  of  Stillingfleet). 

Edited  by  J.  Griffitiu,  M^.     3  voU.  1855.'  8to.  cloA,  151, 

John,  Bishop  of  Epbesos.  The  Third  Fart  of  his  Ecclesias- 
tical Hittory.  [la  Sjrriac.1  Now  firtt  edited  by  WiUiam  CoietoB, 
M.A.     1853.  4I0.  elolb,  if.  111. 

The  same,  translated  by  R.  Payne  Smith,  M.A.    iSfio.  Sro. 

Knight's  Life  of  Dean  Colet.    iSaj.  Sto.  iletb,  ■}!.  6d. 
lie  Here's  Fasti  Ecclesiae  Anglicanae.    Corrected  and  eentiaued 
from  1715  to  l8sj  by  T.  Dnfiiu  H»fdy,    3  nAt.  1854.  8»o.  tloii, 

IToelll  (A.)  CataohlsmtlB  sive  prima  institutio  dlsciplinaque 
Pietatis  ChriMiinae  Utine  eipliota.  Editio  nova  cura  Guil.  Jacobtoo, 
A.M.     1844.  8vo.  dcKi,  $t.6d. 

Prideauz's  Connection  of  Sacred  and  Profane  History,  a  vols. 
i8si.  8to.  tloib,  lOfc 

Primers  put  forth  in  the  Reign  of  Henry  VIH.     1848.    Svo. 

Zt«cordB  of  the  Beformatioa.  The  Divorce,  1517 — 15]}- 
Mostly  DOW  Toi  the  first  time  primed  from  MSS.  in  tbe  Britiih  Mmeum 
ud  other  Libraria.  Collected  and  anaaged  by  N.  Pocock.  MA 
a  ToU.  Sto.  doib,  il.  i6>. 

Befbrmatto  Iieffum  EooleelaetioarQm.  Tbe  Reformation  (tf 
Eccleuaitical  Lawl,  ai  itlempted  in  the  teigoi  of  Henry  VIII,  Edwnd 
VI,  and  Elizabeth.  Edited  by  E.  Cardwell,  D.D.  18^0.  8ro.  dod, 
6t.6d. 

ShlrloT's  (W.  W.)  Some  Account  of  the  Church  in  the  Apostolic 

Age.     Steond  Edition,  1874.  fcap.  Svo.  clolh,  it.6d. 

Bhuobford's  Sacred  and  Profane  History  connected  (in  con- 

tinuatioD  ofPrideiiu).     3  *oli.  1848.  Sto.  eloti,  loi. 

StUUngfleet's    Origines    Britannicae,  with  Lloyd's  Historical 

Account  of  Church  Qoierameiit.  Edited  by  T.  P.  Panlin,  M.A.  t  ToU. 
1842.  Sto.  clolb,  lot. 

Btubbs's  (W.)  Beglatrum  Sacrum  Anglicanum.    An  attempt 

fa  exhibit  the  coone  of  Epiicopal  Succetsion  in  Eogland.    1S58.   imaU 
4le.  tlotb,  8f .  6d. 


D,g,t7cdb/GOOgIC 


Clarendon  Press,  Oxford. 


BtTTpe's  Works  Complata,  with  a  General  Index,    a^  vol*. 
1831-1843.  Svo.  dotb,  Jl.  131.  64.    Sold  tepantely  u  foUowi: — 
Memorials  of  Cranmer.     3  vols.  1840.  Svo.  tlott,  lU. 
Life  of  Parker.    3  vols.  1818.  Svo.  thtb,  i6t.6d. 
Life  of  Grindal.     1811.  8vo.  e/olb,  51.  6J. 
Life  of  Whitgift.     j  vols.  iBii.  8to,  elalb,  16*.  W. 
Life  of  Aylmer,     iSzo.  Svo.  clolJt,  ii.6d. 
Life  of  Cheke.     iSzi.  Svo.  cietb,  si.  6d, 
Life  of  Smith.    i8ao.  Bvo.  cloth,  y.6d. 
Ecclesiastical  Memorials.    6  vols.  iSiz.  Svo.  ehth,  il.  ii^r. 
Annals  of  the  Reformation.   7  vols.   ivo.  chib,  tl.  ii.6d. 
General  Index.     1  vols.  1838.  ivo.cletb,  \\t. 


I  sub  tempus  Refonnandae  Ecclesiae  edi- 

,       ,ntuT  Citcchiimiu  Hcidelbergensii  et  Canoaei  Syaodi 
Doidiecbtaaae.    1837.  Svo.  doA,  81. 

■ESOtlSXSB.  T'HEOtX>aT. 
Beverldge'B  Discourse  upon  the  XXXIX  Articles.    Tbe  Mrd 

compUlt  Edition,  1847.  Sro.  elofi,  81. 

Bllson  on  the  Perpetual  Government  of  Christ's  Chnrch,  wltb  a 
BiognphioT  Notice  by  R.Edea,  M.A.     1843.  Svo.  doA,  41, 

Blsooe'a  Boyle  Lectures  on  the  Acts  of  the  Apostles.  1S40.  Svo. 
e/od.  91. 6d. 

BdU'b  Works,  with  Nelson's  Life.    By  E.  Burton,  D.D.    A 

nta  Edition,  1846.     8  voli.  Svo.  dalb,  3I.  gt. 

Bnmat's  Exposition  of  the  XXXIX  Articles.    Svo.  clatb,  7J. 
Burton's  (Edward)  Testimonies  of  the  Ante-N'icene  Fathers  to 

the  DiTinit}' of  Chriit.     Sicond  Edition,  1S19.  Sro.  elelb,  Jt. 

Burton's  (Edward)  Testimonies  of  the  Ante-Ntcene  Fathers  to 
the  Doctrine  of  the  Trinitf  and  of  the  EKvioitj  of  tha  Holy  Ohoft. 
1831.  Sto.  cJiXi,  y.6d. 

Bntler's  Works,  with  an  Index  to  the  Analogy,  a  vols.  1874. 
Svo.  tlaih,  IK. 

Btitler'a  Sennons.    Svo.  cloib,  51.  6d. 

Butler's  Analog;  of  Ballglon.    Svo.  ehth,  st.  6d. 


ChlUiasworth'a  Works.    3  vols.  1S3S.  Svo.  tiotb,  il.  u.  6J. 
OlergTman's  Instructor.    SixtbEditim,  1855.  Svo.  clotb,6i.6d. 
Comber's  Companion  to  the  Temple ;  or  a  Help  to  Devotion  in 

the  uie  or  the  Common  Prayer.     7  voli.  184I.  Svo.  elotb.  il.  ill.  Af. 

Crsniner's  Works.    Collected  and  arranged  by  H.  Jenkyns, 

M.A„  Fellow  of  Oriel  College.    4  volt.   1834.  Svo.  dMfr,  1^.  IM. 


,,  Google 


Clarendon,  Press,  Oxford. 


■nobirtdion  Theologlenm  Anti-Romanum. 

VoL  I.     jeremf  Tajlai'i  Diiniuin  from  Popeij,  tod  Treitite  on 

Ae  Real  Proaice.     1S51.  SvD.  clelb.  Si. 
VoL  11.    BuTow  on  the  Sapronacj  of  the  Pope,  with  bit  DiiconiM 

on  the  Uuitjr  of  the  Churdi.    185a.  Sro.  cloth,  Jt.  6d. 
Vol.  ni.  Tncti  lelected  (rom  Wake,  Patrick.  Stilltiig6eet,  Cligett, 

and  othm.     1837.  8to.  doSi,  iii. 


Oraowell's  Harmonia  ErangelisK.    F^h  EJitioa,  1856.  8to. 

tlotb,  91.  6(J: 
Oraowell's  Frolegomenft  ad  Harmoniatn  Cvangelicam.    1S40, 

Sto.  c/ott,  91.  fill. 
Greswell's  Slsflartatloiu  on  the  Principles  and  Arrangement 

of  iHinnony  oftheOoipdi.     j  roll.  1837.  8vo.  elatb,  3^.31. 
HaU's  (Bp.)  Work*,     .rf  new  BMHm,  by  PhUip  Wynter,  D.D. 

10  Tolt.  1863.  8to.  doA,  3/.  31. 
Hammond'B  Paraphrase  and  Annotations  on  the  New  Testa- 

meal.     4  tdIi.  1845.  8ro.  clolb,  il. 

Hammond'a  Paraphrase  on  the  Book  of  Psalms,    a  vols.  1850. 

Svo.  eiotb,  KM. 
Hsurtley'B  Collection  of  Creeds.    1858.  8vo.  cloth,  61.  6d. 
HomllioB  appointed  to  be  lead  in  Churches,     Edited  by  J. 

aiifGthi,  M.A.    i8£9.8ro.  diwi,  7i.&f. 
Hoober'a  Works,  with  his  Life  by  Walton,  arranged  by  John 

Keble,  M.A.  SixA  SdUioii,  1874.  3  roll.  Sro.  cloth,  il.  iu.6d. 
Hooker'a  Works;  the  test  as  arranged  by  John  Keble,  MJ^. 

1  Toti.  8vD.  doib,  iia. 
Hooper's  (Bp.  Oflorge)  Works,     i  vols.  1S55.  8to.  tioii,  8j. 
JaokBon's  (Dr.  Thomas)  Works.    11  vols.  Svo.  eJtiJb,  3/.  6j. 
Jevrel's  Works.    Edited  ty  R.  W.  Jelf,  D.D.    S  vols.  1847. 

8to.  iloib,  il.  lot. 
Patrick's  Theologloal  Works.    9  vob.  1859.  Svo.  cJ»ib,  i/.  u. 


in's  Minor  Theological  Works.    Now  first  collected,  with 

Memoir  of  the  Author,  Notei,  and  Index,  by  Edwiid  Chuitoii,  M.A. 
voll.  1S44.  Sto.  eloA,  lOi. 

n's  Works.    Edited  by  W.  Jacobson,  D.D.    6  vots. 

■  854.  Svo,  clolb,  II.  101. 

Stanhope's  Paraphrase  and  Comment  upon  the  Epistles  and 
Ooipeti.    A  noB  BditiDH.    a  volt.  1S51,  Sto.  (Jod,  im. 


,,  Google 


Clarendon  Press,  Oxford. 


BtiUlngfiesf  B  OrigtaeB  Baorae.    »  vols,  iSjr-  Svo.  cloth,  91. 
StUllngflaat'e  Rational  Account  of  the  Grounds  of  Protestant 

Religion;  being  a  findicatiaii  of  At^.  Laud'i  ReUtioD  of  a  Confertoce, 

&c.     I  voli.  1844.  Sto.  clalb,  tot. 
Wall's  Hi'stot?  of  Infant  Baptism,  with  Gale's  Reflections,  and 

Will'i  DefcDcc.    A  «H>  Edilioit,  \>j  Hvaj  Cotton,  D.C.L.     a  Tolh 

1861.  8*0.  clalh,  il.lt. 
Waterland's  Works,  with  Life,  b;  Bp.  Van  Mildert    A  raw 

Edition,  with  copioui  Indeiei.    6  toIi.   1857.  Sto.  ilatb,  2I.  iii. 
Wftterl&itd's  Reriew  of  the  Doctrine  of  the  Eucharist,  with  a 

Piefice  by  the  preient  Biihop  of  LoDdoa.    1868.  crown  8va.  eliub, 

6t.6d. 
Whedtly's  Illustration  of  the  Book  of  Common  Prayer.     A 

■nvfijiacM,  1846.  Sto.  ehib,  51. 
Wyolif.    A  Catalogue  of  the  Original  Works  of  John  WycUf,  by 

V.  W.  Shiilty,  D.D.     1S65.  Sto.  elolb.  31. 6d. 
WyolU:    Select  English  Works.    By  T.  Arnold,  M.A.    3  vols. 

1S7I.    8tQ.    clOlb,  2I.  31. 

W;<dlfl  Trialogus.  IFili  the  Statement  novi  jkst  edited.  By 
OolthaidDi  L«chler,     1S69.  Svo.  clittb,  141. 

BNaiJBH  EISTOBICAI.  AKD  DOCITUXITTABY 
WOBKS. 

BritiBh  Barrows,  a  Record  of  the  Examination  of  Sepulchral 

Monndi  id  Tafioai  puU  of  Eagland.  B;  WillLam  Oieenwcll,  M.A., 
F.S.A.  Toeetber  with  Docription  of  Figuiet  of  Sktillt,  Gmetal 
Rtmaik)  oa  Ptehittoric  Crania,  and  an  Appendix.  By  Qeorge  RoUutoo, 
M.D.,  F.R.S.     Medinm  gro.,  cloth,  151. 

Two  of  the  Saxon  Chronlclea  parallel,  with  Supplementary 

Extiacu  From  the  Otben.  Edited,  with  Introduction.  Nottt,  and  > 
Olouariil  Index,  by  J.  Eailt,  M.A.      1865.  8ro.  liotb,  161. 

Masna  Carta,  a  careful  Reprint.  Edited  by  W.Stubbs,  M.A, 

Regiui  Prafeuor  of  Modem  Hiitoty.     1868.  4(0.  uUcbtd,  Ii. 

Brltton,  a  Treatise  upon  the  Common  Law  of  England,  com- 
poted  by  order  of  King  Edwird  L  The  Frenth  Text  carefully  re»i«ed, 
with  an  Engliih  Tranilation,  Intioduclion,  and  Notet,  by  F.  M.  Nicholt, 
M.A.     a  Toll.  18(^5.  myal  8to.  clii&,  it.  l6t. 

Bomet'a  History  of  His  Own  Time,  with  the  suppressed  Pas- 

ugei  and  Notei.     6  roll.  1S33.  Sto.  clolb,  2I,  loi. 

Burnet's  History  of  James  II,  with  additional  Notes.  1851. 
8to.  tlotb,  9>.  6d. 

Carte's  Life  of  James  Duke  of  Ormond.  A  aevu  Edition,  care- 
fully compared  with  the  original  MSS.  6  roll.  1851.  8to.  elolb,  ll.  51. 

Oa«aubonl  Bphemerliles,  cum  prae&tione  et  notis  J.  Russell, 
S.T.P.    Tomi  IL     185a.  Sto.  elolb,  Ig). 


D,g,t7cdb/GOOgIC 


Clarendon  Press,  Oxford. 


Clarendon'i  (Edw.  Earl  of)  History  of  the  Rebellion  And  Ci*il 
Win  in  Englind.  To  which  arc  labjoined  the  Nolei  of  Biibop  Wai- 
bnitcn.    7  roll.  1849.  medinm  Sto.  dalb,  tl.  IM. 


l's  (Edw.  Earl  of)  History  of  the  Rebellion  and  Civil 

iTRn  in  EDglind.  Alio  Hii  Life,  written  b^  Himxlf,  in  whidi  ii  id- 
dodcd  a  C^tiaaation  of  hii  Hiitor;  of  the  Oiand  Rebellion.  With 
copioui  lodexei.    In  one  Tolnmc,  lojil  Sro.  1S41.  clodi,  ll.  ti. 


Calmdar  of  the  Clarendon  Stato  Papera,  preserved  in  the 

Bodleian  Libnrf .     /n  ikm  volunut. 
Vol.  I.  Fiom  15J3  to  JiDDir}'  1649,  Svo.  eletb,  161. 
Vol.  II.  From  the  deitb  of  Charlei  I,  1649,  to  the  end  of  the  TCat 

1654.     Sro.  tlolb,  161. 
Vol.  in.     Fiom  I6SS  to  '6SJ.     8tO.  amk,  141. 

■■roeiiuii'B  (S.  A.)  Historjr  of  the  Norman  Conquest  of  England : 
iti  Ciutea  and  Renilu.  Volt.  1.  and  Q.  TiirJ  Edition.  Sto.  ehA, 
ll.  16.. 

Vol.  III.  The   Reien    of    Harold    and    the    InteTTegnum.     Smmd 

Edition.     Bto.  do4h,  U.  It. 
Vol.  IV.  The  Reign  of  WilUam.    Steomd  SdUiou.   Zra.  dolb,  ll.  K. 
Vol.  V.  The  Effect!  of  the  Norman  CooqueM.     8to.  cloli,  ll.  U. 
Kennett'B  Parochial  Antiquities.  1  vols.  181S.  4to.  eloti,  il. 
Iiloyd's  Prices  of  Com  in  Oxford,  1583-iBjo.  Svo.  irwed,  u. 
Iiuttrell's  (Narcissus)  Oiary.     A  Brief  Historical  Relation  of 

State  Affiirt,  1678^1714.     6  roll.    1857.  8to.  ciolb,  U.  41. 

Hay's  History  of  the  Long  Parliament.  1B54.  Svo.  cletb,tt.  6d. 
Bogars's  History  of  Agriculture  and  Prices  io  England,  a.d. 

1359-1400.     a  roll.  18IS6.  Sto.  doth,  tl.  »i. 

Sprlgg'B  England's  Recovery;  being  the  History  of  the  Army 
nnder  Sir  Thomai  Faiilax.    A  ata  tdition.  1854.  8to.  eloli,  61. 

Wliltalook'B  Memorials  of  English  ASairs  from  1615  to  1660. 
4  Tolt.  1S53.  Sto.  dolb,  U.  loi. 

Protosta  of  the  Iiorda,  including  those  which  have  been 
expunged,  fiom  1614  to  1874;  with  Hiitorical  Introdnctioni.  Edited 
by  Jamet  E.  Thorold  Rogen,  M.A.     3  voli.  Sto.  tlolb,  U.  11. 

Knaotments  In  Farllamaut,  sfiecially  concerning  the  Unirersi- 
tiet  of  Oxford  and  Cambridge.  Collected  and  amoged  bj  J.  Griffithi, 
M.A.     1S69.  8to.  doii,  lu. 
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Btatata  Universitatla  OxonlenciB.    1S77.  Svo.  tiotb,  y. 


Indtz  to  WUla  proved  in  the  Court  of  the  Chancellor  of  the 
UoiTciHlr  of  Oxford.  Sec,  Compileil  bj  J.  Qiiffithi,  M.A.  lS6a. 
rojal  8ro.  clmh,  31.  6d. 


CHROirOI.OaT,  OEOaRAPEY,  &a. 

CIl&ton'B  Fasti  Bellenlei.  The  CivU  and  Literary  Chronology 

or  Greece,  boxa  the  LVIth  to  the  CXXIlIrd  OlfnipUd.    Tbird  iHlion, 

1S41.  4to.  clolb,  il.  141.  6d. 
Clinton's  Tutl  Hallenlol.  The  Ci\-il  and  Literary  Chronology 

of  Oieece,  fcoin  the  CXXIVth  OlympUd  to  the  Death  of  Auguilui. 

Steond  tdilion,  1851.  410.  clolb,  iJ.  iii. 

CUntOD's  Epttom«  of  the  Fasti  Hellenici.    1S51.    8vo.  thth, 

61.  M. 
Cllnton'B  Fasti  Bomanl.    The  Civil  and  Literary  Chronology 

of  Rome  and  Conilantinopte,  iiom  the  Death  of  Augoilai  to  the  Death 
of  Hendiiu.     a  toIi.  1845,  1850.  410.  etotb,  3I.  91. 

Clinton's  Spitome  of  the  Fasti  Romani.    1854.  Svo.  clatb,  is. 
Cruner's   Geographical    and    Historical    Description  of  Asia 

MiDor.     3  ToI(.  1831.  Svo.  cliO),  IM. 

Crtunw's  Map  of  Asia  Minor,  15^. 

Cramer's  IVIap  of  Ancient  and  Modem  Italy,  on  two  sheets,  ijj, 

Onunsr's  Description  of  Ancient  Greece.    3  vols.  iSsS.  Svo. 

tiotb,  i6t.  6if. 
Cruner's  IVIap  of  Ancient  and  Modem  Greece,  on  two  sheets,  1 5  j. 
Qreswell'a  Fasti  Temporis  Catholicl.    4  vob.  185),  Svo.  ilatb, 

il.  lot. 
Gtsbw«11'b  Tables  to  Fasti,  4to.,  and  Introduction  to  Tables, 

Svo.  ciMi,  151. 

dreswall's  Origines  KalendariK   Italics.      4  vols.  Svo.  tliOh, 
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Clarmdon  Press,  Oitford. 


PHn/WOPHICAIj  WOBK8.  AND  OEITEmAZ. 

T.Tmew.  ATI  rw.Tii . 

Th«  Iiogio  of  Ees«l ;  translated  from  the  Encyclopaedia  of 
the  Philotopfaical  SdeDca.  Witb  Prolcgomeoi.  Bj  Williim  Wilhce. 
M.A.    Sra.  ctMi,  141. 

Bacon's  IToTum  OrgBnnm.    Edited,  with  English  notes,  b; 

O.  W.  Kitchio,  MJ^.     1S55.  g*o.  ciod,  9(.6if. 
Baoon'a  "Sanxta  Organum.    Translated  by  G.  W.  KitcbJD, 

MA.  iSss.  8to.  eliuA,  91.  61^. 

The  Worka  of  Qeorge  Barkday,  DJ}^  formerly  Bishop  of 

Ctoyne;  iacluding^  manf  of  bii  wiitjngi  hitherto  uapi>bll(h«d.     With 

Preface!,  Aunotationi,  and  an  Aceonnt  of  bii  Life  aod  Philoiophj,  bj 

Alexander  Campbell  Frater,  MA.     4T0U.T871.    Sto.  cloni,  l/.  iSi. 

Tha  Life,  Lett«r«,  Jbc.     i  voL  clolb,  \U.     St  alia  p.  13. 

Smith's  Wealth  of  Ifatlons.  A  new  Edition,  witb  Notes, 
bj J. G.ThoroldRogen, MA.    a voU.  1870.  deit.iu. 

A  OoUTM  of  LeotUTM  on  Art,  delivered  before  the  University 
of  Oxford  in  Hilary  Term,  1S70.  By  John  Riukin,  MA.,  Slade 
ProfeuoT  of  Fine  An.    8vd.  tlotb,  6i. 

A  Crltioal  Acooont  of  the  DmwliigB  by  Hlchel  Angalo 

■nd  lUSaello  in  the  UniTcnily  Oalleiiei,  Oxford.     By  J.  C.  Robinun, 
F.SA.    Crown  8to.  (lod,  4*. 


1U.THSEATICB,  FHTBICAIi  BCUSSCS,  < 
ArohimedlB  quae  supersunt  o 

ex  recenjione  Joiqihi  Torelli,  ci  ^^_ 

doli,  ll.  SI. 

Bradley's  Miscellaneous  Works  and  Correspondence.    With  an 

Account  of  Haniot'i  Aitroaomical  Paperi.      iSja.  410.  eloA,  171. 
RednctioQ  orBndle/*  Obtemtiont  bj  Dr.  Biuch.  1 83S.  410.  ^oA.  jr. 

A  TreMiae  on  the  Einetlo  Theory  of  Oasae.     By  Henry 

W[Utam  Wation,  M.A.,  [brmerlj  Felloir  of  Trinity  CoUege,  Cambridn. 

1876.  8to.  clolb,  y.6d. 
Kigaud's  Correspondence  of  Scientific  Men  of  the  17th  Centurr, 

with  Table  of  Contenti  by  A.  de  Morgan,  and  Index  by  the  Rer.  J. 
Rig>ad,MA.,FelIowofMagdalenCollege,Oxford.  aroli.  1841-1861. 
8to.  ciclk,  181.  Cd. 
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Troatise  on  T»wmt*rfM«i  Oaloulua.    By  Bartholomew  Price, 
M.A.,  VS.S.,  Profenor  ofNitDnl  niikiK^r,  Oifotd. 

Vol.  I.  DiSeientiil  Calcolui.     Stamd  EdttioH,  8to.  tlolb,  14>.  6d. 
VoL  II.  Integral  Cilcalni,    Cilculiu  of  VariitloTu,  and  Diffoentiil 

Etjnatioiu.     Steutd  EdilioH,  186^.  Sro.  dotb,  181. 
Vol.  I  [I.  Statia,  includiiig  Attnctioni ;    DTnunio   of   ■    Material 

Partkte.    Steond  edition,  1B68.  Sn>.  chtb,  i6s. 
ToL  IV.  Djmainict  of  Material  Sritemij  together  irith  ■  Chapter  on 

Theoretical  Djnamkt,  b;  W.  F.  Donkin,  M.A.,  FJl.9.     iSfil. 

en>.  ticlb,  16*, 


By    John    Phillips,    M.A.,  F.R.S.,    Professor   of 
Oeologr, Orford.     1S69.  Crown  Sto.  elo&,  lot.6d. 


STnopslx  of  the  Pathological  Series  in  the  Oxford  Museum. 
By  H.  W.  Adaod.  M.D.,  F.ILS.,  1867.  8to.  rioU,  at.  6rf. 

Thwaanis  Entomolosleus  HopcAuiUB,  or  a  Description  of 
the  Tsvert  Inwcu  in  the  Collection  given  to  the  Univenity  by  the 
Rn.  WIIHam  Hope.      By  J.  O.  Watwood,  M.A.      With  40  Plate*, 

moitly  coloured.    Small  folio,  ba^moncto,  Jl,  101. 

Text-Book  of  Botaii7,  Morphological  and  FhraoIogicaL    By 

Dr.  Juliui  Sachi,  Profeuor  of  Botany  io  the  UniTenity  of  WOnburg. 
Tianilated  by  A.  W.  Beanett,  M.A.,  untied  by  W.  T.  Tl^toa  Dyei, 
M.A.    KoyilSro.  ial/imrtieeo.  It. III.  6d. 


BIBZiIOCtRAPHZ'. 


Cotton'e  Typographical  Gazetteer.     i8ji.  Sro.  eioib,  lat.  6d. 
Cotton's  TTPographical  Gazetteer,  Second  Series.    iS£6.  8vo, 

Cotton'a  Rhemes  and  Doway,  An  attempt  to  shew  what  haa 
been  done  by  Roman  Cilholici  for  the  diSiuioD  of  the  Holy  SaiptnrN 
in  EnglUh.     iSff .  Sto.  tloti,  91. 
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€\Kxtx^m  ^ress  S»nw». 


The  Delegates  of  the  Clarendon  Press  having  undertaken 
the  publication  of  a  series  of  works,  chiefly  educational,  and 
entitled  the  (flaitnbon  ^itfiE  Scma,  have  published,  or  have 
in  preparation,  the  following. 


A  Ftrat  Baadlne  Boob.    By  Marie  Eichens  of  Berlin; 
cdiled  by  Anne  J.  Clough.     Extra  fcip.  8*0.  uiffeovtn,  4J. 


r  Classes.    Estra 


An  Mement&ry  EngMah  Onunmar  and  Szanriiia  Book. 

By  O.  W.  Tancock,  M.A.,  AuiiUnt  Muter  of  Sherbonie  School.    Extra 
fcip.  Svo.  clalh,  is.dd. 

An  'i'^g»">'  Qrunmor  and  TijfM^lTia  Book,  for  Lower  Forms 

in  Clauical  Schooii.     By  O.  W,  Tancock,  M.A.,  AutctaDt  Master  of 
Sheibome  School.      Third  EditioK.     Extra  fcap.  Sto.  ctolk,  jt.  6d. 

TTpioal  Selections  from  the  best  English  Writers,  with  Intro- 

dacloty  Noticei.    Stcatid  Edilion.    In  Two  Volumei.    Extra  Ic;^  Sto. 
elolh,  31.  6d.  each. 

Vol.  I.  Latimer  to  Berkeley.  Vol.  II.  Pope  to  Macaulay. 

The  Philology  of  the  English  Tongae.    By  J.  Earle,  M.A., 

fonneriy  Fellow  ofOiiel  College,  and  iometlme  Profeuoi  of  Anglo-Saxon, 
Oxford.     Second  Edition.     Extra  fcap.  Svo.  ilolb.  It.  6d. 


M.A.    Extra  fcip.  Biro,  doth,  St.  6d. 
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a  of  Sarl7  Englldi.    A  New  and  Revised  Edition. 
With  Inuoduclion,  Notci,  and  Gbttaiial  Indsi.    Bj  R.  Monit,  LL.D., 
and  W.  W.  Skeat,  M.A. 
Putt.    luihtPrta. 

Part  11.  From  Robot  i>fQloiieMcitoQow«(AJ>.l]9Sto*j>.  1393), 
Steimd  Edition.     Eitia  fcap.  Sto.  dolb,  Ji,  6d. 

8p«olm«iiB  of  TWijUnTi  iiitaratore,  from  the  'Plougbmans 

Ccede' to  the  '  Stiepheardei  Cilcnder'  (aji.  1394  to  aj>.  IS79).  With 
Introduction,  Notei.  lad  Qlouarial  Index.  By  W.  W.  Skeat,  UJl. 
EMia  fcap.  Bto.  elolb,  ;«.  6rf. 

The  Virion  of  WiUiam  otmoemlng  Flers  the  Flowman, 
by  WUUam  LiDglind.  Edited,  with  Nolci,  b;  W.  W.  Skeat,  MJl. 
Stand  BditioK.    Extra  fcap.  8*0.  c/ott,  41.  6d. 

Chftooar.    The  Prioresses  Ta!e;    Sir  Thopas;   The  Monkes 

Tale;  The  Cleiket  Tale;  The  Sqaieiet  Tale,  &c.  Edited  b; 
W.  W.  Saceat,  M.A.     Sicoad  Edition.     Extn  icap.  8to.  tloth,  41.  6d. 

Chauoer.  The  Tale  of  the  Man  of  Lawe ;  The  Pardoneres 
Tale ;  The  Second  Noonei  Tale ;  The  Chaaonni  Vemaimei  Tale. 
By  the  ume  Editor,     Eilra  fcap.  8»o.  clolh.  4s.  6d.     {S«  p.  JO.) 

Early  EUaabethaii  Drama ;  Dr.  Faustus,  by  MarlowSi  and 

Friat  Bacoo  ind  Ftiar  Bungay,  by  Greene ;  witii  Iniroductiont,  Note*, 
ftc,  by  A.  W.  Ward,  M.A.,  Piofeuoi  of  Hiitot;  and  Engliih  Literature 
ia  Oweni  College,  Minchater.     In  Iki  Prta. 


Shokeopeare.    Select  Plays.    Edited  by  W.  Aldis  Wright,  M.A. 
Extra  fcap.  Sro.  aifftovtrs. 
The  Tempeit,  Ii.  6d.  King  Lear,  U.  6d. 

Ai  You  Like  It,  It.  6d.  A  Midiununer  yight'i  Dream,  11.  €d, 

Juliui  C«ur,  ai.  Jvsl  Puliislud.       Coriolanni.     In  llu  Pros. 
(For  other  Playt,  »e  p.  ao.) 

KUton.  The  Areopagitica.  With  Introduction  and  Notes. 
Br  J.  W.  Halet,  M.A.,  late  Fellow  of  Cbiiit't  CoUege,  Cambridge. 
Extra  fcap,  Sro.  dalh,  y. 


Jte«.     By  T. 
>tb,  41.  id. 


Burke.  Four  Letters  on  the  Proposals  for  Peace  with  the  Regi- 
cide Diredbiy  of  France  Edited,  with  Intiodaction  and  Notei,  by 
E.  J.  Payne,  M.A.     Extra  fcap.  8to,  ricKi,  $1.    Jml  PaUuW. 
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Also  Ihe  following  in  paper  caoerx  : — 
Gtkt.    Elegy,  and  Ode  od  Eton  College,    id. 
Johnson.    Vviit7  of  Human  Wishes.    With  Notes  by  £.  J. 

Pirae,  M.A.    4rJ. 
Bleata.  Hyperion,  Book  I.  With  Notes  byW.T.  Arnold,  B.A.  4^. 
Wlton.    With  Notes  by  R.  C.  Browne,  M.A. 

Lyddtu,  jj.     L'Atlegro,  3J.    D  Peueroio,  4fl.    Comnt,  id. 
PamelL    The  Hermit,  id. 


A  SEIRZBS  Of  HNQLISH  CI1ASBIC8, 

Dtiigitrd  to  mett  the  wants  ^  SludenU  in  Englitb  literatvf, 

wider   the  ji^erhiUiidente   if  tbt   Rev.  J.  S.  Bkzvek,  M.A.,  of 

Qnem'j  Coikge,  Oxford,  Mid  Pressor  ^  Bngi'ub  Literature  at 

ISn^i  College,  London. 

It  ii  alio  eifectallj  boptd  tbat  tbii  Seriej  mq^  prime  ui^id  t» 
Ladki'  Scbcoli  and  Middle  Cleui  Scinoli ;  in  ivhicb  Bngliib  Litera- 
ture muit  ahuayj  be  a  leading  luijeet  iff  injtruetioH. 

A  Q«nerMl  Introduotion  to  the  Berlos.  By  Professor  Brewer, 
M.A. 

1,  Chaaoer.  The  Prologue  to  the  Canterbury  Tales;    The 

Knightd  Talc  ;  Tbe  Noaoe  Pieitet  Tale.  Ediled  bj.  R.  Honu, 
Editor  of  SpeclmcDi  of  Early  Engliih,  Sec,  &c,  Sinlh  EdiHoH.  Extra 
fcip.  Sto.  clolb,2t.6d.     (Secaliop.  191) 

1.  Bpensor's  Taary  Qneene.  Books  I  and  IT.  Designed  chiefly 

for  the  nie  of  Scboob.  Witb  Introduction,  Jiota,  uid  QloMuy.  By 
O.  W.  KitdiJn,  M.A.,  fbnnariy  Cenior  of  Chriit  Charch. 

BoiAL    Bi^h  Edition.    Extn  lap.  Bvo.  clolb,  u.6d. 

Boole  II.     Third  EdiHon.    Ettn  fc*p.  Sto.  cJoti,  3i.6d: 

J.  Hooker.  Ecclesiastical  Polity,  Book  l.  Edited  by  R.  W. 
Chucch,  M.A.,  Dein  of  St.  Paul'*;  fonnetly  Fellow  of  Oriel  CoUtge, 
Oxford.     Stcmtd  Edition.     Extra  leap.  Sto.  clod,  M. 

4.  Bhobaepeuv.    Select  Plays.    Edited  by  W.  G.  Clark,  M.A., 
Fellow  of  Trinity  College,  Cunbiidge ;   ind  W.  Aidii  Wiigbt,  MJL, 
Trinity  College,  Cimbiidge.     Extra  fcip.  Sto.  idffemm, 
I.  TheMeichuilofVeaice.     11. 
IL  Richard  the  Second,    ti.  6d, 
m.  Macbeth.    11. 6d.    (For  other  Pliyi,  lee  p.  tg,} 
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I,  AdTBncemeiit  of  Leirniog.     Edited  by  W.  Aldii  Wright,  MjV. 

SttoHd  SditieK.    Extra  fcip.  8*0,  tlolh,  41.  id. 
II.  The  Euayt.    With  lattodnction  and  Nota.     By  J.  R.  ThnnEeld, 
MJt,  late  Fellov  utd  Tutor  of  ]tmt  CoDege,  Oifbtd. 

«.  KUton.    Poems,    Edited  by  R.  C.  Browne,  M.A,     a  vols, 

Fcurlk  EJmtm.     Extra  fcap.  8to.  cZoCfr,  61.  M. 
Sold itparately.  Vol.  I.  41.:  Vol.  IL  31.    (See  alto  pp.  19,  lo.) 
7.  Drydfiti.     Select  Poems.    Stanzas  od  the  Death  of  Oliver 

Cromwell,'  Aitrxa Kednx ;  AoDUi  Mirabilit;  Abialom  and  Achilopbelj 
Religio  Liid;  The  Hind  and  the  Paather.  Edited  by  W,  D.  Cluutie. 
M.A.     Staatd  EdUiai.     Ext  leap.  8to.  elolX,  31.  6d. 


9.  Pope.    With  Introduction  and  Notes.    B7  Mark  PattlsoD, 

B.D.,  Rector  of  Lincoln  College,  Oxford. 

I.  Enay  on  Man.     Fiftk  Edition.     Extra  fcap.  %io,     ».  M. 

II.  Satiiei  aod  Epiitlei.    Stamd  EdiHon.    Extra  fcap.  8to.     m. 

10.  Jotanson.  Rasselas  ;  Lives  of  Pope  and  Dryden. 

11.  Buxke.  Select  Works.  Edited,  with  Introduction  and  Notes, 

by  £.  J.  Payne.  M.A.,  of  Liacoln'i  Ipd,  Bairiiter-at-Lav,  and  Fellow  of 
Unirenitj  College,  Oxford. 

I.  Thought!    QD    the  Pieicnt   Discontent! ;    the  two  Speechet  on 

America.    Stcaid  Edition.    Extra  fcip.  Sro.  elatb,  41.  6J. 
II.  Reflection!  on  the  French  Rerolnlian.    Sicond  Ediliai.     Extra 
fcap.  Svo.  tloli,  51. 

la.  Cowper.    Edited,  with  Life,  Introductions,  and  Notes,  by 

H.  T.  Griffith,  B.A.,  formerly  Scholar  of  Pembroke  College,  Oxford. 
I.  The  Didactic  Poemi  of  178a,  with  Selection!  liani  ths  Mioot 

Piecei,  ij).  1779-1783.    Extra  fcap.  8yo.  cloih,  3<. 
II.  The  Taak,  with  Tliocinium,  and  Selectioni  from  the  Minor  PoetM, 
AJ>.  1784-1799.    Extra  fcap.  Svo.  tlolb,  31, 

ZL  IiATIN. 

An  Etementary  Iiatln  Qrammar.    By  John  B.  Allen,  M.A., 

Head  Matter  of  Ferie  Grammar  Scbool,  Cambridge.     Steaid  Editiut, 
Rtmud  and  Currteltd.    Extra  leap.  Sro.  elalk,  u.  6d. 

e  Author.    Extra 
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A  Barlaa  of  QrodTuted  Iiatin  BaadBTB. 

Flnt  iMUn  Bander.    By  T.  J.  Nunns,  M.A.    Sctand  BJition. 

Eitra  fcap.  Sto.  clolM,  U. 
Beoood  Latin  Beadar.     In  Pnfaratiom. 
Third    lAtlii    Baadsr,    or  Specimens  of   Latin    Literature. 

Pan  1,  Poetij.     Sj  Jama  M<CaU  ManhaU,  MA.,  Dulwidi  Colltge. 
Fourtb  Tr*-^"  BoadoTk 
Cleero.    Selection  of  interesting  and  descriptive  passages,  With 

Nota.     Bf  Heorr  Walford,  M.A.     In  three  PtiU.    Sftond  BdUmm. 
Extra  fcap.  Sro.  dolh,  ^s.  6d. 

Each  Pari  ttparatdj,  limp,  U.  6d. 
Part  I.       Anccdolet  from  Gieciin  and  Roman  Hiitorj. 
Pan  II.      Omeni  and  Dieimi :  Beanliei  of  Nitiue. 
,         Part  III.   Rome'i  Role  of  her  FroTincci. 
Cicero.    SelBctsd  iMtters  (for  Schools).   With  Notes.    B7  the 

Ute  C.  £.  PHchaid,  M.A.,  fotmcrlj  Fellow  of  Balliol  College,  OiToid, 
and  £.  R.  Bernird,  M.A.,  Fellow  of  Magdalen  CoUege,  OiCmi.  StttiMi 
EditioH.    Extra  fcap.  Sto.  elolb,  31. 
Pliny.    Selected  Iietters   (for  Schools).     With  Notes.     Bj 

the  tame  Editoii,     Extri  fcap.  8to.  clalk,  31. 

Oomellua  Napoa.    With  Notes,    By  Oscar  Browning,  M^., 

Fellow  of  KiDg'i  College,  Cambridge,  and  AxiiiUDt  Master  It  Eton 
College.     Extra  fcap.  Std.  elolb,  »i.  6d. 

Caesar.    The  Commentaries  (for  Schools).    With  Notes  and 

Mapi.    Bj  Charlei  E.  Mobeily,  M.A. 

Pan  I.  The  Gallic  War.  Third  Ediliait.  Extra  fcap.  Sro.  cJa(b,4f.6rf. 
Part  II.     The  Civil  War.     Extra  frap.  8vo,  tloA,  Jt.  6d. 
The  CirU  War.     Book  I.     Extra  fcap.  Syo.  cloO,.  11. 

lit;.    Selections  (for  Schools).    With  Notes  and  Maps.    By 

H.  Lee-Wamer,  M.A.,  Auittant  Maiter  in  Rugbj  School.     Extra  feap. 
Svo.    /■  Paru,  limp,  lack  li.  64. 

Pan  t.     The  Caodine  Diniter. 
Pan  n.   Hinnibil'i  Campaign  in  Italj. 
Pan  III.  The  Macedoniao  War. 
Jjtvj,  Boots  I-X.    By  J.  R.  Seeley,  M,A.,  Regius  Professor 
of  Modem  Riitory,  Cambridge.     Book   I.     Sicand  EditioH.    Svo. 
tloU,  &. 
Also  a  small  tditioH  far  Scboali, 
Tadtofl.    The  Annals.    Boolu  I-VI.    With  Essays  and  Notes. 

By  T.  F.  Dallin,  M.A.,  Tntor  of  Qneeo'i  College,  Oxford.    PrtpanHg. 

Fassagea  for  Tranalotlon  into  Iiatln.  For  the  use  of  Pass- 
men and  otheri.  Selected  by  J.  Y.  Siigent.  M.A„  Fellow  and  1\ilor  lA 
Magdalen  College,  Oxford.  F^lk  Edition.  Ext.  fcap.  Sto.  tlolb.  at.  6d. 
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Cloero.    Seleot  Ii«tters.    With  English  Introductions,  Notes, 

uul  Appeodicet.     By  Albert  Wiuon,  M.A.,  Fellow  lod  roimerlj  Tutor 
of  Biueoote  College  Oiford.    Sicond  Edition.    DaajZvo.cloib.iSi. 


doaro  pro  Clasntlo.    With  Introduction  and  Notes.    Bf  W. 

Ramtay,  M.A.    Edited  by  G.  Q.  RamMj,  M.A.,  Fiofeuoi  oF  Hamamty, 
Olaigow.     Extra  fcap.  Sto.  elalh,  ji.  6d. 

Cioero  de  Onitore.    Book  I.    With  Introduction  and  Notes. 

Bj  A.S.Wllkini,  M.A.,  Profetsot  of  Latin,  Oweiu  College,  Maachetter. 
In  Ikt  Prist. 

CaCnlli  VeroiienBla    Iiiber.     Iterum  recognovit,  apparatum 

criticum  prolegomem  appendicB  addidit,  Robimon  EUit,  A.M.     Demy 
Svo.  clolh,  l6s.     Juit  Rtady. 


Horaos.  With  a  Commentary.    Volame  I,    The  Odes,  Carmen 

Seculaie,  and  Epodei.     By  Edward  C.  Wickham,  M.A.,  Head  Mailn 
of  WelUngton  College.     Stcoml  Edituai.     8vo.  eiolli,  I  Ji. 
AUo  a  imall  tdilionfor  Seboolt. 

Ovid.    Selections  for  the  tise  of  Schools.    With  Introductions 

and  Notei,  and  an  Appendix  on  (he  Roman  Calendar.  By  W.  Rimuy, 
M.A.  Edited  by  G.  Q.  Ranuay,  M.A.,  Frofcuor  of  Humanity,  Olai- 
gow.    Stcoiid  Edition.     Eit.  fcap.  fl»o.  clalb,  51.  6d. 

FeraiuB.  Tlla  Satires.  With  a  Translation  and  Commentary. 
By  John  Conington,  M.A.  Edited  by  Henry  Nettleihip,  M.A.  Stetaid 
Edition.     Svo.  clalb.  Ji.  6d. 
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A  Xanual  of  CompartttiTe  Fliilologr.  By  T.  L.  Papilloii, 
H.A,  Fellow  and  Lcctoret  of  New  Cotl^c.  Stcfmd  Edition.  Crowi 
Sto.  tlotk,  6i. 

Tha  jLiuilent  Iiftwgnage«  of  Ztalr-    By  Theodore  Anfrecfat, 

FhiJ.  Doct.     Prtparing. 

rFho  i=*jt"i«^n    Poets  of  the  Angnataa  A^fi.     By  WiUiara 

YpuDg  Scllai,  M.A..,  Proroioi  of  HumaDit;  in  the  UiiiTcrsily  of 
Edinburgh.     Vmao.  Sto.  doti,  141. 

The  Boman  Foeta  of  the  BeputiUo.  By  the  same  Editor. 
Pnparmg, 

m.  QB£BK. 
A    OToek  Prlsier   in  Ti!"gH"*'    for  the  use    of  beginners. 

By  the  Kifb.1  Rev.  Charla  Wordiworth,  D.C.L.,  Bithop  of  St.  Audmn. 
Fot^lk  EdtiioK.    Eitn  fcip.  Sto.  elotb,  u.  6d. 
QroAoae  Gramnuitloae  Hndimenta  in  usom  Scholanim.  Anctore 

CaToloWoTdiwoith.D.C.L.   Eight— nib Editiiai,!^^^.  i»ma.hotmd,^i. 

A  Oreek-iEngllBh  Zjezloon,  abridged  from  Liddell  and  Scott's 

4to.  edition,  chiefly  foi  the  lue  of  Schooli.    SttmHttnih  Ediiiaa.    Car*. 
fiilly  Rniud  ttrtmgboul.     1S76.    Sqaare  limo.  elolh,  Ji.  6d. 
(b«eb  Verba,  Irregnlar  and  DefisotlTe ;  their  forms,  mean- 

ing,  and  quantity ;  embracing  all  the  Teiuei  nied  by  Oreek  wciten, 
with  teference  to  the  paiugei  in  which  they  are  fonnd.  By  W.  Veitch. 
t/iai  Edition.     Crown  Bto.  cloth,  lot.  6d. 

The  Elemmts  of  Qreek  Aecentnation  (for  Schook) :  abridged 

from  hii  larger  work  by  H.  W.  Cbaadler,  M.A,,  Waynfiete  Profesac  of 
Moral  and  Metaphytical  Philocopby,  Oxford.  Ext  fop.  Sto.  doA,  K.  6d. 

A  Berlea  of  Oraduatad  Qreek  Baadero. 
FlTflt  Qreek  Beadar.    By  W.  G,  Rushbrooke,  M.L,    Extra 

fcap.  Sto.  cloth,  ai,  6d.     Just  PiihlUi*d. 

Sscond  Greek  Baader.    By  A.  J.  M.  Bell,  M.A.    li»  ibe  Prat. 

Third  Qreek  Baader,     In  Preparation, 

Fourth    Chreek    Baader;     bains    Bpedmena    of    Oroak 

Dialeota.  With  Introdnctioni  and  Notei.  By  W.  W.  Merry,  M,  A^ 
Fellow  ind  Lectiuer  of  Lincob  College.     Extra  fcap.  Sto.  chth,  41.  6d. 

nfih  Qreek  B«ader,    Part  I.    Selections  from  Greek  Epic 

•nd  Dramatic  Poetry,  with    Inlroductioni    and    Notec.      By   ETelyn 
Abbott,  M.A.,  Fellow  of  Balliol  College.    Ext.  fcap.  Sto.  cloik,  41.  6d. 
Part  .11.     By  the  same  Editor.  /n  Preparation. 

Aeadhrlns.  Prometheus  Vinctus  (for  Schools).  With  Intro- 
duction tod  Netei,  by  A.  O,  Prickard,  M.A,,  Fellow  of  New  CoU^e. 
In  the  Prtu. 
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Xanophon.     Easy  Selections  (for  Jnnior  ClasMs).     With  a 

Vwabnliry,  Nolei,  »nd  M»p,     By  J.  S.  PtullpotU,  BX3,L,  and  C.  S. 
Jeirim,  M^.     Eitn  Tcap.  Sto.    clalk,  31.  6d. 

Xaoapboa.    Selections  (for  Schools).  With  Notes  and  Maps. 

By  J.  S.  PhillpotU,  B.C.L..  Had  Muter  of  BedTocd  SchooL     Fovlh 
EdUioH.    Ext  fcip.  8vo.  ^alb,  31.  6d. 
ArrUn.    Selections  (for  Schools).    With  Notes.  By  J.  S.  Phill- 
pcFtti,  B.C.L.,  Head  Mnta  of  Bedford  School. 


Tbe  Oolden  Traanuy  of  Ancient  Greek  Poetry;  being  a  Col- 
lection of  the  fineil  puwgei  iD  the  Qreek  Cludc  Poeti,  with  Inttoduc* 
tory  NoticM  and  Notts.  By  R.  S.  Wright,  M.A.,  Fellow  of  Oriel 
College,  Oxford.     Ext.  fcap.  8va.  ehib,  81.  6d. 

A  Oolden  TttMsarj  of  Greek  Prose,  being  a  collection  (rf  tbe 
fiaeit  pauigei  in  the  principal  Oieek  Ptoie  Wrileri,  with  Intiodadory 
Noticet  and  Nolet  By  R.  &.  Wright,  MJL,  and  J.  E.  L.  ShadweU,  M.A. 
Eit.  leap.  Sto.  tlolk,  41.  M, 

Arfatotlfl'B  Folitloa.     By  W.  L.  Newman,  MA.,  Fellow  of 

Balliol  College,  Oxford. 
SomoBtheneB  and  AsBohineB.    The  Orations  of  Demosthenes 

and  £icbinct  on  the  down.     With  Introductoij'  Euajri  and  Notet. 
By  G.  A.  Simcoi,  M.A„  and  W.  H.  Siracox,  M.A.  8yo.  elolh,  lai, 

TheoorituB  (for  Schools).  With  Notes.  By  H,  Kynaston,  M.A. 

(late  Snow),  Head  Mailer  of  Cheltenham  College.    SKond  Edition. 
Extra  fcap.  Svo.  clolb,  41.  6d. 

Homer.    Odyaser,  Books  I— XII  (for  Schools).    By  W.  W. 
Merry,  M.A.  Fifth  EdiHon.    Extra  fcap.  8to.  cloth,  ^t.  6d. 
Book  II,  stpareltly,  11. 6d. 


Homar.  OdyBao;,  Books  I-XII.  Edited  with  English  Notes, 
Appendices,  etc.  By  W.  W.  Merry,  M.A.,  and  the  late  Jantei  Riddel), 
M.A.     Demy  8vo.  ejwA,  i6<. 

OdyBBey,  .Books  XIII-XXIV.     With  Introduction 
Notet.     By  S.  H.  Butcher,  M.A.,  Fellow  of  Univenity  College. 
niad,  Book  I  (for  SchooU).    By  D.  B.  Monro,  M.A. 

In  llu  Pros. 

Homer.    HiuL    With  Introduction  and  Notes.     By  D.  B. 

Monro,  MA. 

A  Homerlo  Grammar.    By  D.  B,  Monro,  MA.    Priparing. 
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Plato.  Selections  (for  Schools!.  Witb  Notes.  Bp  B.  Jowett, 
M.A.,  R«giui  Proicuor  of  Greek ;  and  J.  Puirei,  MA.,  Fdlow  ind 
Lectoiei  of  Balliot  College,  Oxrocd. 

SoiaioolM.    The  Plays  and  Fragments.    With  English  Notes 

and  lalrodactjoiu.     By  Lewii  Campbell,  M.A.,  Piofeooi  of  Gte^  St. 
Andrevt,  formerl]'  FeUow  of  Queen'i  College,  Oxford,    i  vol*. 
VoL  I.  Oedqnu  TjiaoDiu.    Oedipui  Colonau.     Antigone.    Std, 
c/Wfr,  I4t. 
Sophodw.    The  Text  of  the  Seven  Plays.    By  the  same  Editor. 

Ext.  fcap.  8to.  tloA,  41.  id. 
SoptaoclsB.    In  Single  Plays,  with  English  Notes,  £c.    By  Lewis 

Campbell,  M,A„  and  £vel^  Abbott,  M.A.  Eitia  fcap.  Sto.  Umf. 
Oedipru  Rei,  Oedipm  Colaoeuf,  Antigoae,  11.  9J.  each. 
Ajai,  Electri,  Trachiniae,  31.  each. 


Bophoolee 


rv.  vBESca.. 

An  Etymologioa]  dottonary  of  the  French  Language,  with 

a  Preface  on  the  Principles  of  French  Eljmolog]'.  By  A.  Biachet. 
TtiQilaled  into  Engiith  by  G.W.  Kitchio.  MA.,  formerly  Ceoioc  of 
Chriit  Church.     Crona  Sto.  e/afk,  [01.&/. 

Braehet'B  Historical  Qranmiar  of  the  French  Language. 

Tnin>lated  into  Engliih  by  O.  W.  Kitdiin,  M.A.  fowlA  E£ti<M. 
Extra  fcap.  Sto,  clolh,  31.  dd 

Comeille'B  Cinna,  and  Koll^ra's  Les  Femmes  Savantes.  Edited, 

with  IntrodBction  and  Nolet,  by  QDttaTe  Mauon.  Extra  fcap.  Sro. 
cId^A,  ^i.  td. 

Badne's  Andromaque,  and  ComeUJe's  Le  Menteur.    With 

Louii  Racine't  Life  of  hii  Father.  By  the  nrae  Editor.  Extra  fcap. 
Sro.  doOi,  ](.  6d. 

KoUere'R  Les  Fourberies  de  Scapin,  and  Badne's  Athalie, 

With  Voltaiie'i  Life  of  Malike.    By  the  lame  Editor.   Extra  fcap.  Sro. 
ciolb,  11.  6d. 
Selections  from  the  Correspondence  of  Madame  da  S^rlgnA 

and  her   chief  Coatemporaria.      latended   more  especially  for  Girli* 
School!.    By  the  nme  Editor.    Extra  fcap.  Sto.  elalh,  31. 
Voyage  autour  de  ma  Chambre,  by  Xavier  da  ICaUtre ;  Omika, 

by  Madame  de  Duru;  La  Dot  deSuzette,  by  Fierce  ;  Lajiuneam 
de  I'H&tel  Comeille,  by  Edmond  About  t  M4saveatnret  d'oo  EcolJer, 
by  Bodolptie  TOpffer.   By  the  same  Editor.    Extra  fcap.  Sto.  dotft. 
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Bflsnard'B    Le    Joueur,    and  BmaTa    and    Falaprat's    Le 

OioDdeur.    Bj  the  ume  Editor.    Extra  fap.  8to.  ctntk.  it.  6d. 

IriiuUZXV  and  his  Ckmtomponurlee;  as  described  in  Eitracts 

from  the  btu  Memoin  of  ibe  ScTenteenth  Century.  With  Enrliib 
Nota,  OcnealoKical  Tablet,  &e.  By  the  tame  Editor.  Exln  fcap. 
8to.  cliub,  at.  6d. 

V.  QERKAIT. 

Lance's  Germaa  Qmrte.   By  Hermann  Lange,  Teacher  qf  Modem 

Languagei,  Mancheiier: 
The  Ctormaiia  at  Home;  a  Practical  Introduction  to  German 

Conreitalion,  with  an  Appendii  onttaiuing  the  Etieutiali  of  GemuD 
Onmmu.     Stcaiid  Edition,     Bra.  clalk,  3i.  6if. 

Tha  Qerman  M&aiul;  a  German  Grammar,  a  Reading  Book, 

and  a  Handbook  of  Germin  Conrerution.     8to.  cfofA,  7s.  6d, 

A  OrnTtimttr  of  the  Oemuui  Iiaiiffuage.    Svo.  cloii,  ji.  6J. 

Tkit '  Grammar '  it  a  rtprinl  of  tki  Grammar  ctmlaiiud  in  '  TTu  Girman 
Manual,'  and,  in  litis  uparattfom^  it  inlendtdfor  lb€  tat  of  studtntt 
tulto  tmth  (0  mail  iktmiilvia  acjuainttd  milk  Gtnruoi  Grammar 
eUtJiyfar  iki  purpou  t^  biing  lAit  lo  rtad  Girman  boolti. 

Odmum  GompoBltlon;  Extracts  from  English  and  American 

writn-i  for  Tianslatioo  into  Oermin,  with  Hinti  for  TranilatiDn  in  foot- 
notet.     In  lit  Prist. 

TiiihhIiiu'ii  IiftokooB.  With  Introduction,  English  Notes,  etc, 
B7  Dr.  Albert  Hamamh,  Teachei  of  Gerouo  at  the  Taylor  Inititation, 
Oxford.    In  ikt  Prai. 

Xlso,  EJileJ  by  C,  A.  Buchheim,  Pbil,  Dec.,  Pr^jjor  in  Sji^'t 
CoUtgi,  London. 

Ooetlie'B  Egmont.  With  a  Life  of  Goethe,  &c.    Extra  fcap. 

Svo.  clalb,  jt. 
SohlUer'a  WUhelm  Tell.    With  a  Life  of  Schiller ;  an  historical 

and  critical    IntrCHJuctioD,  Argumentt,  and  a  comiJete   Commeatary, 
TTtird  Edition.    Extra  fcap.  Sto.  elolb,  31.  6d. 
Itwatng'B  Minna  von  Bamhelm.    A  Comedy,    With  a  Life  of 

Leuing,  Critical  Analyiii,  Complete  Conm^ntary,  Sk.  Steond  Edition. 
Extra  fcap.  Sio.  elolb,  Jt.  6d. 

In  Preparation. 
8(dilIlar'B    Egmont's    Leben  und    Tod,  and   Belagerung  Ton 

ADiwerpcn.     Nearly  Ready. 
Qoethe's    Iphigenie  auf  Tauris.     A   Drama.    With  a  Ciitical 
Introduction,  Argument!  to  the  Acti,  aud  a  complete  CommeDtary. 

Selectiona  from  the  Poems  of  Schiller  and  Ooetbe. 
800^61^8  (E.  F.)  Friedrich  der  Grosse. 
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VI.  ICATHEMATICS.  JEO. 

nfUToa  Hade  "EaMfx  a  first  Arithmetic  Book.  (Introductory 
to  '  The  Scholai't  Arithmetic.')  Bf  Lewii  Hnule^,  M.A.,  foimetly 
Fellow  iDd  Aiilitaiit  Tatot  of  Trioily  Colkee.  Cambridge.  Ctowd  Sto. 
tlaib,  6d. 

Answen  to  tha  Xzamplea  lit  FlffiireB  mada  Basr,  together 

with  two  thouuDd  additfoDil  Examplei  ronned  (rom  the  Tablet  ia  the 
ume,  with  Auiwen.     B7  the  tune  Author.     Crown  8vo.  doth,  Ii. 


Book-keeping.     By   R.  G.  C.  HamUton,  Financial  Assistant 

Secretu?  to  the  Board  of  Trade,  and  John  Ball  (of  the  Firm  of 
Quiltei,  Ball,  &  Co.),  Co-Examineit  in  Book-keeping  for  the  Sodet; 
of  Ani,     Ntw  md  nlargid  Edition.     Extra  fcap.  Sto.  limp  eloA,  It. 

A  CoiiTBO  of  lectures  on  Pore  Qoometry.     By  Henry  J. 

Stephen  Smith.  M.A.,  F.R.S.,  Fellow  of  Coipiu  Cbiiiti  College,  and 
SariliaD  Profeuor  of  Oeometiy  in  the  Unirenitj'  of  Oxford. 
AoonstiiM.    By  W.  F,  Donkin,  M.A.,  F.K.S.,  Savilian  Professor 

of  Alttonomy,  Oxford.     Crown  gro.  clolb,  71. 6d. 

A  Treatise  on  Meotrioity  and  MsgnetiBiii.  'Bj  J.  Qerk 
Maiwelt,  M.A„  F.R.S.,  Profeuor  of  Eiqwtimental  Phyiica  in  the  Uni- 
Tenity  of  Cambridge,     a  Tali.  Sto.  clolk,  tl.  1 11.  6d. 


VIL  FHTBICAIj  sczzircB, 


ClieiniHtry  tor  Stodents.  By  A.  W.  Williamson,  Phil  Doc., 
F.R.S.,  ProfeUDT  of  ChetnittTy,  (JaiTenity  College,  London.  A  turn 
EdiHoH.  tfitb  Solatioiu.    Extra  fcap.  8to.  tloli,  St.  64. 

A  TraotlBe  on  Heat,  with  numerous  Woodcuts  and  Diagrams, 

By  Balfoar  Stewart,  LL.D.,  FJt.S.,  PiofeHoi  of  Natural  Philoiophy  in 
Oweni  College,  Mancfaetter.  Third  Edition.  Extra  fcap.  8va.  Oolb, 
71.  6rf. 

Iiesaone  on  IThermodjmamioa.  By  R.  E.  Baynes,  M.A.,  Senior 
Student  of  Chritt  Chutch,  Oxford,  and  Lee'i  Reader  in  Phyiict.  Ntarly 
Riady. 


,,GoogIc 


Clarendon  Press,  Oxford. 


ForniB  of  *Ti<Tiiif.i   iJfb.     By  G.  Rolleston,  M.D.,  F.R.S., 
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